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PROBLEM  STUDIED 


The  problem  studied  was  the  thermal  and  moisture  regime  of  freezing 
and  thawing  soils.  The  objective  was  to  provide  additional  technology  for 
analysis  and  design  of  geotect.nical  structures  in  cold  climates.  Such 
structures  include  roadway  embankments,  river  levees,  airfields,  and 
embankment  dams.  Specific  regions  of  emphasis  were  Alaska  and  Canada. 

The  basic  approach  taken  was  based  upon  development  of  a  two-dimensional 
model  of  coupled  heat  and  moisture  transport  in  soils  undergoing  phase  change. 
While  several  widely  used  two-dimensional  models  of  heat  transport  alone 
existed,  there  was  no  model  of  the  coupled  process  of  heat  and  moisture 
transport.  Although  one  has  the  luxury  of  assuming  static  moisture  con¬ 
ditions  in  a  number  of  important  geotechnical  studies  of  freezing  or  thawing 
soils,  there  is  a  significant  class  of  problems  where  moisture  transport 
plays  an  important  role;  e.g.  long-term  moisture  migration  may  change  bulk 
thermal  parameters  and  frost  heave  is  entirely  dependent  on  moisture  transport. 

SUMMARY  OF  IMPORTANT  RESULTS 

The  results  of  this  three-year  research  effort  have  been  published  in 
a  number  of  refereed  journals  which  are  included  in  the  Appendix.  Additionally, 
three  theses/dissertations  have  been  prepared  by  students  who  were  partially 
funded  by  this  research  project.  Their  work  may  be  obtained  through 
University  microfilms. 

Important  results  can  be  categorized  into  four  main  areas: 
numerical  techniques,  model  strategy,  development  of  a  two-dimensional 
deterministic  model,  and  probabilistic/uncertainty  concepts. 


Advances  in  domain  numerical  techniques  were  achieved  during  the  course 


of  the  research.  The  impetus  for  this  advance  was  the  need  to  accurately 
calculate  the  temperature  of  a  soil  system  so  that  the  freezing/thawing 
isotherm  could  be  precisely  positioned.  The  need  for  a  high  degree  of 
precision  is  that  there  is  a  substantial  difference  in  the  strength  of 
unfrozen  and  frozen  soil.  Our  research  has  lead  to  a  unification  of  domain 
methods  into  a  single  mass  lumping  matric.  Through  the  specification  of  a 
single  mass  lumping  factor  Galerkin  finite  element,  integrated  finite 
difference,  or  an  infinity  of  mass  lumped  domain  procedures  may  be 
selected. 

The  second  area  of  advance  achieved  during  the  course  of  the  research 
was  the  verification  of  the  concept  that  well  established  physics-based 
equations  of  heat  and  mass  transport  could  be  employed  for  processes  that 
are  well  understood.  Secondly,  less  well  established  processes,  such  as 
the  dynamic  behavior  in  soil  zones  undergoing  water  phase  change,  can  be 
modeled  by  phenomenological  relationships.  However,  such  an  approach  neces¬ 
sarily  leads  to  a  multiparameter  model  in  which  certain  phenomenological 
parameters  can  only  be  determined  by  calibration.  In  constructing  such 
models  care  must  be  exercised  in  the  manner  ancillary  processes  are  incor¬ 
porated  into  the  model.  As  an  example  we  found  that  the  use  of  the  widely 
used  apparent  heat  capacity  approach  led  to  model  inconsistencies  and  unde¬ 
sirable  parameter  restraints  when  incorporating  both  simultaneous  heat  and 
moisture  transport  into  a  single  model.  For  this  reason  we  use  a  modeling 
approximation  based  upon  an  isothermal  control  volume  approach. 

A  two-dimensional  coupled  heat  and  moisture  transport  model,  FR0ST2B, 
written  in  FORTRAN  IV,  was  successfully  developed  for  arbitrary  shaped  domains. 
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Components  of  the  model  have  been  verified  against  linearized  analytical 
simple  domain  problems,  laboratory  data,  and  field  data.  The  model  has 
been  applied  to  several  on-going  prototype  geothermal  analysis  problems. 

The  model  includes  a  "front-end"  data  loader  and  is  written  to  run  on  the 
now  widespread  mini -computers .  Some  "back-end"  graphics  capability  have 
also  been  prepared.  Because  of  the  problem  of  soil  interaction-structure 
interaction  during  freezing  or  thawing  soils  in  arbitrarily  and  possibly 
complex  domains,  frost  heave  calculations  are  not  permitted  in  the  B-version 
of  the  program.  A  second  version,  FR0ST2D,  for  simple  but  useful  geometries 
(e.g.  roadways)  has  been  prepared  for  frost  heave  and  thaw  consolidation 
estimates.  This  program  includes  an  internal  mesh  generator  and  is  applicable 
to  problems  where  it  may  be  assumed  that  soil  interaction  forces  are  negligible. 
Both  programs  are  written  for  variable  layer  soils  and  include  the  ability  to 
deal  with  surcharge  loading.  The  model  is  only  applicable  to  low  surcharge 
loadings  (i.e.  less  than  60  kPa). 

In  the  course  of  our  research,  it  has  become  quite  clear  that  deter¬ 
ministic  models  by  themselves  may  not  be  adequate.  Frost  heave  is  apparently 
highly  sensitive  to  the  deterministic  parameters  that  govern  moisture  flow, 
in  particular,  and  heat  flow,  to  some  extent.  The  difficulty  is  in  the  wide 
variation  in  parameters.  For  example,  determination  of  the  hydraulic  con¬ 
ductivity  in  carefully  controlled  field  situations  for  homogeneous  and  uniform 
soils  may  involve  a  coefficient  of  variation  of  500  percent.  Estimated  frost 
heave  may  vary  over  100  percent  with  such  potential  errors  in  parameter 
selection.  We  have  developed  and  applied  a  point  probability  estimate  technique 
to  evaluating  the  probabilistic  nature  of  key  model  parameters,  such  as  hydraulic 
conductivity,  and  these  concepts  have  been  incorporated  into  a  one-dimensional 
version  of  the  model  (primarily  developed  with  CRUEL  funding).  In  the  future, 
these  same  concepts  should  be  combined  with  the  two-dimensional  model. 
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AVAILABILITY  OF  COMPUTER  CODE 

Line  printer  listings  and/or  magnetic  tapes  of  the  computer  code  may  be 
obtained  from  the  principal  author  or  from  U.S.Army — Cold  Regions  Research  and 
Laboratory,  Hanover,  New  Hampshire  03755. 
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Numerical  mass  balance  for  soil-moisture 
transport  problems 

T.  V.  HROMADKA  II  and  G.  L.  GLVMOiN 

School  of  Eiuimccruni,  L' oner  site  of  Coliloriuu.  Irvine.  CA.  92717.  L  SA 


The  Galerkin  finite  element  method  coupled  with  the  Crunk-Nicolson  time  advance 
procedure  is  often  used  as  a  numerical  analog  for  unsaturated  soil-moisture  transport 
problems.  The  Crank -Nicolson  procedure  leads  to  numerical  mass  balance  problems  which 
results  in  instability.  A  new  temporal  and  spatial  integration  procedure  is  proposed  that 
exactly  satisfies  mass  balance  for  the  approximating  function  used.  This  is  accomplished  by 
fitting  polynomials  continuously  throughout  the  time  and  space  domain  and  integrating  the 
governing  differential  equations.  To  reduce  computational  effort,  the  resulting  higher  order 
polynomials  are  reduced  to  quadratic  and  linear  piece-wise  continuous  polynomial 
approximation  functions  analogous  to  the  finite  element  approach.  Results  indicate  a 
substantial  improvement  in  accuracy  over  the  combined  Galerkin  and  Crank-Nicolson 
methods  when  comparing  to  simplified  problems  where  analytical  solutions  are  available. 


INTRODUCTION 

Finite  element  techniques  have  been  applied  to  numerical 
solutions  of  moisture  transfer  in  soils  by  a  number  of 
investigators' A  substantial  amount  of  work  has  been 
done  on  the  efficiency  and  accuracy  of  finite  element 
Galerkin  techniques-1-3'3.  In  the  case  of  moisture  transfer 
in  unsaturated  soils,  the  equation  of  state  is  non-linear 
and  generally  in  order  to  apply  the  finite  element  method 
the  governing  differential  equation  of  state  is  linearized  by 
forcing  parameters  to  be  constant  within  each  finite 
element.  Hromadka  and  Guymon"  investigate  the 
numerical  effects  of  various  approximations  for  determin¬ 
ing  the  constant  parameters,  but  assume  that  the  time 
derivative  term  is  approximated  by  the  Crank-Nicolson 
time  advancement  routine.  In  this  paper  the  coupled 
numerical  analogs  based  upon  the  Galerkin  finite  element 
method  and  Crank-Nicolson  method  are  examined  in 
respect  to  satisfaction  of  mass  balance  in  the  governing 
equation  of  state.  A  numerical  modification  to  the  finite 
element  analog  of  moisture  transfer  in  a  horizontal  soil 
column  is  presented,  and  extensions  to  moisture  transfer 
in  a  vertical  soil  column  and  a  two-dimensional  soil 
system  are  included. 


where  0  is  the  dimensionless  soil  volumetric  water  con¬ 
tent:  .x  is  the  horizontal  spatial  coordinate:  r  is  time;  and 
Dili)  is  the  soil  water  diffusmiv. 

The  finite  element  approach  used  to  solve  equations  1 1  > 
and  1 2)  is  the  Galerkin  version  of  the  weighted  residual 
process^  The  solution  domain  is  discretized  into  the 
union  of  n  finite  elements  by: 

* 

L  =  u  L,  (3) 

i 

The  water  content  is  utilized  as  the  state  variable  and  is 
approximated  within  each  finite  element  by. 

oi x.  n  =  T\,|.v,  nO,  (4i 

where  \J  is  the  appropriate  linearly  independent  shape 
functions:  0.  is  the  state  variable  values  at  elemental-nodal 
points  designated  by  the  general  summation  index  /. 

The  Galerkin  technique  utilizes  the  set  of  shape  fun¬ 
ctions  as  the  weighting  functions,  w  nich  indicates  that  the 
corresponding  finite  element  representation  for  the  in¬ 
filtration  process  is 


TRANSPORT  ANALOG 

Horizontal  infiltration  of  water  into  a  homogeneous  soil 
column  of  length  /.having  an  initial  water  content  00  and 
suddenly  subjected  for  time  t>0  to  a  greater  constant 
water  content  0X  at  v  =  0  is  described  by: 
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Integration  by  parts  expands  equation  oi  into  the  form: 
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(6l 


0  =  0,,  ’  =0  0  C.v<L 

U  =  ll]  t>  0  A  =  0 


where  S,  is  the  external  endpoints  of  the  one-dimenstonui 
finite  element.  L  .  The  first  term  within  the  braces  negates 
(2)  to  zero  for  interior  elements  and  jIso  satisfies  the  usual 


l./i.ran-.  ■'<  II  [ncr  l‘)NI>.  I  ohmic  }.  Sepiemhc  107 


02C9--’C8  90  030107-08'-0:  00 
T;  *92 0  3 VI  DMDi>C3f:cn$ 


mu"  (•,1(41(111-  ;m  «»//*««'(  >««/•*■ iitiii'i'fii  pnn>uiii\  I  I  1 1  rum, n ik, i  ii  /..  (, mm, hi 


L 
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specified  lor  flux  type)  boundary  conditions  of  the  pro¬ 
blem  for  exterior  finite  dements.  The  remaining  integral 
term  is  solved  by  substituting  the  appropriate  dement 
approximations  and  shape  functions  into  the  integrand 
and  solving  by  numerical  integration.  The  non-linear 
nature  of  the  partial  differential  equation,  however, 
ceneraily  introduces  difficulties  in  integrating  equation 
|6).  It  is  customary  to  deal  with  this  problem  by  assuming 
the  dilTusivity  function  to  be  constant  within  each  finite 
element  during  a  finite  time  interval.  St  (e.g.  Guymon  and 
Luthin1!.  The  Crank-Nicolson  time  advancement  ap¬ 
proximation  has  been  widely  used:'s  to  solve  the  time 
derivation  of  equation  |6).  The  time  derivative  could  also 
be  approximated  by  the  Galerkin  technique1:  however,  it 
does  not  appear  to  be  advantageous9. 

The  Crank-Nicolson  formulation  reduces  equation 
(6i.  where  values  of  soil-water  dilTusivity  are  assumed 
constant  within  each  finite  element,  into  a  system  of  linear 
equations  expressed  in  matrix  form  as: 

|  P  -  y  S  jtf' ' 1  »  Jp  -  %  sj-0*  1 71 

where  P  is  a  symmetrical  capacitance  matrix  and  is  a 
function  of  element  nodal  ziobal  coordinates:  S  is  a 
symmetrical  stiffness  matrix  and  is  a  function  of  element 
nodal  global  coordinates  and  constant  finite  element 
dilTusivity  coefficients  (during  time  step  Sn:  St  is  the  finite 
time  step  increttwnu  and  0k  is  the  vector  of  nodai  state 
variable  approxinfations  (volumetric  water  content)  at 
time  steps  k  =i.  i  -  1. 

Hrom  ulka  and  Guymon'’  show  that  the  numerical 
expressions  of  the  combined  equations  161  and  '"I  results 
man  incorrect  balance  of  mass  for  each  nodal  solution  T  o 
correct  the  mass-balance  relations,  the  time-integrated 
influx  of  moisture  was  equated  to  the  net  integrated 
spatial  variation  of  moisture  content.  For  the  special  case 
of  a  Galerkin  linear  shape-function  approximation  iwith 
the  Crank-Nicolson  time  advancement  procedure),  a 
modified  finite  element  capacitance  matrix  was  deve¬ 
loped;  however,  a  detailed  mathematical  analysis  ol  the 
matrix  modification  was  not  presented.  The  lollowing 
discussion  addresses  the  mathematical  development  of 
the  modified  finite  element  capacitance  matrix  ifor  so¬ 
lution  of  equation  ilil  and  extends  the  modifications  to 
include  the  so-called  conveetion-diffusion  class  of  equa¬ 
tions  ii.e..  a  vertical  soil  column  probiemi.  and  finally 


develops  a  I wo-dinicnsioii.il  horizontal 
port  analog. 

MATHEMATICAL  »K\  I.I.OPMI.M 

Assume  the  soil  column  is  discretized  into  ■■ 
domains  b>  //  nodal  poults  as  shown  mi  I  ig  1  wu.; 

K.  s  •'  \  t)<  \  '■  \ 
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where  0  is  the  value  of  state  variable  at  spatial  increment : 
and  Lj  is  the  redefined  spatial  length  between  nodal  points 
iOj-Oj-  t>- 

The  solution  ol  equation  1 1 1  w  ithin  each  nodal  domain 
determines  n  eauations: 
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Using  a  local  coordinate  system  defined  by: 


R,=  | fOc.i  </] 


the  system  defined  by  equations  in  (9)  can  be  integrated  to 
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w  here  the  temporal  integration  is  assumed  to  occur  over  a 
time-step  increment  of  .At  Equation  ill)  can  be  rewritten 
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where  A;  is  the  temporal  time  step  increment. 

The  state  variable.  0.  can  be  approximated  spatially 
throughout  R  by  the  Ritz  formulation:  i.e. 


it 

iV.  r0)  =  £  .V ^ a )0j  113) 

j- i 

where  .V  is  the  appropriate  polynomial  spatial  shape 
function  and  (),  is  the  state  variable  value  at  nodal  points 
designated  by  the  general  summation  index  j. 
Additionally,  let  0  be  approximated  temporally  by: 

k  - 1 

0-txo.  n  =  Y  MmtT  (14) 


where  V/,  is  the  appropriate  polynomial  temporal  shape 
function  and  0m  is  the  state  variable  value  at  nodal  points 
designated  by  the  general  summation  index  m:  m  =  0 
indicates  the  initial  condition.  m=-l  indicates  the 
condition  at  time  step  (  -  An. 

Equations  ( 13)  and  1 14)  can  be  combined  as: 


0(.v.  tl=  y  S’/xiO* 

;*  i 

k-  1 

0*=  y 


(15) 


where  the  are  known  values  of  the  state  variable  for 

time  steps  i  —  1.  0.  1 . k). 

Combining  equations  1 12)  and  tl5)  yields: 
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(16) 


The  solution  of  equation  1I61  w  here  water  content  is 
approximated  by  equation  Il5i  results  in  increasing 
computational  effort  as  the  time  solution  progresses  By 
approximating  water  content  both  spatially  and  tem¬ 
porally  by  sets  of  piecewise  continuous  polynomials,  the 
numerical  efTort  is  considerably  reduced. 

For  discussion  purposes,  let  the  I,  be  uniform  throug¬ 
hout  R.  and  soil-water  diffusivny  held  constant  during 
time  step  At. 

/,  =  A.v:  i=l.2 . n 

/,  =  /„  =  A.x.2  (l~l 

CD 
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a 

Then  for  water  content  characterized  by  parabolas  both 
spatially  and  temporally: 


where  i()0. 0,.  0,)  represent  typical  nodal  points  separated 
by  the  constant  spatial  increment  Ax:  and  1 0°.  0‘.  02 1 
represent  typical  nodal  points  separated  by  the  constant 
temporal  increment  At.  The  spatial  gradient  of  water 
content  is  evaluated  by: 
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where  the  starred  terms  represent  functions  of  time  as 
defined  by  equation  1 18).  In  order  to  coincide  interpolat¬ 
ing  parabolas  between  nodal  points,  the  average  of  all 
interpolating  parabolas  within  a  nodal  domain  are  used. 
Accordingly,  interior  nodal  points  may  have  up  to  five 
nodal  points  contributing  to  each  nodal  point  s  numerical 
solution. 


NUMERICAL  MODEL  VERIFICATION 

The  proposed  numerical  scheme  was  applied  to  the 
normalized  soil  moisture  transfer  problem: 
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with  boundary  conditions 
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terpolatmg  parabolas  w  ;<■:  .i  a  deiined  nodal  domain  to 
be  coincident.  Thus,  for  interior  nodal  domains  the 
appropriate  integrated  relations  become: 


The  exact  solution  is  the  well-known  scries  expansion: 


d(.v.  rl  =  -tsin  rr.ve'*‘'a 


sin  art.v 


...)  (23) 


For  the  normalized  soil  moisture  transfer  problem,  the 
numerical  approach  of  equations  1 16)  and  1 18)  reduces  to 
the  following  set  of  linear  equations: 
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where  the  first  and  second  set  of  braces  represent  the 
integrated  moisture  influx  and  integrated  variation  of 
water  content,  respectively,  between  time  steps  St  and  2Ar 
(superscripts ;  =  1.  2).  Fory  =  2(Ar).  (A.x)*  and  appropriate 
integration  with  respect  to  space  and  time  on  column-end 
nodal  domains,  the  global  matrix  system  corresponding 
to  the  numerical  approximations  of  equation  1 20)  by- 
equations  1 16)  and  (IS)  is: 


The  first  set  of  braces  equals  the  net  integrated  influx  of 
moisture  between  time  steps  St  and  2Ar  (superscripts  1 
and  2.  respectively):  the  second  set  of  braces  is  the 
integrated  variation  of  water  content  during  the  time 
advancement.  For  li  =  MSt),iS.x)1.  equation  (24)  may  be 
rewritten  as: 
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where  superscripts  and  subscripts  refer  to  temporal  and 
spatial  coordinates.  Appropriate  integration  with  respect 
to  space  and  time  on  column-end  nodal  domains  gives  for 
the  global  matrix  system  (with  specified  boundary 
conditionsi 
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where  specified  boundary  conditions  are  included. 

Equation  i2S)  can  be  further  simplified  temporally  by 
letting: 
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w  here  t>‘  is  the  vector  of  nodal  water  content  values  at  time 
steps  =0.  I.  2  of  St  increments. 

Equation  i26i  can  be  simplified  by  assuming  all  in- 


Then.  combining  equations  (27)  and  129): 
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which  results  in  the  modified  capacitance  matrix 
formulation": 

P  imodifiedls1^  !*  l!  I-,|! 

To  determine  the  numerical  effectiveness  of  solving  the 
normalized  soil  water  transfer  problem  by  the  lornni- 
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*  Three  nodal  point  discretization. 

*  Equation  (32). 

*  Simplified  version  of  nodal  integration  using  equation  <2S). 


ximations  for  the  same  level  of  spatial  discretization. 
Additionally,  the  numerical  approach  of  equation  i28i 
produces  similar  approximations  to  those  obtained  by 
reusing  the  Galerkin  capacitance  matrix  in  accordance 
with  equations  (7)  and  (33). 

For  further  comparison,  the  nodal  domain  of  equation 
(20)  was  discretized  by  five  nodal  points.  Comparison  of 
numerical  solutions  by  the  Galerkin  finite  element  ap¬ 
proach.  equations  i")  and  (32);  the  revised  finite  element 
capacitance  matrix  approach,  equations  (7)  and  (33);  and 
the  numerical  approximation  given  by  equation  i26i  to 
the  exact  solution  at  v  =  0.50  are  shown  in  Table  2.  Again, 
the  nodal  integration  approach  provides  significant  im¬ 
provement  over  the  finite  element  method.  From  Table  1 
the  finite  element  matrix  system  revised  by  equation  (31) 
gives  similar  results  to  the  model  of  equation  (26)  for  time 
greater  than  0.06.  However,  for  the  initial  instability  to  the 
numerical  system  idue  to  the  boundary  conditions!  the 
numerical  approach  of  equation  i26i  provides  better 
approximations. 

EXTENSION  TO  ONE-DIMENSIONAL 
CONVECTION- DIFFUSION  EQUATION 

The  second  order  linearized  partial  differential  equation: 


lations  of  equations  (24),  (27),  and  (30),  a  Galerkin  finite 
element  analog  to  equation  (20)  was  also  determined  for 
comparison.  The  Galerkin  finite  element-matrix  for¬ 
mulation  (for  a  linear  polynomial  shape  function  approxi¬ 
mation)  numerically  approximates  the  normalized  pro¬ 
blem  of  equation  (20)  within  each  finite  element  by: 
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(32) 

where  S  and  P  are  element  stiffness  and  capacitance 
matrices  and  (0,.  (),)  and  i 0t.  Oj  refer  to  the  element  nodal 
and  dynamic  nodal  moisture  content  values  for  an 
element  of  length  £x. 

By  comparison,  the  modified  finite  element-matrix 
system  for  equation  (31)  is: 
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(33) 


Results  from  application  of  equation  ill)  to  the  pro¬ 
blem  defined  by  equation  (20l  are  shown  in  Table  1.  The 
matrix  system  of  equation  (28)  is  used  to  better  compare 
numerical  results  to  the  linear  approximating  function 
results  of  the  Galerkin  approximation  (linear  polynomial 
shape  function)  of  equations  (7)  and  (32).  The  numerical 
approximation  was  based  on  a  three  nodal  discretization 
of  the  one-dimensional  domain  in  w  hich  two  of  the  nodal 
points  are  specified  as  boundary  conditions:  thus  the 
matrix  systems  reduce  to  a  single  linear  equation  for  btoh 
numerical  approximations.  From  Table  1.  it  is  veen  that 
for  this  problem  the  numerical  approach  of  equation  (28i 
provides  increasingly  accurate  results  whereas  the  finite 
element  approximation  progressively  gives  poorer  appro- 
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applies  to  a  vertical  unsaturated  soil  column  problem 
where  the  k,  are  the  appropriate  hydraulic  parameters. 
Discretizing  thedomain  into  uniform  nodal  domains  R.  in 
accordance  with  equation  ( s i.  equation  i34)  can  be 
integrated  spatially  within  each  nouul  domain  to  give: 
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Assuming  the  k,  to  be  constant  within  each  nodal  domain 
during  a  time  step  At.  and  integrating  w  ith  respect  to  time 
gives: 

j  [k,  ^  |\li+  j  |k,<)j^dr  =  ^  j  i:J(>d.\'j  ;  (36) 

r  si  r,  n  r 

where  T;  and  T,  are  the  spatial  and  temporal  boundaries. 
For  0  approximated  spatially  and  temporally  by  equation 
(13).  and  assuming  coincident  parabolic  interpolation 
functions  within  each  nodal  domain  Rr  the  resulting 
expression  for  an  interior  nodal  point  IJ1  between  nodal 
points  (l/g,  IK)  is: 
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C,0g  +  C,^-C3(J?  (37) 
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and  where 


Disregarding  the  coincident  parabolic  interpolation  fun¬ 
ction  assumption,  a  soil-moisture  transfer  mass  balance 
would  occur  by  averaging  all  possible  parabolic  in¬ 
terpolations  within  each  Rr  Accordingly,  for  a  typical 
nodal  point  <>.  interior  to  the  sequence  of  nodal  points  (6,,. 

"j .  Oj. 

15  5  1 

d'*.„  =  "i,  -  <>,  -  ii,--  0.  1 38 1 

*'  ■  16  ”  8  1  8  '  16  * 

whereby  equation  1 38)  can  be  appropriately  combined 
with  equation  |28)  to  gi\e  the  complete  mass  balance 
formulation. 


A  numerical  advantage  of  equation  (Mi  u>  a  linear 
shape  function  finite  element  iGalcrkml  formulation  with 
a  Crank- Nicolson  time  step  advancement  process  was 
found.  The  two  methods  were  compared  to  the  exact 
solution  of  the  problem 

,"-0  in  HI 

A,—  1 39 1 

i  v  i  v  (  f 

with  conditions. 

mo.n=n0.  t>o 

lHx.n-0.  t>  0 

dl.v.  0)  =  0.  0<v  <  x 

The  well  known  solution  to  equation  (39)  is  the 
expression: 


0  if  .  x  —  k,i  xk,  ,  x-k,t  ) 

—  =  ,'erfc  — — —  +  exp  — *  erfc  — — ‘ 

o  2[  1 4k, r)1  -  fc,  i4A.nl  -  j 


where  A,  and  A,  are  assumed  constant.  Equation  < 39»  was 
solved  for  arbitrarily  selected  values  of  A,  =2.5.  k. 
=  0.0625.  A  time  step  Ar  =  25  was  used  and  equation  1 39) 
was  modelled  by  assuming  that 

OllOO.  M  =  0.  0<r  <250  i41) 

in  order  to  obtain  a  finite  one-dimensional  domain.  For 
comparison  purposes,  a  two  element  discretization  of 
element  size  equal  to  50  was  used.  A  linear  shape  function 
Galerkin  approximation  in  accordance  wiih  equations  161 
and  |7)  was  used  lor  comparison  purposes.  For  a  total 
time  equal  to  250.  the  numerical  results  are  shown  in 
Table  3.  Comparison  of  both  numerical  methods  in¬ 
dicates  consistent  approximation  improvement  by  using  a 
model  based  on  equation  (37). 

EXTENSION  TO  TWO-DIMENSIONS 

The  two-dimensional  mathematical  model  for  horizontal 
soil  water  transport  in  a  rectangular  domain  R.  where 
water  content  is  the  state  variable  is  given  by: 

i  F_  ,  '  ""I  fl\  ,  <0~]  iO 
—  Dill)—  —  —  Dal t-  =-.  :  (.v.  vieK  (-2 , 
i  x-L  '  v  J  ill  <  yj  it 

Analogous  to  the  one-dimensionai  case,  the  domain 
discretized  into  n  rectangular  nodal  domains  by  n  node, 
points  as  shown  in  Fig.  2. 

R=IR.  •43 


Application  of  equation  i42)  to  each  R ,  gives 

i  r  , 'o  ~  r  in~\  in 

—  Dim—  --  |  DtOh  =-.  :  tv.  n  ..  R  .  V 
i  ,v|  i  \  J  i  v[_  i  i  J  (I 

Integrating  >patially  and  temporally  on  eacn  R  give- 
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Figure  2.  T wo-dimensional  nodal  domain.  (T)  =  nodal 
point  t.  R ,  =  nodal  domain  number  1.  AX  —  x-direetion 

ft 

increment:  AY  —  y-Jirection  increment:  R  =  y  R, 


r-w  <"*/>  pa 

0<V<L0<I<1  (48) 

Assume  a  io  be  approximated  spatially  by  parabolic 
interpolating  functions,  and  temporally  by  a  linear  in¬ 
terpolating  function.  The  temporal  term  of  |46|  is  given 
numerically  by  considering  Fig.  2:  i.e. 

J  A.YAY 

l)dxdY=—=~-lll.  -r  0,  -  0-  ~  0,  -r  220 .  t  220 .  + 
5/6  . 

AX  A  > 

-206  -r  220 1  +  4840  5 )  149) 

The  integrated  .v-direction  influx  is: 

tTKx'0'  “  20 z  +  220 *  220 *  ~ lK  ~  -  fl*> 

(50) 


I'lft 
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-  f 

d.vdrdr-t- 

'  C 

D(0)~°- 

J  '  f  cx 

It  R  " 

c: v_ 

‘  J  J  J 

AY  a 

cy 

cy 

d  I'd.vdr 


j  j  j  ^drd.vdv  /  =  1,2...  .n 


(45) 


or 


Similarly,  the  integrated  _v-direction  influx  is: 

A3f  „  , 

— j 0,  +  0}  +  0.  +  0,  -  220,  *  220,  -  29*  -  20#  -  440, ) 

(51) 

Combining  equations  1 50)  and  (51).  the  net  integrated 
influx  is.  for  A.Y  =  AY: 


where  ( A  A'.  AY  An  are  the  spatial  and  temporal  incre¬ 
ments  respectively  and  il",.  I*,.,  I",)  are  the  spatial  and 
temporal  boundaries  respectively.  For  a  finite  element 
domain  discretization,  assuming  soil  water  diffusivity 
constant  within  each  finite  element  during  a  time  step  At. 
equation  (46)  can  be  written  as: 


p(0i  -  10(L  ~0}  -  100*  -440,  -  IO06  +  0.  -  lO08-0,) 


For  identical  constant  spatial  increments,  the  solution 
of  equation  146)  reduces  to  the  one-dimensional  problem 
of  equation  ( 20)  for  zero  r-directional  influx.  From  Fig.  2 
and  equations  i49i  and  (52).  the  problem  simplifying 
assumptions  are: 


cy 

A.Y  =  A  V 
0]  —  0,  =  0- 
0:=05  =0S 


By  substitution,  the  matrix  system  defined  by  equations 
(49)  and  (52)  reduce  to  the  matrix  system  defined  bv 
equation  ( 30). 


A  numerical  analog  can  be  derived  by  considering  the 
normalized  tw  o-dimensional  horizontal  moisture  transfer 
model  similar  to  equations  (20).  (21).  (22). 


CONCLUSIONS 

The  mathematical  analysis  leading  to  numerical  analogs 
that  preserve  mass  baiance  in  a  horizontal  soil  transport 
problem  is  presented  Extensions  from  the  one- 
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dimensional  hon/onial  soil-transport  model  to  the  so- 
called  linearized  convection  diffusion  equation  is  also 
presented.  Comparison  of  numerical  results  to  the  ap¬ 
propriate  finite  element  numerical  solutions  indicate 
significant  improvement  w  hen  utilizing  the  mass  balanced 
schemes. 

Extension  of  the  one-dimensional  approach  to  two 
dimensions  is  additional!)  included.  Although  onl>  the 
rectangular  domain  is  analysed,  application  of  the  im¬ 
proved  model  to  irregular  domains  is  accomplished  by 
using  the  usual  finite  element  matrices  for  non- 
reetangular  regions,  and  including  the  mass-balanced 
matrix  systems  for  the  remaining  rectangular  regions. 
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A  note  on  time  integration  of  unsaturated  soil- 
moisture  transport 
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The  non-linear  soil-moisture  difTusivitv  model  can  be  approximately  linearized  by  using  values  of 
diffusivity  assumed  constant  for  small  intervals  of  space  and  time.  By  a  series  expansion  of  the 
dilTusivity  function  and  integrating  the  resulting  series  of  differential  equations  with  respect  to  time, 
an  improved  numerical  model  is  developed.  Results  from  application  of  this  new  approach  to  a 
sharp  wetting-front  soil  infiltration  problem  indicates  that  a  67", ,  saving  in  numerical  effort  is 
achieved  at  comparable  estimation  accuracy  levels  when  using  the  traditional  finite  timestep 
Crank-Nicolson  approach. 


INTRODUCTION 


MATHEMATICAL  DEVELOPMENT 


The  study  of  numerical  methods  for  the  approximation  of 
non-linear  soil-moisture  transport  in  a  horizontal  col¬ 
umn  has  received  recent  attention.  Hayhoe:  compared 
the  numerical  effectiveness  between  the  finite  element  and 
finite  difference  numerical  methods  in  modelling  a  sharp 
wetting-front  soil  infiltration  problem.  A  special  finite 
difference  analog  was  advanced  as  the  best  numerical 
approach  to  the  problem  studied.  Hromadka  and 
Guvmon3  further  studied  the  sharp  wetting-front  pro¬ 
blem  and  developed  a  modification  to  the  finite  element 
method  which  resulted  in  an  increase  in  model  accuracy 
for  a  linear  soil-water  dilTusivity  problem.  For  a  non¬ 
linear  diffusivity  problem,  the  traditional  finite  element 
formulation  gave  superior  results  to  Hayhoe's  finite 
difference  approach  when  the  finite  element  analog  used 
constant  element  diffusivity  values  as  determined  by  a 
spatial  estimation  procedure4. 

In  this  paper,  the  non-linear  soil-water  diffusivity 
problem  is  re-examined  with  respect  lo  the  finite  element 
modified  procedure  which  we  call  the  'nodal  integration 
method'  By  expanding  the  dilTusivity  function  as  a  T aylor 
series  time  expansion,  the  governing  equations  can  be 
temporally  integrated.  This  procedure  results  in  a  numeri¬ 
cal  analog  similar  to  the  nodal  integration  formulation, 
but  with  a  constant  element  diffusivity  value  determined 
by  a  temporal  integration.  This  new  numerical  approach 
enables  the  finite  timestep  increment  to  be  increased  and 
yet  retain  similar  numerical  approximation  accuracy. 
Although  the  quasi-constant  values  of  dilTusivity  used  to 
linearize  the  mathematical  model  require  additional 
computational  effort,  the  overall  computer  execution 
costs  are  reduced.  Reduced  costs  are  achieved  because  of 
reduction  in  the  number  of  finite  timestep  advancements 
of  the  problem's  giobal  matrices. 

The  mathematical  development  of  this  numerical  pro¬ 
cedure  is  presented  herein.  As  a  case  study,  the  integration 
procedure  is  used  to  approximate  the  numerically  difficult 
problem  previously  studied  by  Hayhoc;  and  Hromadka 
and  GuymonV 


The  one-dimensional  horizontal  soil-moisture  transport 
model  for  an  unsaturated  soil  column  is: 
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cx 

R  = ;  x  o  ^  x  ^  L 
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where  0  is  the  volumetric  water  content  less  than  the 
soil's  porosity):  .x  is  the  spatial  coordinate:  r  is  time:  D  is 
the  soil-water  diffusivity  and  is  a  function  of  soil-water 
content:  and  R  is  the  spatial  domain  of  definition. 

The  domain  R  can  be  discretized  by  n  nodal  points 
Ofj-  1.  2 . mi  into  n  disjoint  subsets: 

R ,  *  ;.xiO$.x<i.x((L  i  —  .xi (M)  2| 

R:  s  f.xil.xlO,  l  - .xid.n  2  <  x  $i.vit);i-  v< t? 3 1».  2 ; 

(2) 


R„  s  J.x|(.v|0„.  ,l-.xt(),il  2  c.x  $.v(d,)=  L 


where  vi (>J)  is  the  spatial  coordinate  associated  to  nodal 
point  0r  and 


R-U.T  (.'l 

j  *  i  ' 

Equation  i !  I  must  be  satisfied  on  each  Rr  Therefore,  n 
equations  are  generated  by  solving: 

f  r  i  ft* 

—  D I  -  — vsR  V  i-ii 

.  v  j  . '  x  |  n  ‘  1 


•)'ih  ;-in  ,n  iildiM  i 

'J^'iiTML  t  i/'.imv'  :n  Hole'  ,'V.Vfi.  I  "none  .v  Dnemht '  181 


hm v  tnti\ii\itnm  ni  uiiMiniiittcii  m >ii  mh«.wmiv  an.  i.  >  h 


D  =  D(d) 

(>=0(.x,r) 

integrating  equation  (4)  with  respect  to  space  gives: 


{°r}L*sH: 


.xe/?,,  (6) 


where  I",  is  the  spatial  boundary  of  region  Ry  Integrating 
equation  (6)  with  respect  to  time  gives: 


l -I  Ml 


where  T,  is  the  limits  of  temporal  integration  between 
timesteps  kSt  and  ( k  l)At.  Equation  (7)  can  be  simplified 
by  using  the  linear  transformation: 

f  =  kSt  4-  e 

(8) 

0  <es;dr 


j  |o(<:Ar  ~e)‘  °a-?'  ~-£-  |jr dc  =  j  d.x  (9) 


The  soil-water  diffusivity  function  can  be  expressed 
with  respect  to  time  by  the  Taylor  series: 


1  ,  .  i  A  D"'(x  =  x0,  kAt)e‘ 

<.x  =  .x9,  fcAr -«)  =  2. - - - 

4*0  *• 


where  t  is  the  ith  order  temporal  differential  operator;  and 
,x0  is  a  specified  spatial  coordinate.  Combining  equations 
(9)  and  (10)  gives: 


d.x  (in 


For  a  spatial  local  coordinate  system  defined  by: 

v  s.x-i.x(0;)->-.x(0;_,it.2  xsRj 


dv*d.x 


Equation  (11)  can  be  expanded  as: 

-if 

f  D"‘(y-/  .  kM)  {  jrmst  +  c i) 
.to  <!  '  C  )  cy  f, 
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The  soil-water  content  function  is  approximated  spatially 
and  temporally  by: 


t  *  i  \ 


9-I-v,  I-V/.or)  (14) 

r«l  \»-o  J 

where  .V,  and  Mm  are  the  linearly  independent  spatial  and 
temporal  shape  functions,  and 

87=d(x  =  xt8r).  t  =  m  St)  ( 1  fi 

where  the  0?are  known  values  for  timesteps  m  =  0, 1 . k. 

The  spatial  gradient  of  the  soil-water  content  function  is 
approximated  by: 

cd  cS  A  \ 

—  *■=-»  I  .V/,  87)  (161 

cx  cx  cx  \mto  ) 

Substituting  equations  (14)  and  (16l  into  equation  (13) 
gives  the  numerical  approximation: 
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o 

The  unknown  values  of  nodal  points  8*~ 1  can  be  solved 
by  equating: 
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numerical  model 

The  space-time  surface  approximated  by  equation  il4) 
can  be  simplified  by  assuming  that  the  functional  surface 
can  be  described  by  sets  of  piecewise  continuous  poly¬ 
nomials.  For  a  parabolic  spatial  shape  function  approxi¬ 
mation  for  0  between  nodal  points  U>_,_ 0r 


vO"''.'=/'fLi: 
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The  temporal  integration  of  equation  (22)  is  evaluated  by- 
isolating  the  time-integrated  function  as: 
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where  for  discussion  purposes  it  is  assumed  that  in 
equation  1 19) 
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Rearranging  terms,  the  nodal  point  expressions  can  be 
isolated  by: 


For  a  linear  polynomial  function  approximation  for  the 
time  curves  between  time-steps  Ik.  k  +  1)  where  (A;  +  1)  is 
the  time  step  to  be  evaluated. 
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d£  =  dr 

Combining  equations  (19)  and  1 20).  the  spatial  gradient 
approximation  during  the  time-step  Ar  is  given  by: 
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where  superscripts  1  and  2  refer  to  timesteps  AAr  and  iA 
-  1  iAr.  respectively  Combining  equations  1 1 Si.  1  |9i  and 
/  2 !  1  er.es: 
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where  V;  =  the  appropriate  linearly  independent  shape 
functions;  (),  =  state  variable  values  at  element-nodal 
points  designated  by  the  general  summation  index  /. 

The  Galerkin  technique  utilises  the  set  of  shape  fun¬ 
ctions  as  the  weighting  functions,  which  indicates  that  the 
corresponding  finite  element  representation  for  the  in¬ 
filtration  process  is: 
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Integration  by  parts  expands  equation  (all  into  the  form. 


3^-,  +  220;- ^[0*-,  +  220)^0].,]  (25) 

In  a  different  notation,  equation  (25)  can  be  rewritten  as: 
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where 
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Since  the  space-lime  surface  is  assumed  to  be  linear 
with  respect  to  time,  the  temporal  differentials  of  soil- 
water  diffusivitv  in  equation  1 27)  are  given  by: 
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where  the  temporal  water  content  gradient  can  be  appro¬ 
ximated  from  values  of  water  content  during  time  step  k. 

Hromadka  and  Guymon8  determine  a  complete  for¬ 
mulation  for  a  parabolic  spatial  interpolation  function 
which  involved  five  nodal  points  rather  than  three  in 
order  to  estimate  nodal  point  values:  however,  the 
additional  computational  effort  did  not  significantly 
increase  the  approximation  accuracy.  In  their  study,  the 
linear  interpolation  shape  function)  Galerkin  analog  to 
equation  ( 1 1,  was  determined  and  modified  to  correspond 
to  equation  l26l  for  the  special  case  of  1=  0. 

The  Galerkin  version  of  the  weighted  residual  process 
can  be  used  to  approximate  equation  111  by  the  finite 
element  method.  The  solution  domain  is  discretized  m.o 
the  union  of  -t  finite  elements  by: 


L=L'4  (29) 

1 » 1 

The  water  content  is  utilized  as  the  state  variable  and  is 
approximated  within  each  finite  element  by: 
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where  S,  =  external  endpoints  of  the  one-dimensional 
finite  element.  L,.  The  first  term  within  the  braces  sums  to 
zero  for  interior  elements,  and  aiso  satisfies  the  usual 
specified  lor  flux  type)  boundary  conditions  of  the  pro¬ 
blem  for  exterior  finite  elements.  The  remaining  integral 
term  is  solved  by  substituting  the  appropriate  element 
approximations  and  shape  functions  into  the  integrand 
and  solving  by  numerical  integration.  A  convenient 
approach  to  deal  with  the  non-linearity  of  equation  i32l  is 
to  assume  the  diffusivitv  function  to  be  constant  within 
each  finite  element  during  a  finite  time  interval.  St.  in 
order  to  carry  out  the  integration.  The  Crank-Nicoison 
time  advancement  approximation  has  been  widely 
used1-  to  solve  the  time  derivative  of  equation  (32). 

The  Crank-N'icolson  formulation  reduces  equation 
1 32).  where  values  of  soil-w-ater  diffusivitv  are  assumed 
constant  within  each  finite  element,  into  a  system  of  iinear 
equations  expressed  in  matrix  form  as: 


jp^^sla"1  =.;p-— s' 


(33) 


where  P  is  a  symmetrical  capacitance  matrix  and  is  a 
function  of  element  nodal  global  coordinates:  S  is  a 
symmetrical  stiffness  matrix  and  is  a  function  of  element 
nodal  global  coordinates  and  constant  finite  eiement 
diffusivitv  coefficients  (during  time  step  At).  St  is  the  finite 
time  step  increment:  3nd  0‘  is  the  vector  of  nodal  state 
variable  approximations  (volumetric  water  content)  at 
time  steps  k  =  i.  1  —  1. 

For  a  linear  polynomial  shape  function,  the  element 
matrices  determined  from  equation  i32)  are  given  by: 
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where  D  is  the  quasi-constant  diffusivitv  within  element  i: 
S  and  P  are  element  stiffness  and  capacitance  matrices, 
respectively:  and  1  O,.  0,1  and  t'l,.  11  1  refer  to  the  element 
nodal  and  dynamic  nodal  moisture  content  values,  re¬ 
spectively.  for  an  element  of  length  /.. 

For  the  Iinear  temporal  interpolation  function,  equa¬ 
tions  i26i  and  1 2")  can  be  written  analogously  to  equations 
1 33 1  and  1 34)  as: 
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where  the  element  matrices  composing  the  global  S 
matrices  of  equation  (35)  are  given  by: 
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MODEL  APPLICATION 

The  numerical  mode!  given  by  equations 1 35i.l36l and  1 37) 
was  applied  to  a  sharp  wetting-front  problem  of  soil- 
water  infiltration  into  an  air-dry  horizontal  column3"3. 
The  analytic  value  of  soil-water  diffusivitv  for  Hanford 
sandy  loam*  was  selected  in  order  to  provide  a  sharp 
wetting  front  through  the  soil  column,  causing  the 
numerical  analysis  of  moisture  flow  in  the  soil  to  be 
difficult.  The  quasi-analytic  solution  advanced  by  Philip 
and  Knight3  and  utilized  by  Hayhoe:  was  used  for  this 
study. 

Equation  ( 1 )  was  solved  subject  to  the  initial  condition: 


0(.x,;i  =  O:  t  =  0,  O^.x^L 


(38) 


and  the  boundary  conditions: 


9(0.  f)=  1.  i.HL  n  =  0:  r>0  < 59) 

where  the  soil-water  diffusivity  icm:  min  “  ‘  I  is  given  by: 
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and  9  is  the  dimensionless  volumetric  water  content. 

Owing  to  the  nature  of  the  soil-water  diffusivity 
function  of  (40).  the  temporal  variation  of  diffusivity  is 
extremely  important  during  the  At  time  step.  As  such,  the 
temporal  diffusivity  Taylor  series  finds  good  use  in  sharp 
vetting  front  infiltration  problems  as  presented  herein 
F-v  moisture  transport  problems  where  the  diffusivity 
-ration  cause.,  loss  difficulty  in  numerical  estimation,  the 


model  represented  by  equation  (351  can  be  used  to  reduce 
execution  time  by  approximately  two-thirds.  That  is.  by 
expanding  the  time  series  of  equation  i Z"7).  the  time  step 
magnitude  A r  was  found  to  be  capable  of  a  300",,  increase 
and  yet  retain  the  same  level  of  approximation  accuracy. 
Table  1  contains  various  values  of  time  step  magnitudes 
A t  (in  min)  and  time  series  expansion  terms  in  the 
numerical  model  of  equation  111  by  1 35 1  at  time  r  =  16.5 
min.  For  the  numerical  model,  a  spatial  discretization  of 
0.5  cm  was  used  where  the  total  column  length  was  set  at 
5.0  cm  to  correspond  to  the  mode!  results  of  Hay noe3. 

The  test  results  indicate  that  the  numerical  accuracy 
achieved  for  At  =0.1  min  i without  the  temporal  Tjyior 
senes  expansion  for  diffusivity)  is  aiso  matched  for  a  A: 
=  0.3  min  time  step  where  the  temporal  Taylor  series  is 
included  through  the  fifth  term.  Since  the  integration  of 
the  diffusivity  series  expansion  involves  negligible  com¬ 
puter  execution  time  when  compared  to  :ne  solution  of 
matrices  during  the  time  advancement,  further  increases 
in  time  step  sizes  may  be  possible  for  less  difficult  models. 


CONCLUSIONS 

A  new  numerical  approach  to  soil  water  (diffusivity i 
infiltration  problems  i>  advanced.  By  use  of  a  modified 
finite  element  analog  to  the  governing  equations,  a  Taylor 
series  of  soil  water  difru'ivity  with  respect  to  time  can  be 
integrated.  Application  to  a  case  study  indicates  a  re¬ 
duction  in  execution  costs  due  to  the  capability  of 
increasing  the  finite  tunc  step  jnd  yet  retain  comparable 
numerical  accuracy. 

The  inclusion  of  the  Taylor  series  expansion  for 
diffusivity  '  !|'h  m  the  traditional  finite  element  matrix 
formulation  i.'Ai  was  found  to  produce  less  desirable 
resuits.  Using  the  numerical  model  for  equation  1 1 )  given 
in  Hromadka  and  Guymon5.  the  addition  of  the  temporal 
Taylor  series  modification  produced  an  increasing  over- 
estimation  of  the  wetting  front  advancement  into  the 
horizontal  soil  column.  That  is.  as  the  number  of  the 
diffusivity  function  Taylor  series  terms  were  increased  in 
euuation  i?4  .  the  numerical  solution  indicated  an  increas¬ 
ingly  inaccurate  penetration  of  moisture  into  the  horizon¬ 
tal  soil  column  This  numerical  behaviour  is  probably  due 
to  ihe  finite  element  capacitance  matrix  over-estimation 
of  mean  moisture  content  within  the  nodal  domains3 

A  soph’stication  oi  the  prooosed  integration  technique 
i>  to  use  higher  order  polynomial  interpolation  functions 
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for  tile  time  variable.  For  a  parabolic  interpolating 
function,  the  increase  in  numerical  accuracy  was  found  to 
be  negligible"  However,  some  advantage  was  found  when 
using  a  parabolic  interpolation  for  time  in  order  to 
estimate  the  temporal  gradient  of  the  dtlTustvity  function 
128).  For  the  horizontal  soil  column,  the  timestep  increase 
tat  comparable  numerical  accuracyi  was  found  to  be 
approximately  330°  whereas  the  linear  estimation  pro¬ 
cedure  enabled  a  300°o  increase  in  timestep  magnitude. 
The  additional  computer  memory  and  computation 
requirements  involving  a  parabolic  temporal  interpo¬ 
lation.  however,  somewhat  offsets  the  advantage  of  the 
additional  timestep  increase  in  magnitude. 
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ABSTRACT 

Phase  change  effects  associated  with  freezing  soils 
dominate  the  thermal  state  of  the  soil  regime. 
Furthermore,  freezing  of  soil  water  influences  the  soil 
moisture  regime  by  providing  a  moisture  sink  which 
tends  to  draw  mobile  soil  moisture  to  freezing  fronts. 
Consequently,  it  is  critical  to  general  purpose  models 
that  soil  water  phase  change  effects  and  the  inter¬ 
related  problem  of  estimating  the  moisture  sink 
effects  He.,  conversion  of  liquid  water  to  ice)  be 
accurately  modeled.  The  choice  of  such  a  model  will 
not  only  influence  the  precision  of  simulated 
temperatures  and  water  contents  in  a  freezing  soil, 
but  also  have  a  significant  impact  on  computational 
efficiency.  A  review  of  several  current  models  that 
assume  unfrozen  water  content  is  functionally  related 
to  subfreezing  temperatures  indicate  that  within  a 
freezing  soil  the  soil  water  fow  model  and  heat 
transport  model  parameters  are  restricted  in  spatial 
gradients  according  to  the  spatial  gradient  of  modeled 
unfrozen  water  content.  A  freezing  soil  model  based 
on  the  concept  of  isothermal  phase  change  of  soil 
water  is  proposed  as  an  alternative  approach. 

INTRODUCTION 

The  possibility  of  numerically  modeling  the  com¬ 
plex  processes  which  occur  in  simultaneous  heat  and 
soil-moisture  transport  in  a  freezing  soil  has  received 
much  attention  dunng  the  last  decade.  Early  math¬ 
ematical  models  for  simulating  the  soil  freezing  pro¬ 
cess  were  proposed  by  Harlan  (1973),  and  Guymon 


and  Luthin  (1974).  More  recent  modeling  efforts  of 
coupled  heat  and  soil-moisture  transport  in  freezing 
soils  include  Sheppard  et  ai.  (1977),  Jame  (1978), 
Taylor  and  Luthin  (1978),  and  Guymon  et  ai.  t 1980). 
A  comparison  of  these  various  modeling  efforts  indi¬ 
cates  that  the  approaches  used  to  simulate  the  soil 
freezing  process  differ.  Guymon  et  al.  use  a  so-called 
“isothermal”  approach  where  the  governing  heat  and 
moisture  flow  equations  are  solved  indepencently  and 
soil-water  phase  change  is  modeled  within  freezing 
sou  by  returning  below  freezing  temperatures  to  the 
freezing  point  until  the  available  soil  water  is  frozen. 
The  other  referenced  modeling  efforts  all  assume  that 
volumetric  water  content,  2,  and  temperature,  T, 
are  functionally  related  within  a  freezing  region  of 
soil 

9  =  2(7).  r<0°C  CD 

and  numerically  iterate  between  the  coupled  heat  and 
moisture  transport  relations  until  values  of  9  and  T 
are  within  a  selected  tolerance  to  the  soil  water 
treezmg  characteristic  curve  approximation;  if  tem¬ 
peratures  are  above  freezing  and  the  soil  is  ice  free, 
then  the  functional  relation  of  eqn.  (1)  is  discontin¬ 
ued  (Taylor  and  Luthin).  Sheppard  et  al..  however, 
used  an  alternative  statement  of  eqn.  (1)  to  eliminate 
the  soil-moisture  variable  component  bv  a  volumetric 
water  content  to  temperature  gradient,  and  math¬ 
ematically  combined  the  coupled  equations  into  a 
single  relation  based  on  temperature.  This  reduced 
lormulation  incorporated  the  so-called  apparent  heat 
capacity  defined  by 

C*  =  Cm  rLibd:bT  C) 
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where  Ca  is  the  volumetric  apparent  heat  capacity, 
Cm  is  the  volumetric  heat  capacity  of  the  sod-water- 
ice  mixture;  L1  is  the  volumetric  latent  heat  of  fusion 
of  water;  and  the  density  of  water,  pw,  is  assumed  to 
be  unity.  Equation  (2)  was  apparently  originally 
presented  in  terms  of  volumetric  ice  content,  but 
more  commonly  volumetric  water  content  is  used  in 
eqn.  (2)  (Williams  1968  and  Anderson  et  ai.  1973). 

Although  Jame,  and  Taylor  and  Luthin  numerical¬ 
ly  iterate  and  adjust  solutions  of  the  governing  heat 
and  moisture  flow  equations  until  eqn.  (1)  is  satisfied, 
the  underlying  mathematical  result  is  the  solution  of 
a  single  differential  equation  incorporating  an 
appropriate  apparent  heat  capacity  term. 

The  Sheppard  et  al.  mathematical  model  assumes 
negligible  gravity  effects  in  their  vertical  soil-water 
flow  model,  and  relates  soil-water  pore  pressure  head 
to  absolute  temperature  in  order  to  combine  both 
transport  equations  into  an  apparent  heat  capacity 
formulation  including  eqn.  (2).  Jame,  and  Taylor  and 
Luthin,  however,  simulate  coupled  heat  and  moisture 
flow  in  a  horizontal  freezing  soil  column  and  use 
volumetric  water  content  as  the  governing  moisture 
transport  variable. 

In  this  paper,  the  two  governing  heat  and  soil- 
water  flow  mathematical  models  used  in  a  horizontal 
freezing  sou  column  problem  will  be  combined  into  a 
single  transport  model  similar  to  the  vertical  column 
model  of  Sheppard  et  al.  Using  the  volumetric  water 
content  to  temperature  functional  relationship 
assumption,  the  resulting  combined  transport  model 
can  be  written  in  terms  of  either  the  moisture  trans¬ 
port  or  heat  transport  variables  (i.e.  volumetric  water 
content  or  temperature),  with  the  apparent  heat 
capacity  term  (or  equivalent)  included  in  the  formula¬ 
tion.  From  the  resulting  combined  model,  it  will  be 
shown  that  severe  limitations  on  the  transport  con¬ 
duction  parameters  of  thermal  conductivity  and  soil- 
water  diffusivity  must  be  satisfied  in  order  for  the 
model  to  describe  the  soil-water  freezing  process. 

The  objective  of  this  paper  is  twofold.  The  first 
objective  is  to  evaluate  the  mathematical  consistency 
of  combining  the  assumptions  in  eqns.  (1)  and  (2) 
with  coupled  heat  and  moisture  transport  models. 
A  number  of  investigators  assumes  that  soil-moisture 
transport  in  freezing  soils  can  be  modeled  by  an 
analogy  to  unsaturated  sod-water  flow  theory  where 
soil  moisture  driven  by  hydraulic  gradients  dominates, 


and  the  usual  sod-water  diffusivity  can  be  modified 
by  an  ice-content  correction  or  scaling  factor  in  order 
to  accommodate  ice  formation  and  its  effect  on  soil- 
water  flow.  Additionally,  the  classical  heat  transport 
relation  is  assumed  for  heat  flow  within  freezing  sods, 
and  heat  transport  due  to  convection  by  sod-water 
flow  is  assumed  negligible  in  several  models.  Ice 
formation  within  freezing  sods  is  modeled  by  an 
appropriate  sod-moisture  sink  and  heat  source  term 
based  on  the  time  rate  of  change  of  volumetnc  ice 
content  within  the  freezing  sod. 

The  second  objective  of  this  paper  is  to  present  an 
alternative  modeling  approach  based  on  the  previous¬ 
ly  mentioned  isothermal  concept.  This  second 
approach  is  based  on  the  assumptions  of  an  analogy 
to  unsaturated  sod-water  flow  theory  and  the  classical 
heat  transport  relation  (with  convection),  but  some¬ 
what  relaxes  the  volumetnc  water  content  to  tem¬ 
perature  functional  requirement.  Sod  water  in  excess 
of  that  predicted  by  the  sod-water  freezing  character¬ 
istic  curve  is  permitted,  but  further  sod  freezing  is 
modeled  isothermally  until  the  sod-water  content 
corresponds  to  the  freezing  characteristic  curve. 


SOIL-WATER  PHASE  CHANGE  EFFECTS 
MODELED  AS  AN  APPARENT  HEAT  CAPACITY 

A  horizontal  freezing  sod  column  will  be  discussed 
due  to  the  extensive  numerical  model  development 
and  laboratory  parameter  estimations  given  in  the 
literature  (e.g.  Jame  1978). 

Sod  water  flow  in  freezing  sods  is  generally 
assumed  modeled  by  an  analogy  to  unsaturated  sod- 
water  flow  theory  by 

3  /  bd\  36  pi36i 

—  £>—=—+  - — -  (3) 

3.v  \  bx  /  3r  pw'Sr 

where  D  is  the  appropriate  freezing  sod-water  dif¬ 
fusivity.  Equation  (3)  is  based  upon  the  assumption 
that  soil  water  primardv  moves  as  a  liquid,  driven  by 
hydraulic  gradients.  Vapor  movement  and  thermally 
driven  moisture  flow  is  assumed  negligible  (Fuchs 
1978,  for  example). 

Neglecting  convec ted  heat  effects,  heat  flow  in 
freezing  sods  is  generally  modeled  by 


in. r  £l  ifi 

3.t  '  T  bx'  m  br  a  p*  3r 


(-) 


where  A't  is  the  thermal  conductivity;  9\  is  the 
volumetric  ice  content;  £a  is  the  volumetric  latent 
heat  of  fusion  for  liquid  water;  and  Pj  is  the  density 
of  ice.  A  third  major  assumption  in  several  current 
models  is  that  water  content  and  temperature  are 
functionally  related  for  below  freezing  temperatures 
(Sheppard  et  al.,  Taylor  and  Luthin,  Jame) 

9  =  9{T),  9eR(T)  (5) 

where  R( T)  is  the  domain  of  functional  definition 
for  subfreezing  temperatures. 

From  eqn.  (5),  the  thermal  gradient  of  water 
content  is  defined  by  (Jame.  Sheppard  et  al.) 

9  =  30/ar,  9<=R{T)  (6) 

Therefore,  eqns.  (3),  (4),  (5)  and  (6)  may  be  com¬ 
bined  into  one  governing  equation  similar  to  the 
formulation  of  Sheppard  et  al. 

d_  r  96.  ^  Kj  3d] 

9x  L  3  bx  9  dx  J 

f  Cml  99 

,7) 


or  in  simpler  notation. 


where  ct3  is  the  corresponding  apparent  heat  capacity 
term  equivalent  to  eqn.  (2)  for  volumetric  water 
content  used  as  the  primary  variable  in  eqn.  (7). 
Thus,  the  9  =  9{T)  assumption  leads  to  one  equation 
incorporating  an  apparent  heat  capacity  term  (or 
equivalent)  and  ancillary  relationships  between 
parameters.  Although  from  the  above  it  is  necessary 
to  numerically  solve  only  one  equation,  Jame  (1978) 
and  Taylor  and  Luthin  (1978),  for  example, 
numerically  solve  each  equation  of  state  separately, 
and  adjust  solutions  by  an  iteration  procedure  for  an 
assumed  9  -  9(T). 

To  determine  the  ice  content  profile,  considera¬ 
tions  of  mass  transport  may  be  used  as  outlined  in 
Hromadka  and  Guymon  (1980).  Thus,  eqn.  (3)  can 


be  temporally  and  spatially  discretized  for  numerical 
solution  as  follows: 


where  At  is  a  numerical  time  step  increment.  Cl/  and 
1/  are  spatial  domains  and  boundaries  respectively  of 
soil  column  region,  j.  Appropriate  basis  or  trial  func¬ 
tions  are  substituted  into  eqn.  (9)  and  indicated 
mathematical  operations  are  carried  out,  yielding  a 
matrix  system  very  similar  to  that  resulting  from 
using  the  well-known  finite-element  method. 

Some  theoretical  implications  and  problem  limita¬ 
tions  as  posed  by  eqn.  (7)  can  best  be  developed  by 
examining  a  simulation  of  horizontal  freezing  in  a  soil 
column.  Laboratory  data  obtained  bv  Jame  (1978) 
are  used  as  a  case  study.  Unsaturated  soil-water  dif- 
fusivity,  D(9),  is  assumed  described  as  shown  in 
Fig.  1,  and  water  content  is  assumed  to  be  a  function 


Voiun>«tr*c  Mo>stuf v  Content 


Fig.  1  Soil-water  diffusivity  versus  unfrozen  moisture 
content  (Jame  1978). 
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Fig.  2.  Liquid  water  content  versus  temperature  relationship 
showing  experimental  data  and  the  approximate  curve  used 
in  the  computations  (Jame  19^8). 

of  temperature  as  shown  in  Fig.  2.  These  data  are 
generally  similar  to  data  from  frost  susceptible  soils. 
From  Figs.  1  and  2,  it  can  be  shown  that  within 
region  f?,  of  the  diffusivity  curve,  the  magnitudes  of 
(Cm/'0)  and  (Kj/9)  are  less  than  one-half  of  one 
percent  of  the  magnitudes  of  (L3)  and  (DL a),  respec¬ 
tively.  Accordingly,  within  region  R  i  eqn.  (7)  may  be 
numerically  approximated  for  the  given  assumptions 
by 

b_/  3£\  _  09  | 

bx  '  bx /  dr  I 

OO) 

D  *  D(d.e i)  =  D(8)l  10lo#l  j 

x  ' 

where  D(9 ,9\ )  is  assumed  defined  by  an  adjustment 
to  unsaturated  diffusivity  as  described  by  Taylor  and 
Luthin.  Because  data  on  hydraulic  conductivity  of 
frozen  sod  are  not  generally  available,  an  estimate  of 
frozen  soil  hydraulic  conductivity  is  usually  assumed 
for  most  models.  The  approach  used  by  Taylor  and 


Luthin  which  is  based  upon  unfrozen  soil  water  dif¬ 
fusivity  is  arbitrarily  selected  for  study  purposes. 
For  region  Rt  (Fig.  1),  eqn.  (7)  may  be  examined  in 
the  limit  to  be 


where  the  thermal  parameters  are  functions  of  soil, 
water  and  ice  fractions.  Within  regions  Rz  and 
the  magnitudes  of  (DLZ)  and  (Kjid)  generally  are 
such  that  neither  term  can  be  eliminated  from  the 
formulation. 

For  significant  diffusivity  values,  difficulties  may 
arise  in  attempting  to  model  a  zero  moisture  flux 
boundary  condition  while  maintaining  a  freezing 
thermal  gradient:  that  is.  for  9  =  9(T), 


be 

°Tx 


.  bT 

(D9)-~  =  0 
dac 


bT 

*T—  *0 
bx 


u:) 


would  be  the  boundary  condition.  Accordingly,  dif¬ 
fusivity  must  be  set  to  zero  at  the  column  boundary. 

Another  difficulty  is  possible  accumulation  of  soil 
moisture  above  the  water  content  value  predicted  by 
the  characteristic  curve,  9(T).  For  the  horizontal 
freezing  column  problem  (Jame,  for  example  I  where 
zero  moisture  flux  occurs  at  the  column  boundaries 
at  ar  =  (0,1).  the  9  -  9{T)  assumption  necessarily 
implies  that  the  thermal  and  moisture  gradients  are 
positive,  for  the  freezing  front  advancing  from.r  =  0. 
Also,  a  closed  system  freezing  column  problem  can 
only  have  a  depletion  of  unfrozen  soil  moisture,  since 
an  increase  of  moisture  implies  an  increase  of 
temperature  by  the  9(T)  assumptions  and  eqns.  (3) 
and  (4).  Hence,  the  governing  relations  within  regions 
of  freezing  soil  become 


7  Kj  \ 

391 

M  +dla 

- *  5 

i\  9  ! 

bx  J 

\  9  7 

69 


bdlbr  <0.  t>  0 
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9  =  0(71 


/ 


For  3S/3r  “  0, 


3  /  3 T\  3  /  33  \ 

T,k)*STPd  (14) 

which  results  in  a  specific  formulation  for  thermal 
conductivity  in  a  steady-state  moisture  content  region 
for  the  models  considered 


(3  77d.t)  3  r 

OS) 

s  *  d(D 

MIZt  =  0 

For  some  region.  A,  of  the  soil  column  where  8  is  set 
to  the  constant  value  80,  ,-i0  can  be  evaluated  such 
that  eqn.  (18)  becomes 


,  .  ,  /dT\ 

(Kr+L390D')[—) 


-L38aD\xZ.R  (16) 


where  primes  indicate  known  values.  An  approximate 
spatial  gradient  relationship  is  given  by 

3  .  -3  D 

-  Kj  =  -L38q  -  ;  xeR\ 

ox  3*  I 

8  =■  8(T)  |  0?) 

3 8/de  «  0  ] 

(3  773x)7(3  773x)  =»  1  > 

where  kj  denotes  that  thermal  conductivity  function 
which  satisfies  the  steady-state  moisture  content 
relationship  of  eqn.  (16). 

For  the  dynamic  case,  in  a  freezing  soil,  eqn.  (13) 
can  be  rewritten  as 

08) 

33 

—  <  0,  0  <x<L 


where  for  unidirectional  freezing  in  a  soil-column 
(freezing  front  advancing  from  x  a  0)  the  various 
gradients  are  generally  given  by 


33/3  r  <0  v 

33/3*  >0  / 

3l3/3*J  <  0  \  (19) 

3A't/3*  <0  ( 

30/3*  >0  / 

From  eqns.  ( 1 8)  and  ( 1 9) 

3  I7-A'T\  8*1  3  f  831 

(;0) 

which  when  expanded  gives  (for  below  freezing  tem- 
ceratures) 

3  ,  3  (Kj\  /Kr  >3 :3  /33 

—  (DL3)  d)—I  —  12  1) 

3*  3 x\  6  J  \  d  /3*v  3x 

In  order  to  avoid  moisture  accumulation  at  a 
constant  temperature  and  preserve  the  9(T)  assump¬ 
tion.  eqn.  (21)  must  be  satisfied  for  every  water  con¬ 
tent  profile.  Thus,  for  the  given  model  assumptions, 
the  transport  parameters  are  limited  in  spatial  gra¬ 
dients  according  to  the  spatial  gradient  of  water 
content.  Especially  important  are  the  initial  condi¬ 
tions  of  the  problem  which  also  bound  the  parameter 
spatial  gradients  as  given  in  eqn.  (21). 

For  example  purposes,  consider  a  stnctly  freezing 
horizontal  soil-column  problem  with  initial  condi¬ 
tions  given  below  (Fig.  3): 

3  »  9(T)  (Fig.  2) 

9(x  3  0.  r>  0)  =  3b 
8  (x  =  Z. ,  r  =  0)  =  S0;  3b<30<b 
9(x.t  =  0)  =  (80-db)xlL  +  9b 

33  p-M 

—  (x*L.  f>0)  *  0 
3* 

—  Si  +  S  =  S0,  t  =  0,  0  <x<L 
Pw 

8  >0.  0  <x<L 

r(*xo°c.  o<.x<i 

where  tj  is  the  porosity.  Thermal  conductivity  is 
assumed  given  by  the  DeVries  (1966)  equation 

A't  s  K\\8  +  AjSj  +  A'gSs  (23) 

where  (A'w .  A'j,  A's)  are  the  thermal  conductivities  of 


1*2 
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Fig.  3.  Geometry  lot  example  initial  condition  problem. 


water,  ice  and  soil.  Other  pertinent  parameter  estima¬ 
tions  are  obtained  from  the  laboratory  data  shown  in 
Figs.  (1)  and  (2).  The  unsaturated  diffusivity  shown 
in  Fig.  (1)  is  estimated  by 

£>(5,01  =0)  =  0.278eJ5S,s,  O.11<0<O.26  (24) 

Taylor  and  Luthin  propose  an  ice  accumulation  cor¬ 
rection  factor,  /,  for  freezing  soils,  such  that 

D(6,80  «  D(8)/I 

I  *  I0‘ost 
Thus,  for  below  freezing  temperatures 
D{6.8\)  =  O.’TSe^5-5*9'33-039!),  0.1 1  <0  <0.26(26) 


The  spatial  gradient  of  diffusivity  for  below  freezing 
temperatures  is  given  by  the  chain  rule 


3D(0,0,) 

bx 


dD  38  3D  30, 
30  bx  30[  bx 


(27) 


From  eqn.  (23) 


3£j 

bx 


30  30; 

=  Aw  —  +  AT|  — 
3x  bx 


(28) 


From  Fig.  2, 

0(7)  =  0.325  +0.557;  0.11  <0  <0.26  (29) 


thus, 

30 

0  =  —  =  0.55  20o,  0.1 1  <  0  < 0.26  (30) 


For  the  initial  conditions  of  eqn.  (22)  and  0.1 1  <  0 
<0.26, 


30[  Pw  30  90 

3x  P|  bx  bx 

bKf  b8 

=  (Kw  ~  1.1/Ti)  <  0 

3at  bx 


(31) 


3D(0.0i)  30 

- -  =  50.91  D  — 

bx  bx 

For  the  initial  conditions  of  eqn.  (22),  the  statement 
of  eqn.  (7)  is  rewritten  in  terms  of  temperature  as 

3  (7  .  '  \  371  .  37 

~[(£aD0+KT)~j  MI.0+C.]-  (32) 


and  from  eqn.  (2), 

37  37 

[£j  0  +  Cm]  =  Ca 

3f  3r 

Equation  32  is  expanded  as 

337  rb 


(33) 
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(34) 


For  0  equal  to  the  constant  0O  per  eqn.  (30),  the 
initial  condition  modeled  temperature  profile  is  linear 
and  , 

—  (I^o+A't)  ( 


(35) 


bx 


bT/bx  >  0  | 

but  from  eqn.  (4),  the  initial  condition  of  the  test 
problems  implies 


3Aj  37  37  p,  30, 

,  7  *  Cm  ~T~  ~  Aa  — 

bx  bx  be  pw  3r 

Thus, 

37  p,  30,  \ 

0  >  (7m  - Li  —  — —  / 

3  r  pw  3  r  I 


3£j 
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<  0 


(36) 


(37) 


14) 


Since  convected  heat  is  assumed  negligible  in  this 
example,  it  can  be  assumed  that  initially 

37/3r  <  0  (38) 


but 


37 

3r 


3  T  33 
33  3f  ’ 


7<0aC 


(39) 


Thus,  for  the  initial  condition  of  the  test  problem 
33/3r  <  0  (40) 


Therefore,  from  eqns.  (18),  (35),  (38)  and  (40) 


3 PL*  3_ 

3jc  3x  30 


(41) 


is  a  necessary  condition  to  preserve  the  0(7”)  assump¬ 
tion  for  the  freezing  soil  test  problem.  From  eqn. 
(34),  the  restrictions  of  eqn.  (41)  also  apply  in  a 
freezing  soil  where  temperature  (or  moisture)  gra¬ 
dients  are  linear.  The  conditions  of  eqn.  (  41)  can  also 
be  determined  from  eqn.  (7)  by  a  development 
similar  to  the  above. 

For  thermal  parameters  assumed  given  by 
Aw  *  4.8  cal/h  cm  °C  ^ 

A'i  ■  19  cal/h  cm  aC  (42) 

X.,  =  80  cal/cmJ  j 


eqn.  (41)  can  be  evaluated  for  the  initial  conditions 
of  the  test  problem  as 


3 DLZ  33 

-  =  4072.8X3 — cal/h  cm 2 

dx  dx 

3  /A't\  33 

—  ( -ml  =  -29.3  —  cal/h  cmJ 
3 x  '  9  '  dx 


(43) 


but  dd/dx  >  0  by  Fig.  3.  Thus,  from  the  initial  condi¬ 
tion  of  the  test  problem  and  eqns.  (41)  and  (43),  a 
necessary  requirement  for  preserving  the  3(71 
assumption  is 

D<e.8\)  <  0.0072  cmVrn 
0  <  x  <  L 

The  conditions  of  eqn.  (44)  cannot  generally  be  satis¬ 
fied  for  the  considered  domain  0.1 1  <3  <0.26. 
For  modeling  purposes,  it  is  assumed  that  eqn. 


(44) 


(41)  must  be  satisfied  for  any  moisture  content 
profile.  The  results  of  eqn.  (41)  can  also  be  derived 
from  eqn.  (21)  by  considerations  of  linear  water 
content  profiles.  A  major  implication  of  eqn.  (41) 
is  that  for  the  3(7)  assumption  to  remain  valid,  the 
soil  freezing  front  must  essentially  continually  ad¬ 
vance  into  the  soil  column.  The  requirement  of  eqn. 
(20)  implies  that  the  net  heat  efflux  must  never  be 
exceeded  by  the  net  influx  of  latent  heat  (influx  due 
to  moisture  transport).  Since  the  assumed  initial 
condition  ice  and  water  content  profile  are  arbitrary 
for  the  problem  of  Fig.  3,  the  3(7)  assumption  and 
resulting  apparent  heat  capacity  term  formulation 
indicates  that  the  models  that  incorporate  these 
are  restncted  to  a  limited  class  of  soil  freezing 
problems. 


SOIL-WATER  PHASE  CHANGE  EFFECTS 
MODELED  AS  AN  ISOTHERMAL  PROCESS 

Guvmon  et  ai.  1 1980)  propose  a  mode!  of  simul¬ 
taneous  flux  of  heat  and  moisture  in  freezing  and 
thawing  sods  that  assumes  latent  heat  effects  can  be 
modeled  as  an  isothermal  process.  The  concepts 
employed  in  this  mode!  are  discussed  below. 

Consider  the  heat  budget  SQ  required  to  alter  a 
unit  voiume  sod-water-ice  mixture  by  a  temperature 
change  of  dTin  a  time  interval  of  dr, 

Pi  33j 

±Q  *  Cm  d7  -La  — -  dr  (45) 

Pw  3f 

Equation  (45)  can  be  rewritten  as 

37  Pi  33i 

±Q  •  Cm  —  dr-X3-i-  —!-dr  (46) 

3 1  pw  3  r 

where  temperature  is  a  differentiable  function  of 
time. 

Application  of  eqn.  (46)  to  problems  where  the 
water  content  of  the  sod  can  also  be  assumed  to  be  a 
differentiable  function  of  temperature  permits  the 
rewriting 

x  (Cm  +  Lo  —  dr  (47) 

V  37/ 3r 

which  establishes  the  apparent  heat  capacity  formula¬ 
tion  of  eqn.  (2).  where  applicable. 
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Assuming  that  the  convected  moisture  enters  the 
soil  system  at  approximately  the  temperature  of  the 
freezing  point  depression,  a  small  drop  in  temperature 
ST  (in  time  Sc)  of  the  soil-ice-water  mixture  is 
modeled  by  a  heat  budget  of 

hQ 

SQ  *  Lx\9'  -6(T9))-Li  —  ST-CmST  (48) 


0(7}  =  0o+0,  7^  (54) 

where  flo.fS,  are  constant  soil  parameters,  and 

30(70/37-  =  0,  (55) 

Thus,  for  a  small  change  in  temperature  ST  (AT 
negative),  eqn.  (48)  and  eqn.  (55)  are  modeled  by 


where  0'  is  the  volumetric  moisture  content  at  the 
beginning  of  the  process;  6(Ta)  is  the  volumetric 
water  content  described  by  the  thermal  soil-water 
characteristic  curve  for  temperature  Ta ,  Ta  is  the 
initial  temperature  of  the  system,  ST  is  the  tempera¬ 
ture  drop  (assumed  negative),  and  SQ  is  the  heat  lost 
from  the  system  during  time  step  St. 

From  eqn.  (48),  three  macroscopic  thermo¬ 

dynamic  cases  are  accommodated  in  the  lumped  iso¬ 
thermal  model  for  a  strictly  freezing  process 

LAS'-3(To)}  =  SQ  (49) 

Ln  [B'-e(T0)]  >  SQ  (SO) 

L2[e'-9(T0)1  <  SQ  (51) 

Equation  (49)  is  associated  with  isothermal  freezing 
in  a  static  thermal  and  moisture  regime.  Relation  (50) 
also  indicates  isothermal  freezing  (i.e.  no  temperature 
variation)  but  additionally  indicates  possible  moisture 
accumulation.  Equation  (51)  occurs  with  a  tempera¬ 
ture  change  of  the  system  ST  (during  time  step  St) 
determined  from  eqn.  (48) 


ST  => 


*■.[*' -fl(7-o)l  -  SQ 
30 

Ll 3 T  +  Cm 


(52) 


The  ice  accumulation  term  is  calculated  by 


Pj_ 

Pw 


30, 

— -dr  =* 
dr 


if  SQ<Lt  ld'-d(T0)] 


[O'-0(7-o)J  ST, 
if  SQ  >L*[8' -9(T0)] 


(53) 


Assume  0(7")  approximated  by  a  set  of  linear  func¬ 
tions  defined  on  a  discretized  thermal  domain  per 
Fig.  2.  Then  for  an  appropriate  temperature  sub- 
domain  for  Tt<T<Tb 


SQ  -  tta[0' -0(ro)]  -Z-10,  ST}-Cm  ST  (56) 

where  the  term  in  brackets  represents  an  isothermal 
freezing  process. 

The  terms  within  the  braces  of  eqn.  (56)  may  be 
approximated  numerically  by  decoupling  the  ice 
formation  terms  from  the  general  heat  transfer  equa¬ 
tion  and  allocating  the  subsequent  heat  evolution  to  a 
latent  heat  budget.  As  the  ice  content  increases,  the 
thermal  and  moisture  parameters  are  adjusted.  Ice 
formation  is  interpreted  as  a  moisture  sink  in  the 
moisture  transfer  relation.  Only  when  the  necessary 
heat  evolution  has  occurred,  is  a  soil  mixture’s  tem¬ 
perature  allowed  to  recede  below  the  freezing  point 
depression,  hence  modeling  the  isothermal  phase 
change  process. 

DISCUSSION 

Although  there  are  no  apparent  theoretical 
problems  in  applying  the  apparent  heat  capacity  con¬ 
cept  to  numerical  models  that  deal  only  with  the 
thermal  regime  of  freezing  soils,  there  may  be 
problems  when  using  this  concept  to  numerically 
model  simultaneous  thermal  and  moisture  states  of 
freezing  soils.  This  is  particularly  true  in  regions 
where  the  thermal  (or  moisture  content)  spatial  gra¬ 
dients  are  approximately  linear,  resulting  in  invalida¬ 
tion  of  the  water  content  to  temperature  functional 
relationship  as  shown  herein.  In  the  literature, 
numerical  models  employing  this  approach  require 
small  time-steps  (on  the  order  of  centimeters).  Using 
currently  proposed  numerical  modeling  approaches 
shows  that  assumptions  imbedded  in  these  models 
lead  to  inconsistencies  when  these  models  use  the 
apparent  heat  capacity  approach  in  its  present  form. 
Either  an  apparent  heat  capacity  formulation  based 
upon  open  freezing  situations  where  moisture  is 
mobile  will  have  to  be  prepared  or  alternative  means 
of  accounting  for  latent  heat  effects  are  required. 
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An  alternative  modeling  approach  is  proposed 
which  is  based  on  an  isothermal  soil-water  freezing 
submodel.  Such  an  approach  leads  to  a  self-consistent 
model.  From  a  practical  standpoint,  time-step  sizes 
can  be  relatively  large,  of  the  order  of  hours,  and 
spatial  discretization  can  also  be  relatively  large,  of 
the  order  of  0.5  meters.  Models  that  have  been  devel¬ 
oped  and  employed  are  able  to  accurately  simulate 
thermal  and  moisture  states  of  freezing  soils  over  long 
time  spans,  of  the  order  of  years.  The  ability  to  use 
large  discretization  and  achieve  stable,  accurate 
results  over  a  long  simulation  period  will  become 
increasingly  important  as  more  complex  problems  are 
attempted  which  require  two  or  three  spatial  dimen¬ 
sions.  It  is  emphasized  that  the  proposed  isothermal 
approach  is  a  lumped  thermodynamic  assumption 
used  for  predictive  modeling.  No  claim  is  made  that 
such  a  modeling  assumption  describes  the  micro¬ 
scopic  thermodynamic  behavior  of  water  freezing  or 
thawing  in  a  soil. 
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numerical  model  which  solves  lor  spatial  coordinates  rather  than  solving  lor 
the  governing  flow  equation's  slate  variable  This  approach  somewhat  eliminates 
nonlinearity  (due  to  state  variable  dependent  parameters)  because  the  nonlinear 
parameters  are  evaluated  at  a  constant  value  of  the  stale  variable  along  the 
boundaries  of  each  subdomain 


I  he  subdomain  integration  method  (6  10)  is  applied  to  the  governing  flow 
equation  ol  unconfincd  (and  confined)  ground-water  flow.  The  boundary  and 
initial  conditions  are  assumed  defined  such  that  the  spatial  coordinate  i  can 
be  described  as  a  function  of  h  (l  ig  I)  Ihe  A-axis  domain  (l  is  discreli/cd 
by  n  nodal  points  into  n  subdomains  li/  such  that 
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Improved  Linear  Trial  Function  Finite  Element  Model 
of  Soil  Moisture  Transport 
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Two  methods  of  modeling  a  higher-order  approximation  function  of  soil  moisture  transport  by  an  im¬ 
proved  linear  trial  function  approximation  are  presented.  The  first  approach  considered  is  based  upon 
use  of  the  alternation  theorem  and  a  finite  element  capacitance  matrix  that  incorporates  the  Galerlun  fi¬ 
nite  element,  subdomain,  finite  difference,  and  proposed  nodal  domain  integration  methods  The  second 
approach  extends  the  first  approach  by  developing  a  temporal  relationship  for  element  matrices  sucn  ihat 
a  higher-order  approximation  function  can  be  modeled  by  a  linear  approximation  function  Comparison 
of  model  results  produced  from  a  nodal  domain  integration  model  incorporating  these  improved  linear 
trial  function  approximations  to  the  finite  element,  subdomain,  and  finite  Jiiference  methods  indicates 
that  this  approach  may  lead  to  a  generalized  modeling  method  for  soil  moisture  transport  problems. 


Introduction 

The  study  of  numerical  methods  for  the  approximation  of 
linear  and  nonlinear  soil  moisture  transport  in  a  one-dimen¬ 
sional  domain  has  received  some  recent  attention  Hayhoe 
[1978]  compared  the  numerical  effectiveness  between  the  fi¬ 
nite  element  and  finite  difference  numerical  methods  in  mod¬ 
eling  a  sharp  wetting  front  soil  infiltration  problem.  A  special 
finite  difference  analog  was  advanced  as  the  best  numerical 
approach  to  the  problem  studied.  Hromadka  and  Guymon 
[  19S0aj  further  studied  the  sharp  wetting  front  problem  and 
developed  a  modification  to  the  finite  element  method  which 
resulted  in  an  increase  in  model  accuracy  for  a  linear  soil  wa¬ 
ter  diffusivity  problem.  For  a  nonlinear  diffusivitv  problem 
the  traditional  finite  element  formulation  gave  comparable  re¬ 
sults  to  Haihoe'i  ( 19'8|  finite  difference  approach  when  the  fi¬ 
nite  element  analog  used  constant  element  diffusivity  values 
as  cetermtned  by  a  spatial  estimation  procedure.  A  procedure 
to  determine  which  numerical  idomatni  method  to  use  for 
simulation  of  all  moisture  transport  problems,  however,  is  not 
advanced. 

In  this  paper,  two  approaches  for  increasing  numerical 
model  accuracy  by  modeling  a  higher-order  or  a  more  com¬ 
plex  family  of  trial  functions  by  linear  trial  functions  are  pre¬ 
sented  Such  modeling  procedures  would  benefit  from  the 
lower  computational  effort  associated  with  smaller  matrix  ar¬ 
rays  and  yet  incorporate  some  of  the  increase  in  numerical  ac¬ 
curacy  usually  provided  by  higher-order  trial  function  ap¬ 
proximation  sets. 

By  use  of  the  alternation  theorem  for  determining  a  best' 
approximation  of  a  lower-order  polynomial  estimator  to  a 
higher-order  polynomial  or  function,  an  adjustment  error  dis¬ 
tribution  is  determined  which  is  a  function  of  the  discretized 
domain  nodal  point  set.  Use  of  this  error  distribution  function 
in  a  subdomain  integration  procedure  aids  in  incorporating 
>ome  benefits  of  a  higher-order  approximation  function  set 
into  a  lower-order  approximation  function  set. 

Another  possibility  is  to  define  appropriate  correction  fac¬ 
tors  as  a  function  of  time)  which  equate  the  various  >oil  mois¬ 
ture  transport  terms  as  modeled  by  a  family  of  higher-order 
trial  functions  to  the  first-order  trial  function  modei  approxi¬ 
mations  Like  the  alternation  theorem  approach,  me  resulting 
numerical  model  has  the  reduced  matrix  computer  memory 
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requirements  but  incorporates  some  of  the  benefits  of  a 
higher-order  trial  function  approximation  set. 

We  call  this  extension  of  the  subdomain  version  of  the  finite 
element  weighted  residuals  method  the  nodal  domain  in¬ 
tegration  method.'  For  the  class  of  problems  considered,  the 
resulting  element  matrix  system  determined  from  the  nodal 
domain  integration  procedure  is  a  function  of  a  single  param¬ 
eter  tj.  which  may  be  variable  with  respect  to  both  space  and 
time.  Thus  n  may  vary  between  finite  elements  and  also 
change  as  the  numerical  simulation  progresses  in  time.  As  spe¬ 
cial  cases  of  the  nodal  domain  integration  element  matrix  sys¬ 
tem.  specified  constant  values  of  i;  correspond  lo  the  Galerkin 
finite  element,  subdomain,  and  finite  difference  approxima¬ 
tions.  Consequently,  a  computer  algorithm  based  on  the  re¬ 
sulting  element  matrix  system  derived  from  ihe  nodal  domain 
integration  method  will  also  represent  these  other  specified 
numerical  approaches  for  certain  specified  values  of  the  pa¬ 
rameter  t). 


Mathematical  Development 

The  one-dimensional  horizontal  soil  moisture  transport 
mode!  for  an  unsaturated  soil  column  is 


L  D0!L  m  °a 

dx  ox  or 

?.  ■  (x  0  £  .t  £  L) 


(1) 


where  9  is  the  volumetric  water  content  1 9  less  than  the  soil's 
porosity),  x  is  the  spatial  coordinate,  r  is  time.  D  is  the  soil  wa¬ 
ter  diffusivity  and  is  a  function  of  soil  water  content,  and  D  is 
the  spatial  domain  of  definition. 

The  domain  D  can  be  discretized  by  n  nodal  points  into  n 
disjoint  subdomains: 

n,  »  {.x  o  £  ,x  £  i.x,  -  x;), 

D;  ■  i.X  I.X ;  -  X.),;  <  X  £  I.X;  -  X,)  :t  |2) 


D.  ■  I.x  I.x..,  -  XJ,  :  <  X  £  .X.  -  LI 

where  t  iv  :he  -paiiai  coordinate  associated  to  nodal  point 
value  9  and 


a 


1 3 ) 
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Equation  (1)  must  be  satisfied  on  each  2,.  Therefore  n  equa¬ 
tions  are  generated  by  solving 

L~ d*L  ten,  (4) 

dx  dx  dt 

where 

0  -  m 

9  -  9( x,  i) 

Integrating  (4)  with  respect  to  space  gives 

x  £  a,  (6) 


where  V,  is  the  spatial  boundary  of  region  2,  Integrating  (6) 
with  respect  to  time  gives 

r>£}l-K*  m 

where  T,  is  the  limits  of  temporal  integration  between  time 
steps  ArAr  and  ( k  +  l)Ar.  Equation  (7)  can  be  simplified  by  us¬ 
ing  the  linear  transformation 


9{x.  I )  =  &\x.  n 


f0il  1 

\  mt  f 

l°ax) 

|r,  dt  JQ 

t  -  fciir  -  < 
0  £  «  £  Jr 


(8) 


Thus 


The  soil  water  diffusivity  function  can  be  expressed  with  re¬ 
spect  to  tune  by  the  Taylor  senes 


.  ?  -  xo,  kJrtf 

D(x  -  x„  fcjr  t-  <)  -  2.  - - 

*• 


0(x.  I)  -  X 


I  v/,(t  )«.- 


I  14) 


where  .V,  and  .V/,  are  the  linearly  independent  spatial  and 
temporal  shape  functions  and 

$,m  —  S(x  »  x„  /  ■  mdr)  (15) 

where  the  9,m  are  known  values  for  time  steps  m  -  <0.  1. 
k)  and  x.  is  the  spatial  coordinate  of  node  r.  The  spatial  gradi¬ 
ent  of  the  soil  water  content  function  is  approximated  by 


i*  ,  il-  x  5£| ‘f 

dx  dx  r,  dr 


(16) 


Substituting  (14)  and  (16)  into  (13)  gives  the  numencal  ap¬ 
proximation  of  the  governing  flow  equation  in  2,: 

t-  JO  l  I  I  ■"—4  /  i  ,  r-' 

_  y  Wszim  frlf  .t ur\ '■  * 

.to  it  Jo  [  <—«  dX  1 -W— r  I J  •  »“0 
-  ['  j  X  *lz  dy  (17) 

l  —i  jJ  r. 

The  unkjiown  values  of  nodal  points  0,‘~l  can  be  solved  by 
equaling 

^  O-fy  -  /.  kh) 


(10) 


where  (0  is  the  nh  order  temporal  partial  differential  operator, 
and  x,  is  a  specified  spatial  coordinate.  Combining  (9)  and 
( 10)  gives 


d.V. 

dx 

d.V. 


^  D'"[y  -  0.  kjr) 


■  fjXr«,r  *-X 

Jo  dX  J  ,«>  '! 


•/  H  X  ^  *-/  X  .w 

,0  l  — ,  dx  j  Jo 


dx 


(ID 


(12) 


//{(I 

For  a  spatial  local  coordinate  system  defined  by 
y  -  {x|0  £  y  £  /,}  x  £  2, 
dy  •  dx 
1,  -  (x^fcf  -  x^,)/2 
(11)  can  be  expanded  as 

f  P"'(,v  -  0.  kJn  /**  f  dfl(kJ)  +  t)  1 .  |  ^ 

~  25  la  1  3*  J 

ml  Iff):  dx  (13) 

J  n  jr. 

The  soil  water  content  function  is  approximated  spatially  and 
temporally  by 


f'fit 


di  -  £ 

CT[y-lr  k±t)  i 

[  V 

dV, 

—0 

Jo  1 

l  “ 

A* 

dt~l 

X 

(18) 
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approximation  Improvement  by  Use  of 
alternation  Theorem  (Nodal  Domain 
Integration  Method) 

The  space-time  surface  approximated  by  1 14 1  can  be  sim¬ 
plified  by  assuming  that  the  functional  surface  9(x.  D  can  be 
described  by  sets  of  piecewise  continuous  functions  For  a 
first-order  polynomial  spatial  trial  function  approximation  9 
for  9  between  nodal  point  values  (0_,.  9.  9 

~\  -(*..,-»)// 

dx  i 

-10  -(?,-,)// 

dx  !,_o 
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I'  9dy-  £[*,-, i-6f  +  8^\  (19) 

where  for  discussion  purposes  it  is  assumed  that  in  (19), 

Xfi  —  X,  m  X,  —  X/-I  ■■  / 
dx  —  dy 

A  major  problem  in  the  linear  spatial  approximation  of  8 
between  neighboring  nodal  points  is  that  8  curvature  is  not 
modeled.  Thus  a  higher-order  polynomial  approximation  or  a 
more  complex  family  of  trial  functions  may  be  useful.  How¬ 
ever.  additional  computer  memory  is  usually  required  due  to 
the  increase  in  the  resulting  matrix  bandwidth  incorporating 
additional  nodal  points  (degrees  of  freedom)  in  the  higher-or¬ 
der  approximation.  Another  possibility  ts  to  approximate  the 
more  complex  or  higher-order  trial  function  approximations  8 
for  d  with  linear  trial  functions  9.  Thai  is,  determine  the  best 
linear  approximation  9  to  9  between  consecutive  nodal  points. 
For  example,  let 

9-9,+  ZeCl  {20) 

'  sin  (ir/2a)  12/  or 

where  a  local  coordinate  2  is  defined  by 
12  _  x\x,  £  x  <  .t_, 

!2  -  ZiO  £  Z  £  C  (21) 


r  -  x^,  -  x, 

a  £  1  (22) 

The  best  linear  approximation  9  for  9  on  12  is  given  from  the 
alternation  theorem  [Cheney,  1966.  p.  75]  bv  setung 

9(0)  -  9(0)  -  +e  (23 a) 

9(h)  -  9(h)  -  -e  (23b) 

9(n  -  9(n  -  -<  (23c) 

where  e  equals  a  constant  error  and 

9(Z)  -  \Z  +  0  0  £  Z  £  r  (24) 

o  <n<r 

Solution  of  condition  (23a)  gives 

9(0)  -  9(0)  mfi-e.m+t  (25) 

Solution  of  condition  (23c)  gives 

9(r)  -  9(f)  -  \r  +  0  -  9^  -  -t-e  (26) 

From  (25)  and  (26), 

9(Z)  -  {JLxlZ. 9JL  z  +  9, +e  Z£l2  (27) 

Solving  for  e,  (23b)  is  differentiated  and  set  to  zero: 


— (9(Z) -  9(Z))  •  o  zei 2 

JZ 


Combining  (23b)  and  (29)  gives 

e  m  HLzL  ~  il  f  ~  to1  sin:  (g/2a))l/i 
2 rr  (  sin  (w/2a) 

,  .  2a  sin  (rr/2ai  | 

-2a  cos  1  - - -  l  (30) 

In  (30),  a  -  1  corresponds  to  a  quarter  cycle  of  the  general  si¬ 
nusoidal  curve,  whereas  a  -*  oo  corresponds  to  a  zero-curva¬ 
ture  approximation  (straight  line).  For  a  given  value  of  a  -  a,„ 

t(8r  9,.„  a,)  -  t(9,  $,.,)  (31) 

Therefore  for  Z  £  (2 

.  Z 

8(Z)-(9„l-9:)j  +  9l  +  e\8r9,.,)  (32) 

Comparison  of  (32)  to  (19)  indicates  that  the  spatial  gradient 
terms  remain  similar,  but  the  integration  of  9  differs  from  that 
of  9  in  ( 19)  due  to  the  e  term.  Thus  anagolous  to  ( 19), 


*tL 


—  •(8,-8^)H  (33) 

dx  |^o 

I  9  dy  «*  f  9  dy  +  j  9  dy 

The  selection  of  the  approximation  m  (20)  is  arbitrary  An¬ 
other  possibility  is  to  fit  a  polynomial  to  all  nodal  values  in  (2 
and  solve  for  eyd.  9.,)  for  each  .3/  time  step. 

Time  Integration  approximation 

For  It  time  steps  a  linear  polynomial  function  approxima¬ 
tion  may  be  used  to  model  the  time  variation  of  9(x.  0  be¬ 
tween  time  steps  (k.  k  +  1).  where  ik  -  1)  is  the  time  step  to  be 
evaluated:  thus 

8. (kit  -  o  -  ($**)  +  («,>*-“*)  1 3-*) 

It  It 


kit  £  t  S  (k  +  ))  It  0£e£lt 

Combining  (33)  and  (34).  the  spatial  gradient  approximation 
during  the  tune  step  It  is  given  by 

-j-|  "  (tf,-l:  -  9,.,'  -  9;  -  9')e/!lt  ~  1 9„,'  -  8'hl 

OX  ,  ^ , 


—  -  (8,:  -  9:  -  -  e^'n/iit  +  (e;  -  0_,'u 

OX  y*Q 

where  superscripts  1  and  2  refer  to  time  steps  kit  and  ( k  - 
1)^/.  respectively.  Combming  (13).  (33).  and  (35)  gives 


D"'(v  -  /.  kin  i* 


V  ^ 


I. 


-<*,  -9/)  £U-  V  q'V-0-  /'J 

/  1  r  ! 


2  fa 

a  •  - COS 


2a  sin  it/ 2a l  ' 


-  0/ -  4-,: 9.,') 

lit  l 
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'I  {&)  *y 

Jo  !r, 


(36) 


V  D“‘{y  -  0 


V 

is  <i 


Carrying  out  the  indicated  integration  in  (38)  gives 
,g  I  ,21  f  £^ZZJ1  <^r'  (fll  ,  21 

[S-'  *'  1  “  ~  7771)  ~  l®'  '  5 

f  D"'(y  -  0)  (A»r  ((f  .  ...  ?  D"\v-0 

,5  (5/  77717  [9-'  ~*>l  2  “77“ 

(^r1  .  ,  ;  P'"^-0)  din-1 

(i+l)(/*2)"1'  _  1  ,5  il/  (/+  l)(i  +  2) 

-  /  (0)  !  <v  (39) 

/o  j  r. 

In  a  simplified  ooiation,  <  39)  can  be  rewritten  as 

b,{e„r  -  8;]  -  5,10/  -  0„,;]  - 


where 


A-  I 

,«*rJ 

A  -  £ 


'I  +  440,1 -0^,']+  / 

•/ 

(0)  dy 

1 < 

i  r. 

&•'[}■  -  o  air1 

(-0.1 

i1(/  *  2)  / 

0"'<v-  fKArr' 

(I- :« 

JV» 

• 

p 

(40) 


t4t) 


spect  to  time  the  temporal  differentials  of  soil  water  diffusivity 
in  (41)  are  given  by 


The  temporal  integration  of  (36)  is  evaluated  by  isolating  the 
time  integrate  functions  as 

?  />"(i'  -  D  (0,.,:-0/)- 


d*D 

n' 


rp  3$ 
&»'  a 


(42) 


/A/  J  J o 

tdt 

f  P"jV  -  0)  7  <9,2  -  0,-,’)  -  (0,'  -  0,_,')1 

.5  i!  !_  ”  IKt  ; 

■/v*-z  j\d( 

Jo  -0  «  j_  <  j  /o 

-  [  (8)  \  dy  (37) 

Jo  |r, 

Rearranging  terms,  the  nodal  point  water  content  values  can 
be  isolated  by 

«--«  5 

-r<« 


where  ,V  denotes  the  order  of  the  differential  operator. 


Model  applications  (alternation  Theorem) 

The  normalized  moisture  transport  problem  for  constant 
diffusivity  [Hromadka  and  Guymon.  1980a,  6|  is  given  by 


where 


0*0  50 

*e” 


8  ■  {jciO  S  x  £  1} 

0  (*,  r  -  0)  -  1  *  s  8 

0  (*  «  0.  1;  /  >  0)  -  0 


(43) 


(44) 


(38) 


The  problem  domain  8  is  assumed  discretized  into  two  finite 
elements  (8,,  82)  of  equal  length  by  three  nodal  values  (0,,  0,, 
0,)  where  (.t,.  x2,  xy)  -  (0,  0.5,  1.).  Because  of  the  boundary 
conditions  of  (44)  the  resulting  system  of  modeled  linear 
equations  reduces  to  a  single  equation  of  one  unknown.  02.  In 
order  to  evaluate  the  effectiveness  of  using  the  alternation  the¬ 
orem  approach  to  modeling  (43)  and  (44)  the  finite  element, 
finite  difference,  and  nodal  domain  integration  solutions  will 
also  be  determined  for  comparison  purposes. 

The  Galerkin  version  of  the  weighted  residual  process  can 
be  used  to  approximate  (1)  and  (43l  by  the  finite  element 
method.  The  solution  domain  is  discretized  into  the  union  of 
(n  -  1)  finite  elements  (21)  by 


8-  UG. 


(45) 


The  water  content  is  utilized  as  the  state  variable  and  is  ap¬ 
proximated  wnhin  each  finite  element  by 


8(x.l)m  T  ,V,u)  0,(1) 


(46) 


where  .V,  is  the  appropriate  linearly  independent  shape  func¬ 
tions  and  0  is  the  state  variable  values  at  element-nodal  points 
designated  by  the  general  summation  index  j. 

The  Galerkin  technique  utilizes  the  set  of  shape  functions 
as  the  weighting  functions,  which  indicates  that  the  corre¬ 
sponding  finite  element  representation  for  the  infiltration 
process  is 

!{k  ,47) 

Integration  by  parts  expands  (47)  into  the  form 
00  0.V 


?.v  -/"me? *1.0 

0x  !j  ;n  <s*  ix  0i  j 


For  the  A/  duration  space-time  surface  assumed  linear  with  re- 


£{2X01 

(48) 

where  S.  represents  the  external  end  points  of  ihe  one-dimen- 
sional  finite  element  8,.  The  first  term  wuhin  the  braces  sums 
to  zero  for  mtertor  elements  and  also  satisfies  the  usual  speci¬ 
fied  i  flux)  boundary  conditions  of  the  problem  for  exterior  fi¬ 
nite  elements.  The  remaining  integral  term  is  solved  by  sub- 
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suiuung  the  appropriate  element  approximations  and  shape 
functions  into  the  integrand  and  solving  by  numerical  in¬ 
tegration.  A  convenient  approach  for  dealing  with  the  nonlin¬ 
earity  of  (48)  is  to  assume  the  diffusivtty  function  to  be  con¬ 
stant  within  each  finite  element  during  a  finite  time  interval  A/ 
in  order  to  carry  out  the  integration  ( Guymon  and  Luthm, 
1974],  Hromadka  and  Guymon  (1980aj  examined  some  ap¬ 
proaches  in  determining  appropriate  values  of  diffusivny  for 
use  in  this  method  of  linearizing.  The  Crank-Nicoison  time 
advancement  approximation  has  been  widely  used  [ Hay  hot , 
1974;  Desai.  1979]  to  perform  the  lime  integration  of  (1)  and 
(43). 

The  Crank-Nicoison  formulation  reduces  (48).  where  val¬ 
ues  of  soil  water  diffusivny  are  assumed  constant  within  each 
finite  element,  into  a  system  of  linear  equations  expressed  in 
matrix  form  as 

|P+  y  Sj.0**' -{P-  y  Sj.0*  (49) 

where  P  is  a  symmetrical  capacitance  matrix  and  is  a  function 
of  element  nodal  global  coordinates.  S  is  a  symmetrical  stiff¬ 
ness  matrix  and  is  a  function  of  element  nodal  global  coordi¬ 
nates  and  constant  finite  element  diffusivtty  coefficients  (dur¬ 
ing  timestep  AO.  A;  is  the  finite  time  step  increment,  and  0*  is 
the  vector  of  nodal  state  variable  approximations  ( volumetric 
water  content)  at  lime  step  k. 

For  a  linear  polynomial  trial  function  the  element  matrices 
determined  from  (48)  are  given  by 


where  D,  is  the  quasi-constant  diflusivity  within  element  i,  S 
and  P  are  element  stiffness  and  capacitance  matrices,  respec¬ 
tively.  and  (0„  0,)  and  (0,  0  )  refer  to  the  element  nodal  and 
tune  derivative  of  nodal  moisture  content  values,  respectively, 
for  an  element  of  length  //. 

For  the  linear  temporal  trial  function  the  nodal  domain  in¬ 
tegration  approximation  of  (40)  and  (41)  can  be  written  analo¬ 
gously  to  (49)  and  (50)  as 

(P  +  §}  -  {P  -  S)  P  (5!) 


where  ihe  Galerkin  approximation  in  (49)  leads  to 

P  (2) »  jr  2  '  <55> 

6  -  I  2  . 

The  nodal  integration  approximation  with  a  — >  oo  leads  to  a 
type  of  subdomain  approximation 

r<3)-^;  ;■  ,56) 

The  finite  difference  approach  is  given  by 

/  r  1  07 

lim  P(n)  -  j  J  i  (S7) 

Application  of  the  alternation  theorem  to  the  sinusoidal  es¬ 
timate  of  (20)  for  0  tn  the  normalized  problem  of  (43)  is  made 
for  a  -  l,  where 


-  0>  sin  irx 


0  S  X  £  1 


The  best  linear  approximation  0  for  0  in  subdomain  3,  is 
found  from  (32).  For  0  <  /i  <  0.5  and  x  €  Cl„  solution  of  (29) 
gives  (for  a  «  1) 

M--COS"  -  =  0.28  (59) 

it  '  ir 

Thus  the  maximum  error  e  in  the  linear  approximation  0  for  0 
on  S,  occurs  at  jt  «  (0.  •, l ,  +).  This  error  ts  evaluated  from  (236) 
as 

e  ■»  02  (4  sin  ir/i  -  n)  =  0. 1050.  (60) 

Thus  the  best  linear  approximation  0  for  0  on  (2,.  2.)  is 

0(x)  -  20jx  +  0.1050.  x  €  Q, 

_  .  (61) 
0(x)  -  20.(1  -  x)  +  0.1050,  x  =  G. 

Selection  of  other  values  of  a  in  (20)  would  result  in  a  differ¬ 
ent  linear  approximation  0  in  (61). 

From  (19).  solution  of  (43)  and  (44)  gives 

00! 

0x!r  -  -40.  (62) 


t  3  00-  -  00; 

-  +  -  —  =  0.4275  — 

2  8  it  0/ 


where  the  t  term  tn  1 63)  serves  as  a  type  of  weighting  factor  to 
the  0;  nodal  point  approximation  in  the  nodal  integration  for¬ 
mulation  of  ( 19). 

For  the  study  problem  of  i43)  and  (44)  the  presented  do¬ 
main  numerical  solutions  result  in  the  expression  [Hromadka 
and  Guymon,  1980a.  6] 

lim  0;(f)»exp  -8  - — -]  r  tiO  (64) 
w— o  _  9  j 

where  n  ts  the  entry  in  the  capacitance  matrix  Pin)  of  (54).  So¬ 
lution  of  (62)  and  (63)  gives 

-40.(7)  -  0.4275  (65) 

therefore 

0.(0  -  exp  ](-9.357)r]  t  >  0  (66) 
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TABLE  I  Donum  Solution  q  Values  for  Test  Problem 


Approximation 

Equation 

Equivalent  q* 

Nodal  integration-linear 
shape  function 

(56) 

3 

Galerkin-lmear  shape 

function 

(55) 

2 

Finite  difference 

(57) 

OO 

Linear  approximation  to 

parabola 

(72) 

1 

Linear  approximation  to 

sinusoidal  estimate 

(66) 

5.9 

Reference  teat  equations  (43)  and  (44) 
'Reference  text  equation  (54). 


As  a  second  selection  for  the  9  approximation,  a  second-order 
polynomial  for  0  on  Cl  in  the  solution  of  (43)  and  <44>  is 

0(x)  -  40,(x  -  xz)  x  €  Q  (67) 


Analogous  to  the  sinusoidal  approximation,  the  best  linear  ap¬ 
proximation  for  the  parabola  9  function  on  Cl,  is 


9{x)  -  29,  + 

e  x  £  SI, 

(68) 

where  n  and  e  are 

4  ' 

e  » 

-  i 

8:/8 

(69) 

The  maximum  3  error  to  the  parabola  9  in  Cl. 
(0.  j,  f).  Therefore 

occurs  at  x  — 

9{x)  -  2 9,x  f  |- 

aS2, 

(70) 

9(x)~  292(l -x) 

-  f  x  e  «2 

Combination  of  (6)  and  (70)  gives 

-402 (i) : 

7  30j 
"  16  9t 

(71) 

lim  9:(r)  -  exp  j 

■iz— 0 

641  7 

N'j 

IZ0  (72) 

Table  1  summarizes  computed  or  equivalent  values  of  17  corre¬ 
sponding  to  (64)  for  the  various  domain  approximations  of 
(43)  and  (44).  Table  2  gives  values  of  the  tested  domain  solu¬ 
tions  for  comparison  to  the  analytical  solution  of  the  example 
problem  at  x  -  0.50. 

From  Table  2  it  can  be  seen  that  a  numerical  model  using 


the  alternation  theorem  to  approximate  a  higher-order  trial 
function  approximation  9  for  6  increases  numerical  model  ac¬ 
curacy  (for  the  problem  studied)  in  comparison  to  the  stan¬ 
dard  Galerkin  finite  element  and  linear  nodal  domain  in¬ 
tegration  approaches.  The  linite  difference  numerical 
approximation,  however,  gives  the  best  numerical  estimates 
for  9  during  the  initial  test  problem  solution.  After  normalized 
time  r  •  0.12,  however,  the  finite  difference  approximation  in¬ 
creasingly  overestimates  the  analytic  solution  for  9. 

The  above  results  suggest  that  the  parameter  q  of  the  ele¬ 
ment  capacitance  matrix  in  (54)  should  vary  as  a  function  of 
time  in  order  to  obtain  a  more  accurate  numerical  approxima¬ 
tion.  The  following  section  develops  such  a  numerical  model 
which  determines  q  as  a  function  of  time  for  each  finite  ele¬ 
ment. 


approximation  Improvement  by  Use  of  adjusted 
Linear  Model  (Nodal  Domain  Integration 
Method) 

In  this  section  a  second  method  of  modeling  a  higher-order 
or  more  complex  family  of  trial  functions  by  a  linear  trial 
function  approximation  is  presented.  For  the  one-dimensional 
soil  water  transport  problem  studied,  this  approach  assumes 
that  the  matrix  diagonal  entry  q  (54)  is  a  function  of  time  and 
that  the  spatial  integration  and  gradient  evaluation  of  a 
higher-order  approximation  9  of  9  can  be  equated  on  Q,  to  an 
approximation  based  on  an  adjusted  linear  tnal  function  sys¬ 
tem  9. 

Let  9  be  an  approximation  function  of  a  higher-order  ap¬ 
proximation  9  of  9,  where  the  spatial  gradients  of  5  on  T  are 
defined  by 

f  stf  1 1  _  (*~.  -  9)  ( 9  -g,_.) 

Wjr.  1/  '  U  (;J) 

where  l'  is  the  length  of  finite  element  /. 

A  spatial  gradient  adjustment  function  ru.  n  is  defined  by 

C(.T,  ()  **  ( d9/dx)/(a9/dx I  0  <  c  <  ao 

|74) 

c(x,  r)  -  1  otherwise 
Therefore  it  is  assumed  that 


where 


\D*i  i: 

l  dbtj.r 


!  Dc 

{ 


("5) 


"6 1 


TABLE  2.  Numerical  Solution  of  Normalized  Sod  Moisture  Transport  Problem 


Time 

q-2 

Vm  3 

q-5.9 

n  ■  7 

I)BOO 

Exact 

0.01 

0.887 

0.889 

0.911 

0913 

0923 

0.999 

0.02 

0.787 

0.808 

0.829 

0.833 

0.852 

0  975 

0.03 

0698 

0  726 

0755 

0760 

0787 

0918 

0.04 

0.619 

0.653 

0  688 

0  694 

0-26 

0  846 

0.05 

0.549 

0.587 

0  626 

0.633 

0.670 

07*2 

0  10 

0.301 

0.344 

0.392 

0  401 

0.449 

0  474 

0.13 

0.165 

0.202 

0.24b 

o  :<4 

0  301 

0  290 

0.20 

0.091 

0.118 

0.154 

0.161 

0.202 

0  1” 

0.25 

0  050 

0  069 

0  096 

0. 102 

0  135 

0  108 

030 

0027 

0.041 

0  060 

0  064 

0.091 

0  06e 

One  variable  nodal  point. 
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On  rv  define 

Dc  ”  A(i)  kit  s  t  s  (k  +  l)Ar  (77) 

such  that 

.-((ifcAr  +  «)  -  ?  .-("’(kAr)  4"  0  £  <  £  It  (78) 

.is  fi 


where  (/)  represents  the  ith  order  temporal  partial  differential 
operator.  Then 


A  function  nil)  is  defined  by 


L 


9dx  < 


/, 


2[tK0  +  II 


l&r- 1  +  'til)  +  ] 


(30) 


where  for  modeling  purposes  i)(r)  is  restricted  to  values 

1(0  £  2  (81) 


The  value  of  3  in  (81)  corresponds  to  a  first-order  polynomial 
subdomain  approximation  for  9.  whereas  n(0  ”  2  corresponds 
to  a  finite  element  (Galerkin)  approach,  and  niO  — *  00  corre¬ 
sponds  to  a  finite  difference  approximation. 

The  9  approximator  is  also  defined  to  have  the  property 


*  3D  3£'j 

_C  3^  |  3(  *  "  3 t  96  3<  I.J, 

and  for  small  A/.  (3-'S/3r)  -  (3r/3r)  -  0.  Thus  analogous  to 
(51),  (52),  and  (53). 


5  ■  -  i 

9  2(fi  +  1)  _  1  t) 

p.-L-'”'  1 

2(»j+  1)  L  1  7j 


(87) 


where  1)  ”  tfiJcAr  +  Ar)  and  tj  -  nikh). 

From  the  above  the  soil  water  transport  problem  may  be 
modeled  by  an  appropriately  defined  linear  tnal  function  ap¬ 
proximation  set  which  incorporates  some  of  the  benefits  of  a 
higher-order  family  of  approximations.  Thus  additional  nu¬ 
merical  accuracy  may  be  achieved  while  retaining  the  symme¬ 
tric  matrix  formulation  characteristic  of  a  linear  polynomial 
approximation  of  9. 


L>dx’L‘  dx  n(0  —  2  (82a) 

as  defined  by  (80). 

J  9  dx  m  [9^,  +  69,  -r  9^}  nit)  <  2  (82*) 

Substituting  (79)  and  (32)  into  (36)  gives  the  nodal  domain  in¬ 
tegration  statement 


/Jt 7  £} 


_  V  29  nlklt  a-  AO  +  9,.,] 
2(ij(kAr  A t)  -r  tj 

I,  [fi»,  *  29,  nlklt)  +  3.,] 


2\vikll)  +  1] 


(83) 


where 


niklt  +  <)  -  X  T"lkAr)  4-  0  <  e  S  Ar  (84) 

.21  i! 


Model  applications 
(Linear  approximation  adjustment) 

The  normalized  transport  problem  of  (  43)  and  |44)  is  reana¬ 
lyzed  using  a  five  nodal  point  discretization  of  12  with  ix.,  x,. 
x,,  x„  x,)  “  (0,  |,  4,  i,  1).  A  Galerkin  finite  element  or  finite 
difference  numerical  approximation  model  for  this  problem 
follows  from  the  preceding  sections. 

For  9  assumed  to  be  described  by  a  second-order  poly¬ 
nomial  such  that 

9  -  y,9^,  +  y.9,  T  ,V,3,_,  ,x  £  n  ,88) 

then  from  (74)  and  (82) 


cu)  -  1 


(89) 


nit)  -  1 1 

As  another  example  of  a  higher-order  approximation  9  of  9 
on  S2.  a  fourth-order  polynomial  approximation  of  9  is  given 
by 


9  -  £  y,9,  x  e  n  (90) 


Analogous  to  the  development  leading  to  (41), 


Why" 
nil +  2) 


« -  <0.  o 


Ait) -j  I  A 
•;  :•*) 


•*e-  i 1. 4  <•*■» 


(85) 


where  for  modeling  purposes  a  is  assumed  that  second-order 
(and  higher)  temporal  differentials  are  negligible  and 


A >i  m  (cOlUi, 

3D  99  _  3c  i 

f  »  Tt  *  D  57 


1 86 1 


For  the  fourth-order  approximation.  (37)  is  determined  for 
each  Ar  time  step  by  solving  (74),  (80).  and  (82).  For  a  normal¬ 
ized  time  step  of  Ar  “  0.01.  m r)  and  nr)  were  modeled  as  a 
constant  during  each  time  step,  ignoring  the  lime  variation  of 
both  adjustment  terms. 

Computer  simulation  results  for  numerical  models  based  on 
the  Galerkin  finite  element  method  t tj  -  2).  linear  subdomain 
method  (tj  -  3).  finite  difference  method  iij  »  aoi.  nodal  do¬ 
main  integration  using  |S9)  t  tj  »  II).  nodal  domain  in¬ 
tegration  using  an  adjusted  linear  approximation  of  a  fourth- 
order  polynomial  approximation,  and  a  fourth-order  poly¬ 
nomial  subdomain  approximation  for  the  test  problem  are 
given  in  Table  3  From  Table  3  the  true  fourth-order  sub- 
domain  approximation  gave  the  most  accurate  results,  but  the 
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TABLE  1  Numerical  Solution  of  Noniulizeii  Moisture  1  ranspoil  Problem 
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nodal  domain  integration  model  closely  matched  these  results 
Thus  the  numerical  accuracy  produced  by  a  fourth-order  ap¬ 
proximation  ts  closely  matched  by  a  firsi-order  approxima¬ 
tion.  significantly  reducing  computer  memory  requirements. 
Additionally,  the  computer  compulation  requirements  in  solv¬ 
ing  (74)  and  (82)  are  offset  by  the  reduction  in  a  higher-order 
approximation  matrix  computational  effort.  Values  of  tj<i)  and 
c(r)  computed  for  the  (fourth  order)  linear  adjusted  model 
were  approximately  10.5  and  1.0.  respectively.  This  may  ex¬ 
plain  the  good  results  obtained  by  the  linear  adjusted  model 
using  (88)  and  (89). 

application  of  Linear  Approximation 
ADJUSTMENT  APPROACH  TO 
a  Nonlinear  Problem 

The  numerical  model  given  by  (83).  (87),  and  (89)  was  ap¬ 
plied  to  a  sharp  wetting  front  problem  of  soil  water  infiltration 
into  an  air  dry  horizontal  column  [ Havhot ,  1978:  Hromadka 
and  Guvmon.  1980c).  The  analytical  value  of  soil  water  diffus- 
ivity  for  Hanford  sandy  loam  [ Reichardt  ti  at.,  1972)  was  se¬ 
lected  in  order  to  provide  a  sharp  wetting  front  through  the 
soil  column,  causing  the  numerical  analysts  of  moisture  flow 
in  the  soil  to  be  difficult.  The  quasi-analvuc  solution  advanced 
by  Philip  and  Knight  (1974)  and  utilized  by  Hayhoe  [  1 9’  2 )  was 
used  for  this  study 

Equation  (I)  was  solved  subject  to  the  initial  condition 

ffix,  r)  —  0  t-0  0  <i<i  1 9 1 ) 


and  the  boundary  conditions 

9(0,  r)-l  HL.  i)  -  0  i  >  0  (92) 

where  the  soil  water  diffusivtty  tcm;  mm'1)  is  given  by 
Did)  —  0.9  x  10-'  exp  '8.369)  9>0 

(93) 

Dl$)  -  0.9  x  I0-1-  9-0 

and  9  is  the  volumetric  water  content. 

Because  of  the  nature  of  the  soil  water  diffusivitv  function 
of  (93)  the  temporal  variation  of  diffusivitv  is  extremely  im¬ 
portant  during  the  A;  time  step.  Table  4  contains  various  val¬ 
ues  of  time  step  magnitudes  .ir  ( in  minutesi  and  time  series  ex¬ 
pansion  terms  in  the  numerical  model  off!)  by  (83)  at  time  r 
»  16.5  min.  For  the  numerical  model  a  spatial  discretization 
of  0.5  cm  was  used  w  here  the  total  column  length  was  set  at 
5.0  cm  to  correspond  to  the  model  results  of  Hayhoe  [1978] 


Conclusions 

Two  techniques  of  modeling  a  higher-order  trial  function 
approximation  of  soil  moisture  transport  using  an  improved 
linear  trial  function  approximation  set  have  been  developed. 
Both  techniques  retain  the  smaller  symmetrical  matrix  sys¬ 
tems  associated  with  numerical  models  of  soil  moisture  trans¬ 
port  based  on  a  linear  polynomial  trial  function  but  increase 
the  numerical  accuracy  of  the  model  by  incorporating  some  of 
the  benefits  of  a  higher-order  approximation. 

Because  the  various  numerical  methods  considered  (finite 
difference.  Gal'tkvn  finite  element,  subdomain  method)  are 
available  in  the  proposed  model,  it  is  concluded  that  the  pro¬ 
posed  numerical  approach  may  lead  to  a  generalized  mod¬ 
eling  method  for  all  soil  moisture  transport  problems.  The 
computer  code  used  for  each  simulation  is  identical  except  for 
a  variation  in  the  capacitance  matrix  entry  i).  Therefore  a 
comparison  of  numerical  efficiency  between  the  finite  differ- 
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TABLE  4  Companion  of  Numerical  Model  Results  ai  Time  i  -  o  5  Minutes 


t .  cm 

Analytic* 

ii  •  0. 1  min. 

i  m  0 

»  0  I  mm. 

1 1  *  0  I  min. 
i  »  5 

1(  -  0  3  min. 

t  m  <J 

It  »  0  3  mm. 

Si  *  0  3  mm. 
f-5 

0.0 

1.0 

1.0 

1  0 

1.0 

1  0 

1  0 

1  0 

0.5 

099 

0  99 

0  99 

0.99 

0  9* 

099 

099 

1.0 

0.97 

0.97 

097 

0.97 

0  97 

0.97 

0.97 

1.5 

0.95 

0.95 

095 

0  95 

094 

0  95 

095 

2.0 

0.92 

0.93 

092 

0.92 

0  92 

093 

0  93 

2.5 

0.88 

0.90 

0.89 

0.89 

0  88 

0  40 

0.90 

3.0 

0.84 

0.87 

0  85 

0.85 

0.84 

0.87 

086 

3.5 

0.78 

0.82 

0.78 

0.78 

0.82 

0.82 

082 

4.0 

0.67 

0.39 

0.63 

0.64 

0.05 

0.37 

040 

4.5 

0.0 

0.0 

0.0 

0.0 

0.0 

00 

0.0 

50 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

Values  of  water  content.  The  i  is  ihe  number  of  temporal  Taylor  senes  terms  idiffusivity  function)  included,  and  it  is  the  time  step  magni¬ 


tude. 

•Results  from  Hayhoe  |I978|. 


ence.  Galerkin  finite  element,  subdomain  method,  and  the 
proposed  nodal  domain  integration  approach  is  provided. 

Notation 

A  fins  adjustment  factor. 

a  sinusoidal  curve  trial  function  adjustment  factor. 

D  soil  water  diffusivny. 

|,\.  fi)  coefficients  of  9  linear  function  approximation  for  9. 
c  gradient  adjustment  factor. 
t  local  tune  coordinate  0  £  <  <  ir. 
e  alternation  theorem  error  of  9  approximation  for  9. 
u  point  of  relative  maximum  error  of  9  approximation 
for  9  in  0, 

(f)  partial  differential  operator  (order) 
k  ume  step  increment  number. 

L  length  of  one-dimensional  domain. 

/,  length  of  nodal  domain  j. 

T  length  of  finite  element  spatial  domain. 

/  length  of  nodal  domain  for  constant  element  dis¬ 
cretization. 

\f„  temporal  shape  function. 

,V.  spatial  shape  function. 
n  number  of  nodal  points  tn  12. 
tj(()  integration  adjustment  factor  as  a  function  of  ttme. 

9  unsaturated  volumetric  water  content. 

8  value  of  8  at  node  j. 

9  trial  function  approximation  for  9, 

9,m  9(x  »  t  *■  m^i). 

S  linear  polynomial  approximation  for  9. 

Tj  element  capacitance  matrix  diagonal  entry. 
x,  spatial  coordinate  of  node  j. 

2u  time  step  (constant), 
t  time. 

r,  limits  of  time  step  integration. 

Z  local  spatial  coordinate  in  finite  element  spatial  do¬ 
main. 

12  domain  of  problem  definition. 


12.  nodal  domain  j. 

f2,  finite  element  domain  j. 

T,  boundary  of  £2. 

P  global  capacitance  matrix. 

P  finite  element  capacitance  matrix. 

P  nodal  domain  capacitance  matrix. 

Pin)  finite  element  capacitance  matrix  as  a  function  of  -i 
S  global  stiffness  matrix. 

$  finite  element  stiffness  matrix. 

S.  5"  nodal  domain  stiffness  matrices. 
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Nodal  domain  integration  model  of  one-dimensional 
advection-diffusion 
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The  nodal  domain  integration  method  is  applied  to  a  one-dimensional  advection-diffusion 
mathematical  model  without  a  source  term.  Comparison  of  the  resulting  numerical  model  to  the 
well  known  Galerkin  finite  element,  subdomain,  and  finite  difference  domain  models  indicates  that 
a  single  numerical  statement  can  be  developed  which  includes  the  Galerkin  finite  element, 
subdomain,  and  finite  difference  models  as  special  cases. 


INTRODUCTION 

The  determination  of  an  optimum  numerical  method  to 
model  problems  analogous  to  soil-moisture  transport  in  a 
one-dimensional  domain  has  received  some  recent 
attention.  The  primary  numerical  modelling  idomain) 
approaches  has  generally  been  either  the  Gaierkin  finite 
element  or  finite  difference  methods.  Pmder  and  Gray0 
present  a  comparison  of  these  two  modelling  approaches 
for  a  linear,  one-dimensional  advection-diffusion 
problem  where  the  advection  component  is  large;  the 
finite  element  method  is  concluded  as  superior.  Hayhoe* 
demonstrated  that  a  finite  difference  analog  produced 
better  numerical  accuracy  than  a  finite  element  model  for 
a  non-linear  soil-water  diffusion  model  problem  in  which 
a  highly  sensitive  soil-water  diffusivity  parameter  caused 
a  sharp  wetting  front,  making  a  numerical  modelling 
effort  difficult.  Hromadka  and  Guymon5  re-examined  the 
sharp  wetting  front  problem  with  a  finite  element 
numerical  model  using  a  quasi-constant  element  soil- 
water  diffusivity  computation  scheme;  the  numerical 
model  results  were  found  to  be  comparable  to  Hayhoe's 
finite  difference  analog  results,  but  gave  a  better 
prediction  of  the  wetting  front  penetration.  In  a  more 
detailed  study.  Hromadka  and  Guvmon3  integrated  the 
soil-water  diffusivity  parameter  with  respect  to  time  and 
determined  another  modelling  approach  (nodal  domain 
integration)  to  the  sharp  wetting  front  problem.  In  this 
later  study,  other  comparable  numerical  methods  (finite 
difference.  Gaierkin  finite  element,  subdomain 
integration)  were  rewritten  into  a  single  matrix  system 
modelling  statement  of  nodal  point  values  and  equation 
parameters  similar  to  the  element  matrix  system 
generated  by  the  Galerkin  finite  element  method.  This 
resulting  element  matrix  formulation  is  strictly  a  function 
of  the  element  capacitance  itime  derivative)  matrix 
diagonal  entry  as  determined  for  a  linear  polynomial  trial 
function  approximation  between  nodal  points. 
Consequently,  numerical  'efficiency'1  :0  m  modelling 
a  one-dimensional  diffusivity  model  of  soil-water 
transport  could  be  viewed  as  a  function  of  a  single  element 
matrix  system  parameter.  In  order  to  better  estimate  the 
soil-water  content  function  spatially.  Hromadka  and 
Guymon3.  examined  two  methods  of  approximating  a 


higher  order  or  more  complex  family  of  trial  functions 
between  nodal  points  by  a  linear  polynomial  trial  function 
approximation.  This  technique  would  incorporate  some 
of  the  benefits  provided  by  a  higher  order  state  variable 
approximation  between  nodal  points  and  yet  retain  the 
symmetry  and  smaller  matrix  bandwidths  resulting  from 
a  linear  trial  function  approximation.  Both  approaches 
resulted  in  the  combined  matrix  system  statement 
identified  above  but  with  the  element  capacitance  matrix 
diagonal  component  variable  with  respect  to  time  and 
space. 

The  purpose  of  this  paper  is  twofold.  First,  the 
advection-diffusion  equation  is  analysed  to  determine  an 
appropriate  element  matrix  modelling  statement  which 
incorporates  the  finite  element,  finite  difference,  and 
subdomain  integration  modelling  approaches  The 
second  objective  is  to  model  a  higher  order  spatial  trial 
function  approximation  between  nodal  points  with  a 
linear  trial  functior  approximation  in  a  diffusion 
dominated  process.  This  linear  approximation  effort  is 
based  upon  determining  a  higher  order  trial  function 
approximation  of  the  state  variable  between  nodal  points 
using  information  provided  by  the  spatial  distribution  of 
the  time  derivative  of  the  state  variable.  For  numerical 
model  development,  a  Fickian  dispersion  process  of  a 
conservative  dissolved  species  with  solute  concentration 
C  within  pure  water  is  considered  as  a  case  study. 


NODAL  DOMAIN  INTEGRATION  MODEL 
DEVELOPMENT 

The  one-dimensional  form  of  the  advection-diffusion 
equation  for  non-re3Ctive  dissolved  constituents  in 
saturated,  homogeneous,  isotropic  materials  under 
steady-state  uniform  flow  is; 


-.VI  IX  I  vL  Ct  I 


Qs  vO$.x«L; 


ill 


where  ,x  is  the  spatiai  coordinaie  mken  along  the  flowline 
direction  in  spatial  domain  fi;  L  is  the  mean  linear  flow 
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I  < 


n 
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4cllVll>  /)  is  i lie  coefficient  of  hydrod>  namic  dispersion  in 
ihc  v -direction,  and  C  is  ihe  soiule  concentration. 
^  licnne.il.  biological  and  radioactive  effects  are  neglected. 
In  equation  1 1 ).  the  parameters  Dand  t  are  left  within  the 
spatial  gradient  terms  in  order  to  provide  a  more  general 
numerical  model  development. 

The  domain  cart  be  discretized  by  n  nodal  points  C,  ij 
=  1.2 . n)  into  n  disjoint  subdomains: 

Q,  =  ;  v:0^  v  ^ l.v,  -  v ; I  2| 

n,  S  ;  A-'.I.x,  T  X,).  2<x  sSl.x,  T ,x3),  2J  (2) 

Q,  5  !  X|(.X.  _  ,  -r  X.)/  2<X^X,  =  L) 

where  ,x  is  the  spatial  coordinate  associated  to  nodal 
point  value  Cr  and 


n=  u  a, 

l»  1 


13) 


Equation  111  must  be  satisfied  on  each  Q..  Therefore,  n 
equations  are  generated  by  solving: 


*So£ 

t'.x|_  C'.x_ 
where  it  is  assum-.  d 


D  =  DtC)  ) 
C  =  G.x.n  l’ 


1 5) 


Integrating  equation  i J-t  with  respect  to  space  gives  the 
subdomain  model: 


<D'S''-  *^jcd.x-!LC:  .  .xen..  V.  16) 

l  cx\  crj  •  - 

”  r  n  r. 

where  T  is  the  spatial  boundary  of  region  Qr  Integrating 
equation  (6i  with  respect  to  time  gives: 

*  -  1A1  'S-ltWI 

•  f  (’C) 

I  ■  D—  •  dt=  I  ’C;  d.x-  I  ICC!  dr  |3| 

J  t  J  J  I 

vsi  r  n  r.  r 

where  T,  is  the  limits  of  temporal  integration  between 
f.mesteps  kAi  and  Ik  -  1  )At.  Equation  |7)  can  be  rewritten 
by  using  the  linear  transformation: 


The  dilTusivitv  and  advcction  parameters  can  be 
expressed  with  respect  to  lime  by  the  Taylor  series. 


si  V 


v0.  kill 
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where  u)  is  the  ith  order  temporal  partial  different, a, 
operator;  and  x0  is  a  specified  spauai  cooramate 
Combining  equations  i9i  and  ilOi  gives: 
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For  a  spatial  local  coordinate  system  defined  by: 

vs ;  v-|0 $>•$/.,  .xefl,; 
dy  =  d.x 

I.  *  ifijii 

Equation  ill)  can  be  expanded  as: 
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V 


d-  D,"(y  =  0./\Ail  |  : .  C  kdr  — . 

.  — ,  il  J  ‘i  77 

o 


,  L  tv*  /  .sAri 

=  ,C,  dv-  '  - — 7-= -  £ C<k±!-.--  dr- 


d  f  l  v  —  O.kAn  i  ,  , 

V  - : -  £‘  ClkAr  - 


e‘lC(kAr-ii;  dr  i’.31 

1-0 


To  this  point,  equation  ile)  :s  an  exact  statement  of 
equation  111.  and  to  proceed  to  a  solvable  numerical 
algorithm  the  following  inexact  approximation  is  made 


i=*kAt-rr.) 


tS) 


Thus. 


Si 


i"  fn  .  ,  fCtkAr-n  i 

J  l  v-.x  j 


dr.  =  |  ,  C;  d.x  - 
a  r 


Al 

j  :  ClkAr -ciCkAr-n;  dr 

’  r  '  9 1 


Cif 

n  ii  -  : 

C=  I  T  \/^CT  ) 


where  the  solute-concentration  function  is  approximated 
spatially  and  temporally  and  where  \.  and  are  the 
linearly  independent  spatial  and  temporal  shape 
luncttons.  and 


C  =  Ci.x  =  x,.  i.mdP  1 1 5 1 

where  the  C,"  are  known  values  for  t.mesieps  »; 
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.'01 and  t,  is  the  spatial  coordinate  of  node  r  The 
\iiial  eradient  of  the  soil-water  content  function  is 

pproximatcd  by: 


C£=i£=  v  i-L'l  ‘f  Umc: 

XX  L  X  ,Ti  4  v  \m~0 
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ubstituting  equations  (!■*)  and  116)  into  equation  <I3) 
ives  the  numerical  approximation: 


fyi>-/W  e,)^(r  slmCT)\  de_ 

r„  <’■  J  Irt'i  cx  \my0  !\  ; 

0  .  -< 

>0  „  (_*  *  l  *  •'  ,  /*!  *  I)  J 

0  V  *  o 

0  r, 

f  .v/‘f  swrll  U- 

-0  '•  J  j.F-1  \«»o 
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The  unknown  values  of  nodal  points  Cr '  can  be  solved 
ov: 
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DISCRETIZED  DOMAIN  NUMERICAL  MODEL 

The  space- time  surface  approximated  by  equation  1 1 41 
can  be  simplified  by  assuming  that  the  functional  surfaces 
Clx.r)  can  be  described  by  sets  of  piecewise  continuous 
functions.  For  a  first  order  polynomial  spatial  trial 
function  approximation  C  for  C  between  nodal  points 
I C l-C |) 

LS  -<C,.,-C>/  \ 

{ X  ■  J  I  J 

/*< 

cC  _  .. 

77  ■  =,C.-C;-A 


\  1 1 9 1 


C  df  =  -[Cj. .  —  6C  -C  ..] 
S  '  ' 


\C\  -It c..,-c...i 

r  •  '  J 

where  for  discussion  purposes  it  is  assumed  that  l;-l. 

For  At  timesteps  of  equation  1 1 8 1  small,  a  linear 
polynomial  function  approximation  may  be  used  for  tne 
time  curves  between  timesteps  lfi.it  —  1 )  where  if  —  1 1  is  the 
timestep  to  be  evaluated,  thus 


CtiAr-cl-iC^'tj  £  ]-(C"‘  ,a,C- 
\  Ar  A/ 


fAf^r«lic-r  1  tAr 
dc  =  dr 


i  :o» 
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Combining  equations  1 191  and  tZOi.  the  spatiai  gradient 
approximation  during  the  time-step  At  as  a  function  ot 
time  is: 


~  ■  =(C-’.; -C;.1-C;-C')<: /Af-iC;.; -Ci  ■  \ 
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\ t'dtil  ilfitiuiii  nunU’t:  T  l  Urtuntidkd  11  and  G  L.  Guirnun 


where  -uporscripts  I  and  2  reler  to  timesteps  sAr  and 
if  -  I )A/.  respectively  Combining  equations  ilX).  il^l. 
i2i>l  and  1 2 1 1  gives  a  type  of  subdomain  integration  model 
incorporating  the  expansion  of  the  non-linear  terms  D\C) 
and  t'lC)  over  the  timestep  At: 


D,[C;. .  -  Cl]  -  D,[C  -  C; .  J  -  ‘  C  C!. .  -  '  L  „C' 


where 
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^■,5,-3--*' 
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For  the  advective  and  duTusivitv  parameters  constant  in 
fl  and  for  a  linear  polynomial  trial  function 
approximation  of  solute  concentration  between  nodal 
points  with  respect  to  both  space  and  time,  equation  d 
reduces  to: 

?f[C;.  ,  -  2 Cf  -  Cf. .  -  C). ,  -  2C;  -  C;. ,]  - 


V1DC;..-C;..i:-iC'.. -C!..|  2]  <26i 


Carrying  out  the  indicated  integration  in  equation  < 221 
aives: 
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In  a  different  notation,  equation  (23)  can  oe  rewritten  as: 

0. [C2. :  -  Cf:  -  D0[Cf  -  Cf. ,]  -X-C,Cf.  ,-U* 3cf.  ,  - 


Pinder  and  Gras"1  develop  a  finite  difference  and 
Galerkm  finite  element  numerical  analog  for  equation  .  I  i 
in  order  to  compare  relative  numerical  efficiency  between 
these  two  common  modelling  approaches.  The  finite 
element,  finite  difference,  and  subdomain  integration 
formulation  of  equation  ■  26 1  can  be  represented  by  a 
single  modelling  statement  for  a  Crank-Nicolson  time 
advancement  approximation: 

Xficj- 1  -  -Cf  -  Cf. .  -  Cf. ,  ~2C;  -  Cl. ,]  - 


^[(C;.1-C;.1)2-iC;.!-C1-,i2] 


I-  •  I 


= .^rr [C'- « - >c:  * c:-  ■>  tc;.  i  -  2,d  -  d. ; 

where  in  equation  Cl  the  finite  element,  subdomain 
integration,  and  finite  difference  methods  are  determined 
by  i  =  1 2.3.x  )  respectively  Equation  Clean  be  written  in 
an  element  matrix  svstem: 


r-  ,  .I’,-'  f  ,  ;  d  , ' 

)  (  »  |  f  (■  .  ,  ^  !  1  •  |  1 

_-l  1  j‘(C  .  :  f  [l  -  1  j'(  C,  -  :  I 


kC:~  .  -  6C:  -  Cf.  .]  =  -  ^[C!_  ,  -  6C'  -  C;  - 


:  r-  d1,  'c  f.-  i 

2i»  -  1  il  !  'i  1 1  i'C  .  ■  fr  i 
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«hcrc-  the  so-called  capacitance  matrix  (time  derivative 
component) contains  all  v-ierm  information  similar  to  the 
^',,1  water  diiTusivitv  model  matrix  system  determined  in 
Hromadka  and  Guymon5  For  a  Crank-Nicolson  time 
idvancement  approximation  equation  (28)  may  be 
written  as: 


129) 


where  ,Ck}  are  the  element  nodal  points  at  timestepk.and 


S  = 


P  = 


I 

2bj  +  l ) 


1 

1 


1 

n 


(30) 

(31) 


LINEAR  MODEL  OF  HIGHER  ORDER  SHAPE 
FUNCTION  (NODAL  DOMAIN  INTEGRATION 
MODEL) 

Hromadka  and  Guvmon6  examined  two  methods  of 
approximating  a  higher  order  or  more  complex  family  of 
trial  functions  by  a  linear  polynomial  trial  function 
approximation.  One  method  used  the  Alternation 
theorum  in  order  to  determine  an  ‘optimum-  linear 
polynomial  estimate  of  a  higher  order  approximator.  A 
second  approach  was  the  definition  of  an  element  matrix 
system  that  approximated  the  integration  and  gradients 
of  a  higher  order  approximator  C  of  C  within  each  nodal 
domain.  Qr  This  second  approach  is  reviewed  in  the 
following,  and  another  technique  of  determining  n  as  a 
function  of  time  examined  in  a  following  section.  A 
constant  diffusivitv  diffusion  process  without  advection) 
is  used  for  model  development  purposes. 

Let  C  be  an  approximation  function  of  a  higher  order 
approximation  C  of  C.  where  the  spatial  gradients  of  C  on 
T,  are  defined  by: 


(c£l  j  (C;-C,-t) 

[exj  j  /  / 


(32) 


A  spatial  gradient  adjustment  function  slx.t)  is  defined  by: 


cC  cC 

—  t— :  0  <<?  <  x 
eix,r)s  cx  cx 

1 1:  otherwise 

Therefore,  it  is  assumed  that: 


(33) 


where 
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=  eD— 

cx 

cx 

l  «j’ 

|  cx] 

(34) 
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On  r..  define 


eD  =  Alt):  klt^i  $is  -  1  'At 
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such  that: 


AlkAf  -t-r.|=  V  .f'UAlh.  A/  l3"i 

~o 

where  in  represents  the  ith  order  temporal  partial 
differential  operator  Then 


dC£}'  ={t.4“UAr^V 

cx  J  I  (_,r0  f  r  -X  J  , 

r,  r. 


A  function  ijU)  is  defined  by 


(38) 


ed-t=2T^Ticc-i*2C^n'C‘-i]  1391 


where 


rt(ri=  -1 
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The  value  of  3  in  equation  (40)  corresponds  to  a  first  order 
polynomial  C  function  subdomain  approximation  for  C, 
whereas  mr)  =  2  corresponds  to  a  Galerkin  finite  element 
model,  and  rjU)  =  x  determines  a  finite  difference  model. 

The  C  approximator  is  also  defined  to  have  the 
property: 


|  C  dx=  )  C  dx.  1/(0=  "  1  1 41) 

Q,  fl. 

For  a  diffusion  process  without  advection.  U,=C  in 
equation  (1).  Therefore,  substituting  equations  (38)  and 
(41)  into  equation  (IS)  gives  the  modelling  statement  ( for 

L'o=0): 


ilex],  2[i7(kAt- An- 1  j 


f[C,.,-2C;»nfcAt)-C,.,] 
2[i?ikA()-  1] 


where 


7  c' 

•itk At  —  c)  =  Af  '4?i 


Analogous  to  the  development  leading  to  equations  1 24) 
and  (25): 


12-  4.(CKAri‘  ‘ 
4(/.)  =  -  T 


I-,  i'(i- 2) 
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/.  =  IU.il 


.44) 


The  nodal  domain  integration  element  matrix  system 
similar  :o  equation  ( 29)  is  written  as: 


\ ntUil  iimiHiin  'JUajhitHni  muilcl  T  1  IlmnuHikki  II  ittui  0  L  Gti\»mn 


\\  here. 
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where  fj  =  »;(kAr  -  At).  r)  =  tf\kAi). 
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(46) 


APPLICATION  OF  LINEAR  MODEL 


The  approach  to  be  used  for  determining  a  higher  order 
approximation  C  of  C  in  0  is  to  determine  C  as  a  function 
of  CC  ct  spatially  distributed  within  each  ft,.  The  problem 
of  a  one-dimensional  diffusion  process  with  constant 
parameters  where  the  solute  concentration  is  initially  C0 
and  the  concentration  is  decreased  in  stepwise  fashion  to 
C,  at  both  ends  of  the  one-dimensional  domain  ft  is  used 
in  order  to  compare  previous  modelling  resuits3  to  the 
proposed  approach.  The  diffusion  problem  can  be 
normalized  as: 


cC 
ci ' 


xeQ. 


|47) 


where 

nsI.TlOsSxsJ  1} 

Ci.x.r  =  0)  =  1.  .veft  (48) 


ihe  time  derivative  of  C  Thus,  for  some  instant  in  nmc  i 
it  may  be  assumed  in  ft. 


'  C  .  <"-c 

—  t.x.r  =  t0j  =  C:  =  1 5' i, 


where  C,  is  a  finite  difference  estimate  of  ihe  urr.e 
derivative  of  C  at  the  variable  nodal  point  Integratin'.: 
equation  1 50)  with  respect  to  space  gives  for  ft. 


<'C  , 

CX 


(5li 


A  finite  difference  estimate  of  CC  cx  at  node  2  determines 
the  value  x.  Integrating  a  second  time. 

C(.t,r  =  t0)  =  ^C:.v;  -  1 52) 

Evaluating  equation  ( 52)  for  C;  gives  in  ft2: 

C(x.:  =  r0)  =  lc:(x:-x~^~C:  1 53) 

For  the  approximation  C  of  C  in  ft.  given  in  equation  1 53). 


l^d-x=r^rT  l54) 

n, 

From  equations  i45)  and  i46).  for  <?=1.  the  modelling 
statement  similar  to  equation  i49i  is: 


C;lt)  =  (  -0.1 1 237 »e 


*C;  C." 
192  2 

=  -4  C; 

-  3  *  i<usi_ 

(l.i;237)e‘  3  308:':  .->0, 

155) 


C(.x=0,l:r>0)  =  0 


The  problem  domain  ft  is  assumed  discretized  into  two 
finite  elements  i ft, .ft,)  of  equal  length  by  three  nodal 
points  i CpC-.Cj)  where  I .xt.v;„x3)  =  (0.0.5.11.  Owing  to 
the  boundary  conditions  of  equation  (48),  the  resulting 
system  of  modelled  linear  equations  reduces  to  a  single 
equation  of  one  unknown.  C;.  In  order  to  evaluate  the 
effectiveness  of  the  proposed  numerical  approach  to 
modelling  equations  (47)  and  (48).  the  Galerkin  finite 
element,  finite  difference,  subdomain,  and  nodal  domain 
integration  solutions  will  also  be  presented  for 
comparison  purposes. 

For  the  study  problem  of  equations  (47)  and  |J8).  the 
considered  domain  numerical  solutions  result  in  the 
expression3: 


lim  C-(t)  =  exp 

to  —  O 


r  $0 


<49) 


where  9  is  the  entry  in  the  capacitance  matrix  P‘oi  of 
equation  (51). 

Within  ft,.  an  approximation  C  of  C  can  be  determined 
from  equation  147)  by  integrating  twice  (with  respect  to  ,n 


Table  1  gives  a  comparison  of  the  analytical  solution  to 
equations  i4?)  and  i48)  to  the  considered  domain 
solutions  of  49  ifor  rj  =  2,2\x )  and  the  proposed  modei  of 
equation  ( 55').  From  Table  1.  a  significant  increase  in 
accuracy  is  provided  by  the  proposed  modelling 


Table  I  Sumer:cal  solution  of  normalized  diffusion  problem  tone  variable 
nodel  point) 


Time 

-r-2* 

n  m  ■'* 

rj  ■  x  t  Linear  model*' 

Analytic 
'  solution 

0.01 

0.88* 

0.889 

0.9:5 

0.9*2 

0.949 

0.02 

078* 

0  808 

0.852 

0.913 

0.975 

0.03 

0  698 

0  “26 

0*8' 

0.846 

0.918 

0.04 

0619 

0  653 

0726 

0**9 

0.846 

0.05 

0.549 

0.587 

0.670 

0715 

07*2 

0.10 

0.301 

0.544 

0449 

0  461 

0  4-4 

0  15 

0.165 

0.202 

0.301 

0  29* 

0.290 

0.20 

0091 

0  118 

0.202 

0  191 

i'  n 

0  25 

0  050 

0  069 

0135 

0  123 

0 :08 

0.30 

0  02" 

0  04] 

0091 

oust) 

0  Obt* 

♦  Gaierkin  finite  element  method 

♦  Subdomain  model 

♦  Finite  difference  model 

•*  Nod.il  domain  integration  nouei 
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Sodcil  domain  Intciirution  model:  7.  I  Hromadka  II  and  G.  L.  Oaxmon 


Figure  1.  Typical  mean  relative  error  from  numerical 
model  of  diffusion-dominated  process  (D0  =  1.0:  U0  =  0.05) 


approach.  As  another  example,  a  second  order 
polynomial  estimate  of  C2)xj  =  tQ)  is  possible  using  the 
information  provided  at  all  three  nodes.  Thus  in  fl3, 

G,(.x,r  =  r0)  =  -z-r=  -4.x:C,  -r4.xC\  (56) 

c.x* 

Similar  to  equations  (50H55),  for  xeft. 


,  5  " 

X4  -  2.X J  rX— 7 

V  ^  •) 

L  l6J 

approximation.  Diffusivity  (D0I  was  set  to  1  0  whereas  the 
parameter  L'0  was  varied  from  0.0  to  10  0.  More  than  20<» 
separate  simulations  were  made  in  order  to  evaluate  >/  as  a 
function  of  uniform  element  size  A.x.  timestep  size  A; .  and 
advective  parameter  L  n.  Results  of  this  sensitivity  study 
indicates  that  with  respect  to  relative  error,  the  use  of  a 
constant  n  value  throughout  the  simulation  leg  </ 
=  2.3, xi  provides  varying  qualities  of  accuracy  (Fig  I). 
That  is.  for  each  assumed  constant  //-value,  the  resulting 
numerical  analog  produced  good  results  depending  w  here 
in  time  and  spacethe  model  solution  is  examined  for  error 
It  was  noted,  however,  that  for  the  smaller  L  0  values 
tested,  better  results  were  obtained  for  small  p  values  ig 
=  2,3);  whereas  for  large  U0  values,  large  n  values  ig=  s.) 
produced  better  results.  Additionally,  it  is  noted  that  these 
determinations  are  based  on  a  specific  advection- 
diffusion  problem:  another  class  of  problems  may  produce 
different  conclusions  of  modelling  trends  such  as  found  in 
Hromadka  and  Guymom  where  g  was  found  to  be 
somewhat  dependent  on  the  spatial  gradient  of  the 
problem's  solution  profile.  F rom  the  above,  varying  g  as  a 
function  of  time  (and  between  elements)  is  suggested.  Two 
methods  of  determining  values  of  pU)  are  given  in 
Hromadka  and  Guvmon3  where  the  approach  used  is  to 
determine  a  linear  polynomial  trial  function 
approximation  of  a  higher  order  or  more  complex  family 
of  state  variable  approximation  functions.  A  third 
approach  in  determining  pit)  is  given  in  the  previous 
section  where  a  strict  diffusion  process  is  modelled. 


giving 

C2  =(  —  0.1086)e'39  °'8'  —  ( 1.1086">e~ s  'SJ6,t  r  3s 0 

1 58) 

Comparison  of  equations  1 55*  and  snows  that  iittle 
advantage  is  gained  by  the  extra  computational  effort  :n  a 
higher  order  estimate  of  C  in  Q.  by  the  proposed 
technique. 


APPLICATION  to  ADVECTIVE-DIFFLSION 
PROBLEM 

The  advection-diffusion  eiemer.t  matrix  system  statement 
of  equation  (29)  is  a  function  of  the  eiemer.t  capacitance 
matrix  diagonal  entry,  n.  For  constant  parameters,  the 
following  problem  was  analysed  in  order  to  evaluate  the 
sensitivity  of  equation  (29i  to  variations  of  p. 


1 59) 


with  initial  and  boundary  conditions 


CONCLUSIONS 

A  method  of  modelling  a  higher  order  triai  function 
approximation  of  advection-diffusion  by  an  mproved 
linear  trial  function  approximation  set  has  been 
developed  This  method  retains  tne  smaller  symmetric 
matrix  system  associated  to  numerical  models  of 
advection-diffusion  based  on  a  linear  polynomial  trial 
function,  but  increase  the  numerical  accuracy  o1' the  mooel 
by  incorporating  iOme  of  the  benefits  of  a  higr.er  orcer 
approximation 

Since  similarities  between  the  various  considered 
numerical  methods  'finite  difference.  Gaierk.r.  finite 
eiemeni.  subdomain  integration!  are  used  in  rne  proposed 
model,  it  is  concluded  that  the  proposed  numerical 
approach  may  lead  to  a  generalized  modelling  method  for 
many  classes  of  advection-diffusion  problems  The 
computer  code  used  for  each  simulation  .s  identical  except 
for  a  variation  in  the  capacitance  diagonal  entry,  n 
Therefore,  a  comparison  of  numerical  efficienc;.  between 
the  finite  difference.  Galerkm  finite  eiemer.t.  subdomain 
integration,  and  the  proposed  variable  n  term  'n.cdai 
domain  integration)  approacn  is  provided  by  the  results 
obtained  herein. 
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For  a  linear  trial  function  approximation  of  the  date 
variable  C  with  respect  to  time,  the  numerical  analog 
reduces  to  the  Crank-Nicolson  time  advuncemen' 
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Results  from  a  Mathematical  Model  of  Frost  Heave 


G.L.  GUY  MON,  fl.L.  BERG.  T.C.  JOHNSON,  ANO  T.V.  HROMADKA  II 


A  on*-<li  mansion#  I  model  for  simulation  of  frost  haava  in  a  vertical  sod  column 
is  presented.  The  model  is  based  on  simultaneous  computation  of  heat  and 
moisture  transport  in  a  f  reeling  or  thawing  tod.  Thermal  process#!  at  tha 
freezing  front  are  approximated  by  a  lumped  isothermal  approach.  The  model 
accurately  simulates  frost  heave,  soil  pore*water  pressures,  and  temperatures 
when  compared  with  a  laboratory  freezing  column;  however,  to  achieve  adequate 
cor  ref  at  ion  certain  model  parameters  must  be  determined  by  calibration.  8a* 
Quit  the  model,  tike  the  frost-heave  process  itself,  is  highly  sensitive  to  an* 
wronmental  and  soil  parameters  that  art  variable  in  both  time  and  soece, 
purely  deterministic  simulations  wiil  not  provide  sufficiently  accurate  predic¬ 
tions.  Consequently,  further  development  of  the  model  is  required  in  order 
to  mdude  a  statistical-probabilistic  approach  for  estimating  frost  heave  within 
speafied  confidence  limits. 


Since  July  1975,  the  Federal  Highway  Administra tion 
( FHWA) ,  the  Federal  Aviation  Administration.  ( FAA) , 
and  the  U.S.  Army  Cold  Reqions  Research  and  Engi¬ 
neering  Laboratory  (CRREL)  have  been  engaged  in  a 
jointly  funded  project  to  develop  a  better  under¬ 
standing  of  freezing  and  thawing  processes  in 
soils.  The  main  thrust  of  the  research  has  been  the 
development  of  more  suitable  methods  for  analyzing 
and  simulating  potential  frost  heave  and  thaw  weak¬ 
ening  in  prototype  embankments.  The  component  of 
the  research  reported  here  is  the  development  off  a 
mathematical  model  of  frost  heave.  The  other  com¬ 
ponents  of  the  research  are  the  development  of  a 
one-dimensional  laboratory  freezing  and  thawing  soil 
column  (1  and  a  ?apec  by  IngersoLl  and  3erg  else¬ 
where  in  this  Record)  #  the  collection  of  field  data 
on  frost  heave  and  thaw  weakening  (2),  an  evaluation 
of  soil  frost-susceptibility  index  tests  (see  the 
paper  by  Chamberlain  elsewhere  in  this  Record)  ,  and 
an  evaluation  off  thaw  weakening  of  soils  (see  the 
paper  by  Cole,  Irwin,  and  Johnson  elsewnere  in  this 
Record) . 

It  has  been  recognized  for  some  time  (£)  that 
frost-heave-susceptibility  criteria  for  soils  and 
associated  laboratory  test  methods  in  current  use 
ate  unreliable.  Soils  that  meet  established  cri¬ 
teria  may  experience  frost  heave  while  other  soils 
that  do  not  meet  the  criteria  may  be  free  from  frost 
-save  .  The  original  purpose  of  the  mathematical 
modeling  research  was  to  develop  a  tool  to  correlate 
results  of  laboratory  tests  of  frost  susceptibility 
with  pavement  frost  heaves  measured  in  the  field. 
The  development  of  a  mathematical  model  was  seen  as 
a  practical  way  to  integrate  most  of  the  complex 
soil  thermal  and  hydraulic  characteristics  with  the 
environmental  factors  that  influence  a  given  soil 
profile*  Part  of  our  initial  objective  was  to 
Identify  the  most  significant  parameters  that  influ¬ 
ence  frost  heave  in  a  given  soil  in  order  to  assess 
and  develop  improved  laboratory  tests  of  frost-heave 
susceptibility.  As  our  study  progressed,  it  became 
apparent  that  the  mathematical  model  has  usefulness 
beyond  the  original  objective  and  can  probably  be 
applied  directly  as  a  design  aid  or  tool.  It  is  em¬ 
phasised,  however,  that  laboratory  tests  will  still 
be  required  to  characterize  the  parameters  of  the 
mathematical  model. 

3 AS  IS  OF  MATHEMATICAL  MCOEL 

Cuymon  and  others  (4)  briefly  review  the  current 
literature  related  to  modeling  frost  heave  and  heat 
and  moisture  transport  in  freezing  soils  and  present 
most  of  the  details  of  the  development  of  the  mathe¬ 
matical  model.  Although  it  is  recognized  that  in 


many  situations  a  two-dimensional  or  even  a  three- 
di ~*nsionel  process  is  involved,  a  one -dimensional 
approach  was  taken  in  order  to  simplify  the  computa¬ 
tional  problem  and  concentrate  on  demonstrating  the 
validity  of  the  modeling  concept.  In  fact,  at  the 
time  the  research  was  begun  in  1975,  the  modeling 
approach  was  regarded  as  a  relatively  high-risk  re¬ 
search  effort.  At  that  time,  only  Harlan  (^5)  and 
Cuymon  and  Luthin  1$)  had  shown  modest  success  in 
modeling  coupled  heat  and  moisture  movement  in 
freezing  soils.  They  assumed  moisture  movement  in 
freezing  soils  could  be  approximated  by  unsaturated 
flow  theory,  and  they  did  not  consider  ice  segrega¬ 
tion  and  associated  frost  heave. 

Our  model  is  based  on  the  one-dimensional  equa¬ 
tions  of  moisture  and  heat  transport  in  a  vertical 
soil  column.  Assuming  Darcy's  law  applies  and  in¬ 
serting  it  into  the  continuity  equation  yield 

(3/3x)<K*ae/ax)  ♦  ms  d> 

where 

x  «  vertical  coordinate  (positive  downward) ; 

Kg  *  hydraulic  conductivity  *  KgH ',80; 
a  *  total  hydraulic  head  ■  ?  -  x,  where  *  equals 
the  oore-water-pressure  head; 

3U  *  volumetric  water  concent; 
t  »  time;  and 

Ms  ■  a  moisture  sink  due  to  ice  formation  ■  0^39^/ 
pwat,  where  o  is  ice  and  water  density  and  4^ 
is  ice  content. 

The  coupled  heat  transport  equation  for  a  freez¬ 
ing  soil  column  is  given  by 

i'3/3x)(XTdT/3x)  -  Cw  v(3T/3x)  *  Cm(3T/3t)  -  LM,  (2) 

where 

K«j»  ■  thermal  conductivity  of  the  soil-ice-water 
mixture, 

T  ■  temperature, 

C*  ■  volumetric  heat  capacity  of  water, 
v  ■  liquid  water  velocity  flux, 

C*  -  volumetric  heat  capacity  off  the  soil-water- 
ice  mixture,  and 

L  ■  volumetric  latent  heat  of  fusion  of  water. 

The  linearized  moisture  transport  and  heat  transport 
equations  were  independently  verified  for  simple 
equations  (2) .  The  equations  of  moisture  transport 
and  heat  transport  are  coupled  through  the  parame¬ 
ters  that  arise  in  their  derivation,  and  these 
coupled  nonlinear  equations  can  only  be  verified  by 
comparison  with  laboratory  or  field  data.  Parame¬ 
ters  such  as  thermal  conductivity  and  volumetric 
heat  capacity  of  soil-water-ice  mixtures  are  com¬ 
puted  by  using  the  DeVries  relations  (7)  or  similar 
methods.  Solution  of  the  moisture  transport  equa¬ 
tion  requires  a  functional  relation  between  pore- 
water  pressure  and  water  content  [e.g . ,  Gardner  * s 
relation  (9) ) . 

A  significant  aspect  of  this  model  is  the  manner 
in  which  phase-change  effects  are  handled  and  ice 
segregation  is  assumed  eo  occur.  We  have  assumed  an 
isothermal  freezing  process  in  which  a  heat  budget 
for  a  finite  volume  of  freezing  soil  is  established 
(9).  The  soil  is  considered  entirely  frozen  only 
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when  latent  heat  effects  are  satisfied  for  the 
amount  of  water  present  in  excess  of  an  unfrozen 
water  content  factor  (sn) ;  i.e.*  the  water  that 
would  remain  unfrozen  at  a  preselected  subfreezing 
temperature  (lOj .  This  method  of  handling  phase 
change  is  tantamount  to  computing  small  changes  in 
heat  evolution  rather  chan  solving  the  heat  trans¬ 
port  equation  for  small  changes  in  temperature.  Be¬ 
cause  phase-change  processes  dominate  the  thermal 
process*  this  manner  off  computing  phase-change  ef¬ 
fects  provides  certain  numerical  advantages  by  per¬ 
mitting  large  spatial  discretization  and  large  com¬ 
putational  time  steps.  tee  segregation  is  assumed 
to  occur  if,  within  a  finite  volume  of  soil*  the 
frozen  water  plus  the  unfrozen  water  content  factor 
exceed  the  original  porosity  of  the  soil.  Figure  1 
shows  the  computational  algorithm  and  the  formation 
of  segregated  ice  (e3)  during  a  certain  time 
level. 

The  8n  parameter  establishes  the  pore-water 
pressure  at  the  freezing  front  for  the  solution  of 
the  moisture  transport  equation.  The  lower  hy¬ 
draulic  boundary  condition  is  usually  the  water 
table.  Overburden  effects  (T0) ,  which  tend  to 
restrain  frost  heave*  are  modeled  by  adjusting  the 
pore-water  pressure  at  the  ice  segregation  front  by 
the  weight  of  the  overlying  material  and  surcharge* 
thereby  limiting  the  amount  of  water  drawn  toward 
the  freezing  front. 

This  model  of  the  complex  freezing  and  ice  segre¬ 
gation  process  is  a  macroscopic  lumped  thermodynamic 
model  that  ignores  the  complicated  and  poorly  under¬ 
stood  microprocesses  that  occur  in  the  freezing 
zone.  Such  processes  as  regelation  and  problems  as¬ 
sociated  with  water-ice  film  pressures  are  not  in¬ 
cluded  in  our  model.  In  summary,  the  model  is  based 
on  macrophysics  equations.  Specifically*  it  is  as¬ 
sumed  that: 

1.  Moisture  transport  in  the  unfrozen  zone  is 
governed  by  the  unsaturated  flow  equation  based  on 
Darcy’s  law. 

2.  Moisture  flow  is  via  liquid  movement  and 
vapor  flow  is  negligible. 

3.  Moisture  flow  in  the  frozen  zone  is  negligi¬ 
ble. 

Figure  1.  Typical  model  simulation  ratult  at  given  simulation  time  ievel. 


4.  The  unfrozen  zone  is  nondeformaole. 

5.  Soil  pore-water  pressures  in  the  freezing 
zone  are  governed  by  an  unfrozen  water  content 
factor. 

6.  All  processes  are  single  valued;  i.e.*  there 
is  no  hysteresis. 

7.  Heat  transport  in  the  entire  soil  column  is 
governed  by  the  sensible  heat  transport  equation* 
including  a  convective  term. 

8.  The  frozen  zone  is  deformable  for  determin¬ 
ing  thermal  parameters. 

9.  Salt  exclusion  processes  are  negligible; 

i.e.,  the  freezing-point  depression  of  water  is  con¬ 
stant  . 

10.  Phase-change  effects  and  moisture  effects 
can  be  modeled  as  decoupled  processes. 

11.  Freezing  is  an  isothermal  process. 

12.  Constant  parameters  ace  constant  with  re¬ 
spect  to  time. 

Numerical  solution  of  the  governing  equations 
discussed  above,  subject  to  their  respective  boun¬ 
dary  and  initial  conditions*  is  by  either  the  sub- 
domain  method  or  the  finite  element  method  (3,11). 
The  one -dimensional  solution  domain  is  divided  into 
a  number  of  variaole-length  "finite  elements”,  where 
parameters  are  assumed  temporarily  constant  but  may 
vary  from  element  to  element  and  from  time  to  time. 
The  state  variable  in  each  element  is  assumed  to  be 
described  by  a  linear  basis  function  in  such  a  way 
that  the  state  variable  is  continuous  throughout  the 
solution  domain  (2>  •  The  time  domain  solution  is  by 
the  well-known  Crank-Nicolson  method  (12) .  The 
governing  equations  are  reduced  to  a  set  of  explicit 
algebraic  equations  that  may  be  solved  on  the  "mini" 
class  of  computers  (e.g.,  the  ?DP  11/34).  One  of 
our  main  objectives  is  to  provide  a  mathematical 
model  that  is  efficient  and  capable  of  operating  on 
readily  available  small  computers. 

Application  of  the  model  requires  the  following 
soil  hydraulic  and  thermal  parameters: 

1.  Relation  between  water  content  and  pressure 
(unfrozen  soil) * 

2.  Relation  between  unsaturated  hydraulic  con¬ 
ductivity  and  pore  pressure  (unfrozen  soil) , 

3.  Hydraulic  conductivity  correction  factor  for 
partly  frozen  soil* 

4.  Soil  porosity, 

5.  Soil  density* 

6.  Relation  between  subfreezing  temperature  and 
unfrozen  water  content  for  the  soil, 

7.  Soil  thermal  conductivity* 

8.  Soil  heat  capacity*  and 

9*  Soil-water  freezing-point  depression. 

Thermal  parameters  for  water  and  ice  are  included  in 
the  model.  The  above-recuired  parameters  must  be 
determined  In  the  laboratory*  or  values  must  be  as¬ 
sumed  in  order  to  use  the  computer  model.  In  addi¬ 
tion*  the  model  requires  the  following  auxiliary 
conditions: 

1.  Initial  conditions  for  pore  pressure*  ice 
content*  and  temperature; 

2.  Soil-surface  boundary  conditions  for  pore 
pressure  and  temperatures  (may  vary  with  time) ;  and 

3.  Lower  boundary  conditions  for  pore-water 
pressure  and  temperature  (may  vary  with  time). 

To  conduct  a  computer  simulation  of  froat  heave/  a 
column  length  must  be  specified  (e.g.,  1  a) *  and  the 
total  length  must  be  divided  into  sublengths  (finite 
elements)  that  are  on  the  order  of  1  cm.  Tine  solu¬ 
tion  factors  are  specified*  such  as  time-step  size 
and  total  simulation  time. 
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VERIFICATION  RESULTS 

Preliminary  verification  of  the  model  is  discussed 
elsewhere  •  The  model  verification  work  will 
be  expanded  on  here,  and  additional  results  will  be 
presented. 

The  primary  emphasis  of  our  verification  has  been 
to  compare  simulated  values  of  frost  heave,  soil 
pore-water  pressures,  and  soi 1-water-ice  tempera¬ 
tures  with  corresponding  actual  values  measured  in  a 
laboratory  soil  column.  Berg  and  others  (1)  de¬ 
scribe  the  soil  column  and  present  data  for  Fair¬ 
banks  silt,  which  is  the  primary  test  soil  consid¬ 
ered  to  date. 

The  test  column  filled  with  Fairbanks  silt  was 
subjected  to  various  boundary  conditions,  and  frost 
heave  was  measured  while  a  15-cn  length  was  frozen. 
The  lower  portions  of  the  column  were  unfrozen  with 
a  water  table  initially  approximately  45  cm  below 
the  top  of  the  column.  Laooratory  analyses  of  Fair¬ 
banks  silt  were  conducted  to  determine  soil  hy¬ 
draulic  properties.  These  parameters  and  boundary 
conditions  were  approximated  as  input  data  for  the 
mathematical  model  simulations.  Two  cases  were  used 
for  comparison.  The  first  case  was  a  110-day  simu¬ 
lation  for  nearly  unrestrained  heave  in  which  a  nom¬ 
inal  surcharge  of  3.4  <?a  was  applied  to  the  top  of 
the  soil  column.  This  case  was  also  used  for  an  ex¬ 
tensive  sensitivity  analysis  of  the  parameters.  The 
second  case  considered  was  a  problem  of  restrained 
heave  in  which  a  34.5-<Pa  surcharge  was  applied  to 
the  top  of  the  laboratory  column. 

Figure  2  shows  a  comparison  of  measured  and  simu¬ 
lated  heave  for  the  small-surcharge  case.  Pore- 
water  pressures  and  locations  of  the  0#C  isotherm 
were  also  compared  (£ ) ,  and  good  agreement  was  ob¬ 
tained  between  the  model  and  the  soil  column  (see 
Table  1) .  The  simulated  frost  heave  shown  in  Figure 
2  was  achieved  before  incorporation  of  a  correction 
factor  for  the  hydraulic  conductivity  in  the  freez¬ 
ing  zone.  Slight  (within  10  percent)  adjustment  of 
the  laboratory-derived  soil  moisture  characteristic 
curve  (soil  water  pressure  versus  water  content)  was 
required  in  order  to  achieve  the  results  shown  in 
Figure  2  and  given  in  Table  1.  As  Figure  2  shows, 
the  rate  of  heave  during  the  initial  25-day  period 
is  accurately  computed.  Total  heave  is  simulated 
relatively  well  for  the  entire  test.  The  laboratory 
soil  column  had  essentially  ceased  heaving  when  the 
test  ended  at  40  days,  and  the  model  also  exhibited 
no  additional  heaving  after  aoout  40  days.  Parame¬ 
ters  in  the  model  were  varied  singly  and  in  pairs  to 
test  their  sensitivity  for  the  early  25-day  period, 
which  showed  the  maximum  heave  rate.  For  Fairbanks 
silt,  the  unfrozen  water  content  factor  was  the  most 


Figure  2.  Simulated  vertus  meaured  heave  in  vertical  column  of  Fairbanks 
nit  with  nominal  surcharge. 
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Table  1.  Comparison  of  simulated  and  maaaured  frost-heave  data  for  3.4-kPa 
surcharge. 


Type  of  Data 

5  Days 

10  Davs 

IS  Days 

Laboratory 

Frost  heave  icmi 

1.6 

:.a 

4  0 

0*C  uoirterm  depth  (emi 

6 

1 1 

11 

Moisture  tension  it  24-cm 

«:oo 

o 

o 

f  1 

■ 

-200 

depth  (cm  of  water* 

Simulated 

Frost  heave  (cm) 

1.5 

:.9 

3.9 

0*C  isotherm  depth  (cm) 

4.5-T.5 

-.10 

10-12.5 

Moisture  tension  at  24-cm 

100 

130 

150 

depth  icm  of  water) 

critical  parameter. 

Sens it 

ivity  ana 

lysis  disclosed 

that  the  model  is 

highly 

sensitive 

to  pore-water 

pressure  versus  water  content  and  hydraulic  conduc- 

tivity  parameters  and  is  less  sensitive  to  thermal 
parameters.  A  fairly  substantial  variation  in  ther¬ 
mal  parameters  -  does  not  significantly  affect  simu¬ 
lated  frost  heave  because  the  thermal  process  is 
dominated  by  the  phase-change  process  and  sensible 
heat  conduction  and  convection  do  not  play  predomi¬ 
nant  roles.  Processes  occurring  in  the  freezing 
zone  dominate  the  soil-heaving  process  where  the 
supply  of  water  and  the  rate  of  heat  extraction  are 
the  most  significant  factors. 

In  an  effort  to  combine  the  sensitivity  of  vari¬ 
ous  hydraulic  parameters  into  one  parameter  and  also 
to  improve  the  accuracy  of  model  prediction,  a  cor¬ 
rection  factor  for  hydraulic  conductivity  in  the 
freezing  zone  was  included  in  the  model.  This  fac¬ 
tor  accounts  for  the  decreased  hydraulic  conductiv¬ 
ity  due  to  ice  formation  in  soil  pores  and  is  de¬ 
fined  as 

Kl'V.Si)  *  K('V)  •  (3) 

where  £9i  >  0  and  R(T)  is  determined  from 
the  relation  between  hydraulic  conductivity  and  pore 
pressure  foe  unfrozen  soil.  Currently,  the  E  factor 
must  be  determined  by  calibration  for  a  given  soil. 
When  we  have  more  experience  wit.-,  application  off  the 
model  to  a  range  of  soils,  it  may  be  possible  to  se¬ 
lect  a  suitable  value  without  calibration  or  testing. 

Figure  3  shows  a  plot  of  frost  heave  versus  time 
for  the  small-surcharge  Fairbanks  silt  case  (also 
shown  in  Figure  2)  for  the  first  25  days.  With  no 
tuning  of  the  various  parameters,  and  with  E  se¬ 
lected  equal  to  8,  the  simulated  heave  almost  ex¬ 
actly  duplicated  the  experimentally  measured  heave. 
Figure  3  also  shows  the  effect  of  varying  the  E 
parameter.  When  this  parameter  is  included,  other 
parameters  such  as  K(f)  and  an  show  less  sen¬ 
sitivity.  The  sensitivity  of  thermal  parameters  re¬ 
mains  negligible. 

Figure  4  shows  the  results  of  a  25-day  simulation 
of  restrained  heave  Q4.5-<Pa  surcharge)  compared 
with  laboratory  heave  data.  As  can  be  seen,  simu¬ 
lated  heave  closely  approximated  the  laboratory 
data.  Exact  comparison  is  somewhat  difficult  be¬ 
cause  of  the  need  to  use  approximate  boundary  con¬ 

ditions  in  the  simulation. 

Model  simulations  were  also  compared  with  data 

from  the  Tomakomi  field  site  in  Japan  (1^)  .  Soil 
properties  determined  from  laboratory  data,  together 
with  approximate  boundary  conditions,  were  used  to 
simulate  frost  heave,  which  is  compared  with  mea¬ 
sured  frost  heave  (Figure  5).  The  first  five  days 

of  the  heave  process  were  used  to  calibrate  the  E 
parameter  to  a  value  of  5.  As  can  be  seen,  fair 
agreement  was  achieved  without  adjusting  the  other 
parameters.  Further  attempts  to  more  accurately 
compute  frost  heave  and  frost  depth  were  considered 
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Fiqur*  3.  Si  mulatto  vtrtui  mtasurtd  front  h«a*«  m  vertical  column  of  Fairbanks 
silt  wild  nominal  turenarg*  tftowing  *Htct  of  t20  par  cant  vanaaon  in  C 
pararmmr  idtfftto  lints), 
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Figura  4.  Simula  tad  varrus  maaiurad  rtstrainad  htsvt  (34.5-kPa  surcharge)  in 
r«rticai  column  of  Fairbanks  silt. 


unwarranted  because  the  upper  temperature  boundary 
condition  was  not  accurately  known.  Very  limited 
sensitivity  analyses  for  this  case  were  performed. 
It  appears  that  the  Tomakomi  silt  is  much  less  sen¬ 
sitive  to  hydraulic  parameters  than  the  Fairbanks 
silt. 

To  further  verify  the  model#  it  is  also  being  ap¬ 
plied  to  other  field  data.  Several  sets  of  field 
data  were  obtained  from  the  Winchendon  test  area  in 
northwestern  Massachusetts.  Figure  6  shows  measured 
and  computed  frost  heaves  and  frost  depths  for 
Ikalanian  silt  during  the  1978-1979  winter.  Labora¬ 
tory-determined  values  of  hydraulic  conductivity  and 
other  parameters  required  by  the  model  were  used  in 
the  simulation.  Boundary  conditions  and  initial 
conditions  for  the  1978-1979  winter  were  estimated 
or  determined  from  the  field  data  and  were  applied 
to  the  model.  Periods  from  SO  to  70  days  were  used 
to  calibrate  the  E  parameter.  As  Figure  $  shows# 
computed  frost  heave  doe*  not  compare  with  measured 
frost  heave  as  well  as  in  previous  simulations. 
Simulated  frost  depths  are  about  the  same  as  those 
measured  in  the  field  except  during  the  spring  thaw 
period  (day  70  end  beyond)#  when  predicted  frost 
pent tret ion  it  too  shallow.  The  discrepancy  may  be 
due  to  rather  large  elements  (10  cm)  used  on  the 
bottom  of  a  lia  simulation  column.  Several  periods 
of  thaw  during  the  1978-1979  winter  are  also  approx¬ 
imated  by  the  model.  In  particular,  the  spring  thaw 
from  day  30  on  was  approximated  accurately  in  terms 


Figura  S.  Simuiattd  unui  manured  froti  ftaava  and  froat  panatranon  for 
field  tank  v*ith  Tomakomi  *ut. 


of  both  thaw  consolidation  and  thaw  depth.  The  dif¬ 
ficulty  in  accurately  simulating  the  entire  record 
is  probably  due  to  the  fact  that  there  were  a  number 
of  freeze-thaw  cycles  during  the  year.  Cyclic 
freezing  and  thawing  causes  parameters  to  change 
with  respect  to  time,  but  the  model  assumes  parame¬ 
ters  that  are  invariant  with  respect  to  time. 

DISCUSSION  OF  RESULTS 

Development  of  the  frost-heave  model  has  progressed 
to  the  point  where  both  restrained  and  unrestrained 
heave  can  be  simulated  in  relatively  well-controlled 
cases.  Further  study  is,  however,  required  to  im¬ 
prove  or  extend  the  model. 

The  sensitivity  problem  needs  further  study.  The 
fact  that  the  model  is  sensitive  to  certain  parame¬ 
ters  should  not  be  a  surprise,  since  the  frost-heave 
process  itself  is  highly  sensitive.  Slight  differ¬ 
ences  in  environmental  and/or  soil  conditions  cause 
markedly  different  results.  More  complete  physics- 
based  information  on  the  ice  segregation  process  may 
reduce  some  cf  the  sensitivity.  If  such  information 
should  become  available,  it  can  be  included  in  the 
model;  however,  it  is  probable  that  purely  determin¬ 
istic  simulations  will  never  be  adequate  no  matter 
how  complete  our  knowledge.  It  therefore  seems  in¬ 
evitable  that  some  form  of  a  probabilistic  model 
must  be  associated  with  the  deterministic  model.  In 
other  words,  a  deterministic  simulation  can  be  per¬ 
formed  and  then  simulated  frost  heave  would  be  pre¬ 
sented  in  terms  of  confidence  bands  based  on  given 
or  anticipated  variations  In  parameters  and  boundary 
conditions.  Research  on  this  aspect  of  the  problem 
has  already  commenced  and  will  ,be  reported  at  a 
later  date.  / 

The  model  needs  to  be  exte/wed  to  include  thaw 
weakening.  We  will  develop  an  algorithm  fsr  esti¬ 
mating  temporal  variations  in  the  resilient  modulus 
(or  some  other  parameter  reflective  of  the  strength 
of  the  pavement  system),  especially  during  periods 
of  thaw  weakening. 

The  third  area  of  concern  is  the  disseminat ion  of 
the  model  and  its  use  by  engineers.  The  model  is 
somewhat  complex  and  will  not  be  readily  understood 
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F«fwi  6.  Sunuiatad  »«nui  maauirad  frost  haava,  frost 
panttratton.  wtd  thaw  daetn  for  ikaiariian  nit  during 
197$- 1979  wtnrar  at  Wmchandon,  Massachusetts, 
ftafd  liti. 


by  many  practicing  engineers.  w*  are  attempting  to 
simplify  the  code  to  provide  a  model  that  is  versa¬ 
tile  and  jsaole  on  small,  readily  available  comput¬ 
ers.  During  the  next  veer  or  more,  a  »a}or  effort 
will  be  to  as «e  the  model  more  readily  usable  by  the 
practicing  engineer. 
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Evaluation  of  a  Self-Refrigerated  Unit 


for  Frost-Heave  Testing 


KJ.  LOMAS  AND  R.H.  JONES 


Tha  British  Transport  and  Road  Raaaarch  Laboratory  (TRRL)  froat-haava 
left,  in  which  woman »  art  frotan  from  tha  top  downward  m  an  opan  ryi- 
tam  for  250  h.  n  ipaofiad  in  tarms  of  a  oo4d  room  but  it  mora  oft  an  unbar- 
takan  in  a  »Jf-rafrtgaratad  unit  tSRUJ.  In  both  units  tha  air  tamparatura 


•boat  tha  tpadmana  »»  mamtamad  at  -17*C  and  tha  watar  bath  at  *4*C.  Tha 
maximum  oat  mi  n  ad  haaaa  it  13  mm  in  England  and  18  mm  in  Soot  land,  a 
oomparativa  study  involving  mi  aggragatat  of  *G-mm  maximum  mu  and 
oovarmg  a  rang*  of  geciogtesi  ry pas  and  gradings  was  undertaken  to  attab* 


TECHNICAL  NOTES 


Numerical  approximation  of  linear  two-dimensional  adxection- 
diffusion  processes  in  rectangular  spatial  domains 
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INTRODUCTION 

Numerical  solutions  of  two-dimensional  linear  and  non¬ 
linear  partial  differential  equations  such  as  occur  in  the 
theory  of  advection-dilTusion  processes  are  generally 
limited  to  solution  by  the  Unite  difference  or  Galerkm 
finite  element  methods.  Finite  difference  approximations, 
such  as  described  by  Spalding*,  can  be  derived  for  regular 
and  irregular  rectangular  two-dimensional  subdomains. 
TheGalerkin  finite  element  approach9  can  also  be  applied 
to  irregular  rectangular  domains.  Both  numerical 
methods  are  often  compared  to  each  other  for  numerical 
'efficiency'  or  other  descriptions  of  superiority*. 

Recently.  Hromadka  and  Guymon2'0  have  developed 
a  new  numerical  approach  called  the  nodal  domain 
integration  method  which  has  been  applied  to  one- 
dimensional  linear  and  non-linear  problems.  From  this 
numerical  model,  the  finite  difference,  subdomain,  and 
Galerkm  finite  element  methods  are  included  in  a  single 
numerical  statement. 

In  this  note,  the  nodal  domain  integration  method  is 
applied  to  a  two-dimensional  irregular  rectangular 
element  domain.  As  special  cases,  the  Galerkm  finite 
element,  subdomain,  and  finite  difference  numerical 
models  are  determined  by  the  appropriate  specification  of 
a  single  parameter  in  the  resulting  nodal  domain 
integration  numerical  statement. 

The  first  objective  of  this  note  is  to  present  a  basic 
description  of  the  nodal  domain  integration  procedure  as 
applied  to  the  class  of  partial  differential  equations 
generally  encountered  in  the  theory  of  advection- 
diffusion  processes.  Detailed  mathematical  derivations 
and  applications  of  this  numerical  approach  for  a  one- 
dimensional  problem  are  contained  in  ocher  papers2'0 
The  theoretical  foundations  of  this  numerical  method  are 
based  on  the  well-known  subdomain  technique  of  the 
finite  eiement  weighted  residuals  approach. 

The  second  objective  is  to  develop  a  simple  numerical 
statement  which  can  represent  the  finite  element  Galerkin 
statement,  lubdomain  numerical  statement,  finite 
difference  integrated  control  volume  statement,  and  the 
nodal  domain  integration  numerical  statement,  by  the 
specification  of  a  single  parameter  in  the  resuiting  nodal 
domain  integration  numerical  approximation. 

Hromudka  jnd  Guymon'’  used  the  nodal  domain 
integration  approach  to  numerically  approximate  the 
0ne-d1mcn3ion.1l  advcetion  diffusion  process 

■  r  on  1  'u 

.-1  D--  i  1'  ,*  T  .  V€(2 

■  v,_  i  \  j  .  : 


w  here  D  and  are  the  diffusion  and  advecuon  parameters 
respectively:  0  is  the  state  variable;  x.  r  are  spatial  and 
temporal  coordinates:  and  Q  is  the  spatial  domain  of 
definition.  For  constant  parameters,  equation  ill  can  be 
rewritten  into  the  linear  form: 


Discretizing  the  spatial  domain  Q  by  m  nodai  points  into 
in  subdomains.  R..  Hromadka  and  Guymon0  use  the 
subdomain  version  of  the  weighted  residuals  method  to 
develop  a  one-dimensional  numerical  statement  for  each 
nodai  point  value: 


=  - - - [iHt.  .  -  .  I  —  III*.  .  - 

111  -  1 1  '  ■  • 

w  here  nodal  value 0*  =  mi  .  ■  =  ,A;i  It  was  shown  that 
the  i;  term  in  equation  01  can  vary  between  R.  and  with 
respect  to  time  in  order  to  approximate  a  higher  order  or 
more  complex  trial  function  for  the  state  variable.  .It  was 
also  shown  trut  for  a  linear  polynomial  trial  function  for 
0  and  a  Crank  -Nicolson  time  advancement 
approximation,  equation  i.'i  represems  the  Gaierkin  finite 
element,  subdomain  integration,  and  finite  difference 
numerical  approximations  for  constant  "  ••  aiues  of  1 1.3.  f.  1 
respectively 

In  the  following,  the  one-dimensional  numerical 
statement  of  equation  .  .'1  will  be  extended  to  the  ease  of  a 
two-dimensional  irregular  rectangular  subdomain.  The 
problem  domain.  Q.  ;s  aeseretized  into  a  set  of  nodal 
domains.  Q..  defined  by  the  intersection  of  a  finite  element 
cover.  Q...  and  subdomain  cover.  R  .  off!  Integrating  the 
governing  partial  differential  equations  with  respect  to 
both  space  and  time  on  eacn  nodal  domain  results  ;n  .1 
numerical  contribution  which  can  be  combined  wnh 
other  nodal  domain  contr;rut:on>  to  form  a  finite 
difference  statement  or  a  finite  element  matrix  svstem 
Similar  to  the  one-dimensionui  ease,  the  resulting  nodal 
domain  integration  numerical  statement  will  be  shown  to 
also  represent  the  Galerkm  unite  element,  surdomam 
■migration,  and  finite  a. iterance  numerical  statements  bv 
the  appropriate  specification  •■■  1  'ingle  parameter 


NODAL  DOMAIN  DISCRETIZATION  OF 
SOLLTION  DOMAIN 

Consider  :he  partial  differential  operation: 


Tn  Imual 


residuals  approach  approximates  equation  i4i  by  solving 
the  m  equations: 


=  r i  s.;,  left.  =  i4i 

with  boundary  condition  types  of  Dirtchlet  or  Neumann 
specified  on  boundary  f  A  m-nodal  point  distribution 
can  be  defined  in  ft  with  arbitrary  density  i  Fig.  I  (such  that 
an  approximation  <p  lor  0  is  defined  in  f!  by: 


0=  T  V  t.v.t  )<p  .:  iv.tieft  1 5) 

1*1 

where  \;|v.v)  are  linearly  independent  global  shape 
functions  and  <p,  are  assumed  values  ol  the  state  variable. 
o.  at  nodal  point  /.  In  equation  1 5)  n  is  assumed  that: 

lim  ..b  =  hm  p,,,,,,,..,. ...... „_„  =  o.  tv.iieft  |6» 

i.v^jeR,;  t.v;,.r;)e  y  =  k 

A  closed  connected  spatial  subset  R.  is  defined  for  each 
nodal  point  /  such  that: 

0=  u  R:  (7) 

j*  i 

with  supplementary  conditions  of: 

I xl,yl)eRr  i.v_, .>•.)€  Rk.  j  =  k  1 8) 

and 

R=/TuB(  i9) 

where  i.vy.y  i  are  the  spatial  coordinates  of  node  :  and  B  is 
the  boundary  of  R..  It  is  assumed  that  every  subdomain  is 
disjoint  except  along  shared  boundaries,  i.e. 

RpRk  =  B  f'Bt  1101 

The  subdomain  method  of  the  finite  element  weighted 


Future  !.  Distribution  of  nodal  points  in  two-dimensional 
ionium  ft  will i  houndary  f 


I  Alpi-/  luy  d  4  =0 


w  here 

_  (  I.  I  x.yteRj 
“~\0.  ( x.yieRj 


112) 


A  second  cover  of  ft  is  defined  by  the  finite  element 
method  with: 

ft  =  uft,  del 


where  Clt  :s  the  closure  of  finite  element  domain  ft,  and  .ts 
boundary  f,. 

Let  S,  be  the  set  of  nodal  points  defined  by: 

S,s  \o\ ;  *  iidi 

Then  a  set  of  nodal  domains  ft,  is  defined  for  each  finite 
element  domain  Cl ,  by: 

ft;  =  ft,n/?  .  yeS,  lift 


The  subdomain  method  of  weighted  residuals  as 
expressed  oy  equation  1 1 1  lean  be  rewritten  :n  terms  of  the 
subdomain  cover  of  ft  by: 


1 1.4(01 -/lu,  d.-t  =  |‘  At <01-/'  d-t  i  lb i 

.*»  * 

With  respect  to  the  finite  eiement  discretization  of  ft. 


j  i.-Kum  — n  d.4  =  )  i  At <31— f  id  -t  il'l 

n  *  ~A. 

where  for  each  unite  element  domain  ft,. 


|  I  Al0)—J  )  d.-l  =  J I  .4101  —  !  I  d.4.  .'€0,  1 1 8 1 

ft  ~r  a 

From  the  above  subset  definitions  and  set  covers  of  ft. 
application  of  the  usual  subdomain  method  to  the 
governing  partial  differential  operation  of  equation  i4i  is 
accomplished  by  an  integration  of  the  governing 
equations  over  the  nodal  domains  interior  of  each  finite 
element,  resulting  in  a  finite  element  matrix  system  simiiar 
to  that  determined  by  the  Galerkin  finite  eiement  method. 
The  spatial  definition  of  each  nodal  domain  ft  depends 
on  the  definition  of  both  the  finite  element  and  subdomain 
covers  of  ft.  and  is  therefore  somewhat  arbitrary  A 
convenient  criterion  is  to  define  the  nodal  domains  such 
that  the  resulting  finite  element  matrix  system  is 
symmetric.  This  symmetry  property  is  used  for  the 
definition  of  finite  element  nodal  domains  in  the  following 
model  development  of  a  two-dimensional  advection- 
diffusion  process. 
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\OD\L  DOMAIN  INTO. RATION  IMUKEDLRE 

\  iwi>-dinicii-.u>n.il  advcction  diffusion  process  -imilar  to 
cquuuon  1 1 1  is  given  by: 


Dr  -i'H 

I  V 


<0 

—  ,  I  a  :iefJ  t  !4i 

i  f 


w  here  G  is  a  two-dimensional  rectangular  spatial  domain 
of  definition:  (L '.IV'  are  advcction  parameters  in  the  ia.ci 
directions  respectively:  and  OsD(.x^). 

An  operator  relationship  for  the  two-dimensional 
ad  section-diffusion  process  of  equation  I  Id)  is  defined  by. 


-1(0)-/=  — 
l  x 


r  co 

c 

ro 

Drr--UO 

Dr —  wo 

cx 

~Tz 

z 

—  ^  (20) 
i : 


Substituting  equation  <20l  into  equation  (IS)  gives  the 
finite  clement  matrix  system  for  Cl,  (Fig.  3). 


Expanding  equation  (21)  gives: 


a. 


where  the  first  term  of  equation  (22)  cancels  due  to  (lux 
contributions  form  neighbouring  finite  elements  (Fig.  4) 
or  satisfies  zero-flux  natural  boundary  conditions  on  T. 
and  where  bi.ji  are  outward  normal  and  tangential  vector 
components  on  B.,  F;  and  V„  and  C  is  an  advection 
parameter  notation  for  iL'.W)  in  I". 

The  finite  element  discretization  of  fl  is  assumed  to  be 
composed  of  rectangles  with  vertex-located  nodal  points 
associated  to  each  finite  element  domain  Cl,  (Fig.  2). 
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Figure  3.  Sodat  domain  < over  .•(  limn ■  element  Q 
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Figure  4  Subdomain  R,  as  the  union  ,/t  all  nodal  domain ,s 
associated  to  nodal  point  j 


Integration  of  the  governing  flow  equation  on  eacn  Q 
involves  the  definition  ana  integration  of  non-iinear 
parameters  D  and  C  Hromadka  ana  Guymon'1  expana 
the  non-linear  parameters  by  Tayior  series  and  integrate 
the  expanded  infinite  series  expression  resulting  in  an 
equivalent  numerical  approximation  as  a  function  of  the 
assumed  trial  function  nodai  point  values.  Another 
approach  to  handling  the  non-linearity  problem  is  to 
approximately  linearize  the  governing  flow  equation  by 
assuming  the  non-linear  parameters  to  be  uniform  m  the 
finite  element  for  small  durations  of  time.  A:  Some 
methods  of  determining  quasi-constant  values  for  non¬ 
linear  parameters  are  examined  for  a  one-dimensiona! 
problem  in  Hromadka  and  Guymon:.  Using  quasi¬ 
constant  values  of  D"’1.  C(ei  for  the  non-linear  parameters 
of  the  governing  flow^  equation  for  a  small  time  step  A: 
simplifies  the  finite  element  matrix  system  of  equation  1 22) 
to: 


The  nodal  domain  integration  method  solves  equation 
(23)  for  each  Cl,  by  defining  functions  for  a  At  timestep-1  “ 
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«Ikic  IN  .1  t u net n > n  of  lime  .imj  finite  element 

Jiuii.1111  12.  associalcd  noeJ.il  points,  correction  laclor  .  m 
function  ol  tune:  and  d  is  a  linear  trial  function  lor  "in 
1>  The  above  function  definitions  are  extensions  ol  a 
similar  set  ol  lunction  definitions  determined  tor  a  one- 
diniensit'nal  How  problem'"  In  the  studs  ol  one- 
Jimensional  problems,  it  seas  concluded  that  the  Mff.n 
;uiie l ions  had  a  far  greater  effect  on  model  accuracy  than 
Jid  the  .  "I  functions  and  that  the  simplilying  definition 
could  be  made: 


(.1/1=1  l2hl 

for  many  problems  This  conclusion  is  valid  for  both  first 
and  second  order  polynomial  trial  functions  where  the 
finite  element  discretization  is  composed  of  nodal 
domains  satisfying  the  matrix  symmetry  ertterion. 

For  the  assumed  rectangular  finite  element 
discretization  of  Q.  a  definition  of  nodal  domains  Q  is 
required  in  order  to  evaluate  the  / functions  Using 
matrix  symmetry  as  a  criterion,  element  nodal  domains 
are  defined  by  the  intersection  of  perpendicular  bisectors 
iFig.  3l  partitioning  the  rectangle  into  four  equai  areas. 
The  definition  of  Mtf./l  used  for  each  nodal  domain  Q  is 
given  by  extending  the  one-dimensional  function 
definitions  to  obtain: 
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and  the  nodal  domain  .r.tegrauon  statement  :s 
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wnere  9"  is  the  area  of  rectangle  Q...  In  order  to  provide 
element  matrix  symmetry. 
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where  .s  the  average  of  the  >i0n  in  finite  element  Q 
given  by 


ii,i/i=  ‘Ii/jn:  \=5,  1 29 1 

NOD  XL  DOMAIN  INTEGRATION  NUMERICAL 
MODEL 

For  constant  advection-diffusion  parameters,  equation 
1 19)  reduces  to  the  linear  partial  differential  equation; 

f:d  Xi  ,‘0 

D — ,  —  D,— r-L  — il ,— =  .  .  i  v.cisQ  i.’Di 
i  v  i  ;■  ■  v  ■  c 

where  iD.-j.C  ,,.H0)  are  constant  throughout  Cl  Pmderand 
Gray’  develop  a  Galerkm  vmte  element  analogue  for 
equation  1 30 1.  Also,  equation  i  .'Ol  is  readily  approximated 
by  the  well  known  finite  difference  method5,  and  the 
subdomain  version  of  the  weighted  residuals  method 
A  comparison  of  the  Galerkin  finite  element  i  linear  triai 
function!,  finite  difference,  and  subdomain  integration 
numerical  statements  to  the  nodai  domain  integration 
numerical  statement  notcates  that  "he  nodal  domain 
ntcaration  analogue  can  represent  each  ol  the  above 
meth.  ds 

For  the  i -direction  diffusion  ’em  /)  .u':,‘  '  v;i.  the 
Galerkin,  sundomain  inicgration.  and  finite  difference 
r.cuci.ng  statement  :>.r  a  linear  polynomial  trial 
Unction  are  giver,  by 
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where  equations  Gli.  1 32 1  and  1 33*  are  the  : 
statements  determinej  oy  the  Gaier.xin  "irate 
saodomat.n  tniegraiion.  ano  unite  difference 
respectively.  The  nodal  domain  integration 
equation  1 3-ii  ,s  an  equivalent  statement  for 
models  considered  for  i  =  1 2.3. tr '.  respectively 
The  v-direct:on  adveetion  term  i  0u‘"  ’.vi  i 
statements  are  giver  by: 
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where  equations  i.'Sk  i.'hl  and  l.'~>  are  deiernuned  Iroin 
i he  Gulet  kin  finite  element.  subdomain  integration.  and 
mute  difference  methods.  respectively  The  nodal  domain 
integration  model  of  equation  i o ^ )  is  an  equivalent 
statement  lor  equations  left,  i 36 1  and  t >  lor  //  =  i 2..'.  !  i 
Final!),  the  eapaeitanee  mme  derivative)  term  •'<>  ■  : 
numerical  statements  are: 
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where  equations  i39i.  .401  and  t4li  are  determined  from 
the  Galerksn  finite  element,  subdomain  integration,  and 
finite  difference  methods,  respectively.  The  nodal  domain 
integration  model  of  equation  1 42l  is  an  equivalent 
statement  for  equations  t39i.  t40l  and  1 4 J  i  for  «  =  i  2.3.x  i. 

The  remaining  r -direction  terms  can  be  determined 
similar  to  the  above.  The  resulting  nodai  domain 
integration  numerical  statement  for  equation  .30)  on  H.,,, 
t  Fig.  2)  is  given  by: 
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where  the  Gulcrkin  finite  element,  nodai  domain 
integration,  and  finite  difference  methods  are  given  ny 
ii=i2.3.x  i  respec'.iveiv  Equation  1 4f- *  car.  be  direciiy 
compared  to  the  Gaierivin  finite  eiemont  results  ,n  Pmoer 
ana  Gras  ’.  iTahle  l\  2) 

Other  constant  values  of  n  in  -equation  '43i  represent 
other  numerical  approximations.  For  example,  n  =  I  i 
represents  an  approximation  oased  on  the  subdomain 
method  of  weighted  residuals  for  a  "second  order 
polynomial  trial  function^  Aodittonally.  by  use  of  the 
function  definitions  of  equations  1 24)  and  1 25).  a  variable  n 
between  subdomains  lor  finite  element  matrices!  ar.d  with 
respect  to  time  can  be  obtained. 

CONCLUSIONS 

The  nodal  domain  integration  numerical  approach  has 
been  used  to  determine  a  numerical  analogue  wmch 
incorporates  the  Galerkin  finite  element,  sucoomam.  and 
integrated  finite  difference  methods  as  special  cases.  The 
resulting  numerical  statement  involves  the  same 
computational  requirements  as  does  the  Galerkin  finite 
element  procedure.  Thus,  a  computer  program  may  be 
prepared  based  on  the  nodal  domain  integration 
numerical  approximation  which  inherently  contains  tne 
Galerkin  finite  element,  subdomain  integration,  and  finite 
duTerence  numerical  approximations  for  tne  consiccrea 
ciass  of  partial  differential  equations. 

ACKNOWLEDGEMENT 

This  research  was  supported  by  the  IS  Army  Researcn 
Office  (Grant  No.  DAAG29-‘4-C-00!sO). 


REFERENCES 

:  Ha>hoe.  H  N  Study  of  realise  efficiency  of  "mite  oi:vcrcn*j  an j 
Galerkin  iechmoue>  for  modeling:  >oii- water  transfer.  >k.: 
Rt'tturi.  Rt'  !4'«.  14.  4' 

1  Hromaoka  II.  T  k  ana  G  jy mon.  G  L  Some  effect'  .*r  .incur-- 
the  unsaturated  »ou~  moisture  transfer  diffusion  mooe:.  »i«.  . 

Ri'^ouri  R i*'  1(>  n4  ' 

a  Hromadkv.  II.  T  V  anuGuymon.G  L  Numerical  mass  nuunce  'r 
>oi i -  moisture  transier  proolems.  Un  >‘^ter  R^.'uri  :^n«:  a  1 

4  Hromadka  ;l.  T  k  and  Guy  mon.  G  L.  Technical  note  on  '  me 
integration  >f  >oii-  moisture  transport.  -hui  Nso.  3  <1 

5  Hromadka  II.  T  V  and  Guy  mon  G  L  Improved  .nea* 

function  modei  of  >o»i  moisture  transport,  llj/er  KV'  4s. 

I "  504 

n  Hromaoka  II.  T  k  and  Guvmon.  G  L  Nodai  domain  nte:rat,on 
modei  01  onc*dimensional  ad%eciion  diffusion  -la.  ■  «n«  ■■  i*'* 
WM.  5.  4 

\J>er».  G  E  l/um.’/iji  »■  k  •/>■'?  Htu:  -  •  >. 

McGraw-Hili.  New  'tork  i0"’ 

'  Pmoer  G  F  and  Grjy  kk  G  F  >>:■%  £i'fli’"f  S.-niiu;!  i«i  'i 
,/»iii  5wrtsur-ut«  ii  <v  \c.idcm:c  P-es>  New  >or\.  4 
4  Spaidine.  D  B  V  revet  '/mie-JifTo'-mcc  ‘onuikifum  *or  d.iTe'erttfa- 
e\pressiop.s  nv -'i\ me  n-i h  ir>i  ;na  »ev.ond  Jcrt\jf»  n>  ■'/  \ 

W,  F-\i  4  '  5  i 


AO 


l  -■  M  .r  P 


H**  *  l 


*  1  / 


WATER  RESOURCES  RESEARCH.  VOL  17.  NO  5.  PAGES  1425-1430,  OCTOBER  1981 


Nodal  Domain  Integration  Model  of  Unsaturated  Two-Dimensional 

Soil-Water  Flow: 

Development 

T.  V.  Hromadka  II,  G.  L.  Guymon,  and  G.  C.  Pardoen 

Department  of  Civil  Engineering.  University  of  California,  Irvine.  California  922/7 

The  nodal  domain  integration  method  is  applied  to  a  two-dimensional  unsaturated  soil  water  flow 
problem  where  the  solution  domain  is  discretized  into  in-egular  triangular  elements  and  the  state  variable 
is  approximated  by  a  spatial  linear  trial  function  within  each  triangular  element.  The  resulting  element 
matrices  incorporate  the  well-known  Gaierkm  finite  element,  subdomain,  and  integrated  finite  difference 
numerical  statements  as  special  cases  of  the  nodal  domain  integration  numerical  statement. 


Introduction 


Governing  Equations 


Numerical  solutions  of  two-dimensional  nonlinear  partial 
differential  equations  such  as  those  that  occur  in  the  theory  of 
unsaturated  ground  water  flow  are  generally  limited  to  solu¬ 
tion  by  the  finite  difference  or  finite  element  methods.  Finite 
difference  approximations,  such  as  those  described  by  Spald¬ 
ing  [1972],  can  be  derived  for  rectangular  and  also  Cot  irregu¬ 
lar  two-dimensional  domains.  Finite  element  methods  [Pinder 
and  Gray,  1977]  can  also  be  applied  to  irregular  two-dimen¬ 
sional  domams.  Both  methods  are  often  compared  to  each 
other  for  numerical  'efficiency1  or  other  descriptions  of  superi¬ 
ority  [Hayhoe,  1978]. 

Recently,  Hromadka  and  Guymon  [1980a,  b,  c]  have  devel¬ 
oped  a  new  numerical  approach  called  the  nodal  domain  in¬ 
tegration  method,  which  has  been  applied  to  one-dimensional 
linear  and  nonlinear  problems.  From  this  numerical  model, 
the  finite  difference,  subdomain,  and  Galerkin  finite  element 
methods  are  included  m  a  single  numerical  statement. 

In  this  paper,  the  nodal  domain  integration  method  is  ap¬ 
plied  to  the  two-dimensional  triangular  finite  element.  As  spe¬ 
cial  cases,  the  Galerlon  finite  element,  subdomain,  and  finite 
difference  numerical  models  are  determined  by  the  appropri¬ 
ate  specification  of  a  single  parameter  in  the  resulting  nodal 
domain  integration  numerical  statement.  Thus  all  three  nu¬ 
merical  approaches  are  .  eluded  in  one  numerical  statement 
similar  to  the  usual  Gaierkm  finite  element  matrix  system. 

The  purpose  of  this  paper  is  twofold.  The  first  objective  is  to 
present  a  basic  description  of  the  nodal  domain  integration 
procedure  as  applied  to  the  class  of  partial  differential  equa¬ 
tions  generally  encountered  in  the  theory  of  unsaturated 
groundwater  flow.  Detailed  mathematical  derivations  and  ap¬ 
plications  of  this  numencai  approach  for  a  one-dimensional 
problem  are  contained  in  other  papers  ( Hromadka  and  Guy¬ 
mon,  19806,  c].  The  theoretical  foundations  of  this  numerical 
method  are  based  on  the  well-known  subdomain  technique  of 
the  finite  element  weighted  residuals  approach.  The  second 
objective  is  to  develop  a  numencai  statement  which  represents 
the  finite  element  Gaierkm  statement,  subdomain  numencai 
statement,  finite  difference  integrated  control  volume  state¬ 
ment.  and  the  nodal  domain  mtegration  statement  by  the 
specification  of  a  smgle  parameter  m  the  resulting  mangle  ele¬ 
ment  matrix  system. 


Two-dimensional  unsaturated  Darcian  soil  waaer  flow  in  a 
nondeformable  homogeneous  porous  media  is  assumed  de- 
senbed  by  the  partial  differential  equation 


9  j  „  bo  I  a  „  bo  b9 

dx  |  ax  j  by  ay  j  dt 


iz.y)£2 


(1) 


-  Km(x,  y,  i, t) 


(2) 


where  Kh  are  anisotropic  hydraulic  conductivity  values  in  the 
(x,  y)  directions,  respectively,  o  is  the  total  hydraulic  energy 
head  fo  =  v  —  y).  v  is  the  soil  water  pore  pressure  head,  and  9 
is  the  volumetnc  water  content.  In  1 1),  water  content  is  as¬ 
sumed  to  be  a  single  valued  function  of  soil  water  pore  pres¬ 
sure  according  to  the  usual  soil  drying  curve  with  hystensis  ef¬ 
fects  negiected.  Thus 

9  =  9<-i)  -i  <  0 

(3) 

9  «  9„  y  2  0 

where  9,  is  assumed  constant.  A  volumetric  water  content  to 
pore  pressure  gradient  is  defined  by 


9*  - 


99 

9v 


d  <  0 


9*  -  0  i>0 


(■») 


For  the  above  assumptions,  (!)  is  rewritten  as 


9  ^  bo  .  .  9r„9o 

dx  *  9.x  by  *  by 


(x.  y)en 


l5) 


Nodal  Domain  Discretization  of  Solution  Domain 
Consider  the  partial  differential  operation 

Alg>)  ”  f  lx.  y)  £  Q  '  «  12  'J  T  (6) 

with  boundary  condition  types  of  Dinchlet  or  Neumann  spec¬ 
ified  on  boundary  T.  An  m-nodal  point  distribution  can  be 
defined  in  12  with  arbitrary  density  (Figure  1)  such  that  an  ap¬ 
proximation  o  for  o  is  defined  m  12  by 
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Fig.  1.  Distribution  of  nodal  points  in  two-dimensional  domain  12 
with  boundary  F 


A  second  cover  of  £2  ts  defined  by  the  finite  element  method 
with 

a-u2,  (is) 

where  Cl,  is  the  closure  of  finite  element  domain  !2,  and  its 
boundary  T, 

Let  S,  be  the  set  of  nodal  points  defined  by 

5.  -  {/|G,  HR,*  (0} )  (16) 

Then  a  set  of  nodal  domains  Cl,  is  defined  for  each  finite  ele¬ 
ment  domain  Cl,  by 

Cl, -Cl.  DR,  /  €  S,  (17) 

The  subdomain  method  of  weighted  residuals  as  expressed 
by  (13)  can  be  rewritten  in  terms  of  the  subdomain  cover  of  & 
by 

f  (A(<t>)  -  f)»jCiA  -  [  t A(<?)  -  ;")  dA  (IS) 


where  N,(x,  y)  are  linearly  independent  global  shape  functions 
and  <jy  are  assumed  values  of  the  state  vanable  $  at  nodal 
point  j.  In  (7)  it  is  assumed  that 


With  respect  to  the  finite  element  discretization  of  Cl. 
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The  nodal  domain  integration  approach  uses  the  topology 
of  sets  resulting  from  the  discretization  procedure  associated 
with  the  well  known  finite  element  and  integrated  finite  differ¬ 
ence  methods.  Generally,  the  global  domain  Cl  is  discretized 
into  finite  elements  or  control  volumes  and  subdomains,  de¬ 
pending  on  whether  the  finite  element  or  integrated  finite  dif¬ 
ference  approach  is  used.  These  two  discretizations  share  a 
common  nodal  domain  discretization  of  IT.  consequently,  the 
resulting  numerical  approximations  form  the  various  numeri¬ 
cal  methods  which  can  be  defined  by  a  single  unifying  analog. 
In  the  following  a  subdomain  R,  and  a  finite  element  I2„  a  dis¬ 
cretization  of  the  global  domain  12,  is  defined.  From  these  two 
set  covers  of  12  a  unifying  nodal  domain  cover  of  12  is  defined. 
A  dosed  connected  spatial  subset  R,  is  defined  for  each  nodal 
point  j  such  that 

S2  -  U  R,  W 

/-i 

with  supplementary  conditions  of 


where  for  each  finite  element  domain  Cl, 

I  ( A(<t> )  -f)  dA  -  I  (At*)  -  .0  dA  j  S  S,  CO) 

Joy.  A,  Ja, 

From  the  above  subset  definitions  and  set  covers  of  12,  appli¬ 
cation  of  the  usual  subdomain  method  to  the  governing  par¬ 
tial  differential  operation  of  (6)  is  accomplished  by  an  in¬ 
tegration  of  the  governing  equations  over  the  nodal  domains 
intenor  of  each  finite  element,  resulting  in  a  finite  element 
matrix  system  similar  to  that  determined  by  the  Galerkin  fi¬ 
nite  element  method.  The  spatial  definition  of  each  nodal  do¬ 
main  Cl,  depends  on  the  definition  of  both  the  finite  eiement 
and  subdomain  covers  of  12  and  is  therefore  somewhat  arbi¬ 
trary.  A  convenient  criterion  is  to  define  the  nodal  domains 
such  that  the  resulting  finite  element  matrix  system  is  symme¬ 
tric.  This  symmetry  property  is  used  for  the  definition  of  finite 
element  nodal  domains  in  the  following  model  development 
of  two-dimensional  unsaturated  soil  water  flow. 

Nodal  Domain  Integration  Model 

The  operator  relationship  for  the  two-dimensional  unsatu¬ 
rated  soil  water  flow  model  of  (5)  is 


where  (.c„  y,)  are  the  spatial  coordinates  of  node  j  and  B  is  the 
boundary  of  R,.  It  is  assumed  that  every  subdomain  is  disjoint 
except  along  shared  boundaries,  i.e„ 

R,  n  Rk  -  B,  n  Bk  (12) 

The  subdomain  method  of  the  finite  element  weighted  residu¬ 
als  approach  approximates  (6)  by  solving  the  m  equations 


Substituting  (21)  into  (20)  gives  the  finite  element  matrix  sys¬ 
tem  for  Cl,  (Figure  3) 


I  Jo  dx  ix  _  dy  ^  av  _  it  j 


l  -  (0} 


Expanding  (22)  gives 


(/  kfli  lA-ti  a’. 4— li  *1 

l  f  r  .*r,  \  I  r,  J  U'r-rr-r,  /(r  j 
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sed  where  the  first  term  of  (23)  cancels  due  to  flux  contributions 
f  12  from  neighboring  finite  elements  (Figure  2)  or  satisfies  zero- 
flux  natural  boundary  conditions  on  T  and  where  (n,  s)  are 
normal  and  tangential  vector  components  on  Br  1%  and 
IS)  The  finite  element  discretization  of  12  is  assumed  to  be  com¬ 
posed  of  triangles  with  three  vertex-located  nodal  points  asso¬ 
ciated  to  each  finite  element  domain  12,  (Figure  3). 

Integration  of  the  governing  flow  equation  on  each  12,  in- 
volves  the  definition  and  integration  of  nonlinear  parameters 
'  K„  and  S'.  Hromadka  and  Guymon  [1980c]  expand  the  non¬ 
linear  parameters  by  Taylor  senes  and  integrate  the  expanded 
infinite  series  expression  resulting  in  an  equivalent  numerical 
approximation  as  a  function  of  the  assumed  trial  function 
l  nodal  point  values.  Another  approach  to  handling  the  nonlin¬ 
earity  problem  is  to  approximately  linearize  the  governing 
flow  equation  by  assuming  the  nonlinear  parameters  to  be 
uniform  in  the  finite  element  [Myers,  1971]  for  small  durations 
of  time,  Ai.  Some  methods  of  determining  quasiconstant  val¬ 
ues  for  nonlinear  parameters  are  examined  for  the  one-dimen- 
sional  unsaturated  soil  water  flow  problem  by  Hromadka  and 
Guymon  [I980o].  Using  quasiconstant  values  of  (Xk  **(<?)) 
for  the  nonlinear  parameters  of  the  governing  flow  equation 
for  a  small  time  step  At  simplifies  the  finite  element  matrix 
system  of  (23)  to 


{L, 

0  <  ;  s  A<  j  €  S. 


The  nodal  domain  integration  method  solves  (24)  for  each  12, 
by  defining  functions  for  a  Al  timestep: 


/,4" 


,(■?»,  •■)  dA  (/,  k  €  5,] 


ds  «  c/i) 


y€S. 


1 25) 


(26) 


where  ,'($*  i)  is  a  function  of  time  and  finite  element  domain 
12,  associated  nodal  points;  correction  factor  c,it)  is  a  function 
of  time;  and  <j  is  a  linear  trial  function  for  p  in  12,.  The  above 
function  definitions  are  extensions  of  a  similar  set  of  function 
definitions  determined  for  a  one-dimensional  soil  water  flow 
problem  [Hromadka  and  Guymon,  1981).  In  the  study  of  one- 
dimensional  problems  it  was  concluded  that  the  /,($,,  i)  func¬ 
tions  had  a  far  greater  effect  on  model  accuracy  than  did  the 
cd)  functions  and  that  the  simplifying  definition 


could  be  made  for  many  problems.  This  conclusion  is  valid 
for  both  first-  and  second-order  polynomial  trial  functions 
where  the  finite  element  discretization  is  composed  of  nodal 
domains  satisfying  the  matrix  symmetry  cntenon. 

For  the  assumed  triangular  finite  element  discretization  of 
12,  a  definition  of  nodal  domains  12,  is  required  in  order  to 
evaluate  the  /,(d„  t)  functions.  Using  matrix  symmetry  as  a 
criterion,  element  nodal  domains  are  defined  by  the  inter¬ 
section  of  triangle  finite  element  medians  (Figure  4)  partition¬ 
ing  the  triangle  into  three  equal  areas.  The  definition  of /,(<>,, 
l)  used  for  each  nodal  domain  12,  is 


x  «*>«•*> 

where  A'"  is  the  area  of  triangle  12,  In  order  to  provide  ele¬ 
ment  matrix  symmetry, 

/,(■?„  0  -  !m )•  Or)  U,  k)  <=  5,  (29) 

where 


-  J I  n,0)  j£S.  (30) 

For  finite  element  domain  Cl,  the  above  gives  the  element  ca¬ 
pacitance  P“’  matrix  approximation 

r  fj  (l)  1  I 

P'^-3(fi(oT2)  1  W  1  : 

L  1  1  7(0  _ 

For  c(r)  -  1.  the  element  conduction  matrix  K'*’  for  12,  is  de¬ 
termined  from  (24)  and  (26).  From  (26)  the  state  variable  flux 
term  dordn  is  approximated  on  (T.  -  TP  T.)  by  assuming  <p 
to  be  described  in  !2,  by  a  linear  trial  function. 

In  order  to  evaluate  the  spatially  integrated  flux  terms  of 
(26)  for  each  nodal  domain  of  a  triangular  finite  eiement,  the 
tnangie  geometry  is  defined  by  a  system  of  vectors  as  shown 
in  Figure  5.  For  the  assumed  linear  trial  function  variation  of 
the  state  variable  o  in  the  finite  element  tnangie.  the  spatially 
integrated  flux  term  contnbution  to  nodal  domain  12,  is  geo¬ 
metrically  determined  by  Figure  6.  Flux  must  contnbute  to  12, 
through  the  boundaries  of  12,  and  can  be  calculated  by  the 
flux  vector  through  state  vanable  0  values  o,  (at  node  I)  and 
o'  as  shown  in  the  figure  where 

■>'  •  (Old,  +  Oid2)  (32) 

The  integration  of  the  spatial  boundary  of  12,  normal  to  the 
considered  flux  vector  is  L/1  as  shown  m  Figure  6  From 


c,(t)  “  1 


(27)  Fig.  3.  Fmne  element  (2,  with  three  venex-locaied  nodal  points. 
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Darcy’s  uw,  the  efflux  for  a  linear  polynomial  function  ap¬ 
proximation  is 

_  WlOzid./L)  +  Q,(d,/L)  -  o,)  (33 

h 

and  the  integrated  efflux  (discharge)  contribution  from  G,  is 
-  ^27  [<M,I  +  Mil  -  L1*.]  (34) 

which  is  obtained  by  multiplying  LI 2  with  (33).  From  Figure 
5  the  geometric  constants  in  (34)  are 

Is  -  rvru  -  xuJ  +  yaJ  (35) 

-x„xa (36) 

d,L  -  -F.jFjj  -  -(jr,2Jru  +  y.-ya)  (37) 

where  xa  -  x,  -  x,.  Using  matrix  notation,  (34)  may  be  writ¬ 
ten  as  follows: 


4 Aw 


[xa!  +  >21 J).  -(X,3xa  y„ ya),  (xuxu  +•  v,-y-j)] 


Combining  the  finite  element  nodal  domain  equations,  the 
element  conduction  matrix  K1'1  for  G,  is 


Fig.  5.  Vector  description  of  mangle  finite  element  geometry. 


-(x,iXu  +  >u>2a),  fxr,jjr,j  +  y,-ya)  ": 
(*u!  +7.iJ).  -U.2JC.1  +  Ziayu)  ; 

(Tll'+Zll1)  j 

(39) 

The  approximation  of  (24)  by  the  nodal  domain  integration 
element  matrix  system  for  Cl,  is 

K'%  +  P'-R(O)  d,  -  {0}  j  £  5,  (40) 

where  <f>;  and  <4,  are  the  vector  of  nodal  point  values  and  time 
derivative  of  nodal  point  values  associated  to  finite  element 
domain  Clr 


Similarity  of  Nodal  Domain  Integration  model 
to  Other  Numerical  Models 

In  this  section  the  finite  element  subdomain  and  Galeriin 
techniques  of  the  weighted  residuals  method  [Finder  and 
Gray,  1977]  and  the  integrated  finite  difference  method  as  de¬ 
veloped  by  Spaldmg  [1972]  wUl  be  applied  to  the  assumed  lin¬ 
earized  soil  water  Sow  equation.  The  models  derived  from 
these  numerical  approaches  will  be  compared  to  the  nodal  do¬ 
main  integration  model  and  an  appropriate  fit,;)  determined 
such  that  the  element  matrix  system  of  (40)  also  represents 
these  other  various  modeling  approaches. 

Integrated  Finite  Difference  Method 

By  using  a  control  volume  defined  by  the  union  of  all  nodal 
domains  associated  to  a  particular  nodal  point  (Figure  2).  the 
integrated  finite  difference  approach  can  be  derived.  The  con¬ 
trol  volume  CVI  is  defined  by 

O'-UQ,  (41) 

The  integrated  influx  to  the  control  volume  along  the  bound¬ 
ary  is  the  sum  of  influx  contributions  from  each  interior  nodal 
domain  G_  The  nodal  domain  Cl.  efflux  contribution  from  CV 
(by  means  of  the  boundary  I-,)  is  determined  from  1 38).  The 
total  integrated  efflux  from  CV,  would  be  row  j  of  the  assem¬ 
bled  global  conduction  matnx  derived  by  the  usual  sum  of 
element  conduction  matrices  of  i39). 

The  integrated  finite  difference  model  assumes  that  o  is 
constant-valued  in  CV.  Consequently, 

j  O  dA  ■  j  dA  (42) 

Jcv  Icy, 


K"»  > 


4 A1" 


f  (-*22:  +  .ril3). 
j  (symmetric) 
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Fig.  6.  Geometric  solution  of  3ux  distribution  (for  nodal  domain  S3,) 
for  assumed  linear  tnal  function  distribution  of  state  variable. 


Holding  <b  constant  in  each  £2.  gives 

f^dAmtjj'dA (43) 


Therefore  the  element  capacitance  matrix  P*'|n(Ol  includes  a 
subdomain  model 


9m(eU'” 


108 


'22 

7 

;  7 


(48) 


The  integrated  efflux  from  subdomain  R,  through  boundary  B, 
is  given  by  the  yth  row  of  the  assembled  global  conduction 
matrix.  Therefore  a  subdomain  model  for  the  linearized  soil 
water  Dow  problem  is 


1  r22'! 

K'*>  |  ~ ;  0,  - 

i  L  '  J 


(0) 

, 


jes. 


(49) 


Galerkin  Method  of  Weighted  Residuals 

The  Galerkin  finite  element  approach  applied  to  the  Linear¬ 
ized  soil  water  Sow  problem  for  triangular  elements  and  a  lin¬ 
ear  trial  function  [Myers,  1971)  is  included  in  the  nodal  do¬ 
main  integration  model  by 

(K'-'d,  +  P*’[2]  -  {0})  yes.  (50) 


Sodal  Domain  Integration  Method 

From  the  above  the  nodal  domain  integration  model  in¬ 
cludes  the  integrated  finite  difference,  subdomain,  and  Galer¬ 
kin  finite  element  models  for  constant  values  of  4(r)  -  (2.  22/ 
7,  oo).  Consequently,  a  computer  model  based  on  the  nodal 
domain  integration  element  matrix  systems  also  includes  the 
above  numerical  models  by  the  specification  of  a  single  con¬ 
stant  for  Tj(r).  These  results  can  be  compared  to  the  one-di- 


The  element  capacitance  matrix  of  (31)  includes  the  in¬ 
tegrated  finite  difference  statement  of  (43)  by 

5W'>fl  °  °1 

lim  f*'’[fj(r)|  -  ■■■■—  ,010!  (44) 

*,h-~  lL  0  0  I J 

Therefore  the  integrated  finite  difference  model  for  the  linear¬ 
ized  soil  water  flow  problem  is 

lira  (K"1  <t>,  +  P*'>[fj(r)]  -  (0) )  ye  S,  (45) 

*<>-— 


Subdomain  Method  of  Weighted  Residuals 

A  subdomain  model  for  the  assumed  linearized  soil  water 
Sow  problem  can  be  derived  from  the  nodal  domain  in¬ 
tegration  model  by  prescribing  the  trial  function  £  to  be  linear 
in  each  finite  element  domain  3,.  Using  a  linear  trial  function 
£  in  Cl,  allows  a  direct  integration  of  £  in  each  Q,  (Figure  7). 
Therefore  a  subdomain  approximation  in  £2,  is 

t  .  jci 

I  *  “  "ToT  7<’>5  +  f46) 

By  comparison  to  the  integrated  finite  difference  model. 

R.  ■  CVj  (47) 


Fig  7  Linearly  distributed  slate  variable  values  in  nodal  domain 
partition  £2,. 
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mensional  node)  domain  integration  model  ( Hromadka  and 
Guymon,  1980c)  which  represents  the  finite  element,  sub- 
domain,  and  finite  difference  models  for  tj  -  (2,  3,  oo),  respec¬ 
tively. 

Conclusions 

The  nodal  domain  integration  numerical  approach  has 
been  used  to  determine  a  numerical  analog  which  incorpo¬ 
rates  the  Galerkin  finite  element,  subdomain,  and  integrated 
finite  difference  methods  as  special  cases.  The  resulting  nu¬ 
merical  statement  involves  the  same  computational  require¬ 
ments  as  does  the  Galerkin  finite  element  procedure.  Thus 
computer  programs  may  be  prepared  based  on  the  nodal  do¬ 
main  integration  procedure  which  inherently  contains  the  Ga- 
lerlcin  finite  element,  subdomain,  and  finite  difference  tech¬ 
niques.  A  powerful  method  of  comparing  the  accuracy  of 
various  numerical  techniques  is  provided  which  eliminates 
uncertainty  of  effects  between  codes  used  for  comparison. 

Theoretically,  the  so-called  ‘nodal  domain  integration* 
method  contains  all  numerical  subsets  in  addition  to  those  de¬ 
rived;  i.e.,  finite  element,  finite  difference,  and  subdomain 
methods.  For  instance,  this  method  would  include  linear  basis 
function  approximations  of  higher  order  basis  functions.  The 
method  proposed  here  can  be  extended  to  include  the  case 
where  a  single  computational  problem  can  be  allowed  to  se¬ 
lect  a  spatially  and  temporarily  varying  tj  function  to  achieve 
optimal  spatial  accuracy. 
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Correction  to  ‘Nodal  Domain  Integration  Model  of  Unsaturated 
Two-Dimensional  Soil-Water  Flow:  Development’ 

In  the  paper  'Nodal  Domain  Integration  Model  of  Unsaturated  Two-Dimensional  Soil- 
Water  Flow:  Development'  by  T.  V.  Hromadka  II.  G.  L.  Guymon.  and  G.  C.  Pardoen 
[Wafer  Resources  Research.  1 7(5).  1425-1431.  19811,  Figures  2.  3,  and  4  have  been 
switched  and  should  appear  as  shown  here. 


Fig.  :. 


Subdomain  R.  as  the  union  of  all  nodal  domains  associated  Fig. 
to  nodal  point ;. 


Finite  element  fl,  with  three  vertex-located  nodal  points. 
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ABSTRACT 

A  deterministic  mode!  of  frost  heave  based  upon 
simultaneous  analysis  of  coupled  heat  and  moisture 
transport  is  cascaded  with  a  probabilistic  model  of 
parameter  variations  The  multiparameter,  deter¬ 
ministic  model  is  based  upon  submodels  of  moisture 
transport,  heat  transport,  and  lumped  isothermal 
freezing  processes  The  probabilistic  model  is  based 
upon  Rosenblueth's  method  which  only  requires 
knowledge  of  parameter  means  and  their  coefficients 
of  variation.  The  deterministic  model  is  relatively 
insensitive  to  thermal  parameter  variations  because 
the  phase  change  process  dominates  the  thermal 
regime  of  a  freezing  moist  soiL  The  model  is  sensitive 
to  hydraulic  parameters  which  control  the  race 
mobile  liquid  water  is  drawn  into  the  freezing  soil 
region.  Four  hydraulic  parameters  were  varied  within 
reported  and  assumed  levels  of  parameter  variation 
for  nvo  soils:  a  frost-susceptible  silt  and  a  marginally 
frost-susceptible  dirty  gravel  for  which  laboratory 
data  on  parameters  and  frost  heave  were  available. 
The  resulting  frost  heave  variations  were  fit  to  a  beta 
distribution  and  confidence  limits  of  it  least  95% 
were  predicted  within  rwo  sigma  bounds.  The  coeffi¬ 
cient  of  variation  of  unfrozen  hydraulic  conducttvity 
primarily  determines  the  coefficient  of  variation  of 


simulated  frost  heave.  Comparison  of  these  results 
with  two  detailed  field  cases  indicates  a  close  com¬ 
parison  with  beta  distribution  parameters. 

INTRODUCTION 

Attempts  to  develop  mathematical  models  of  frost 
heave  have  centered  on  continuum-deterministic 
approaches  which  are  sometimes  referred  to  as  con¬ 
ceptual  or  physics  based  approaches.  Guymon  et  ai. 
(1980)  and  Hopke  (1980)  review  these  efforts. 
Generally,  mathematical  models  have  included  simul¬ 
taneous  heat  and  moisture  transport  in  a  one-dlmen- 
sicnal  column.  Whale  there  is  almost  total  agreement 
that  these  two  processes  must  somehow  be  included 
in  any  model  of  frost  heave,  there  is  considerable 
uncertainty  and  disagreement  on  the  ice  segregation 
processes  itself.  The  processes  occurring  in  the 
freezing  zone  are,  unfortunately,  poorly  understood. 
There  aiso  are  somewhat  divergent  objectives  in  devel¬ 
oping  these  models  as  explicitly  or  implicitly  viewed 
by  the  various  authors,  and  these  differences  in  objec¬ 
tives  have  led  to  differences  in  approaches.  One 
purpose  of  '.his  paper  is  to  present  a  more  systematic 
basis  for  viewing  or  judging  the  frost  heave  modeling 
exercise. 
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Guymon  et  al.  (1981)  have  questioned  the  funda¬ 
mental  concept  of  using  deterministic  models  because 
of  uncertainty  concerning  model  parameters  and 
modeling  concepts  of  the  ice  segregation  process. 
They  suggest  that  probabilistic  concepts  should  be 
coupled  with  deterministic  approaches. 

Chamberlain  (1980)  has  recently  conducted 
comprehensive  studies  of  field  frost  heave  for  a  small 
section  of  roadway  in  Hanover,  NH.  with  sandy  silts 
as  the  base  material.  The  variations  of  frost  heave 
were  carefully  measured  at  455  discrete  points  and 
were  fitted  to  a  beta-probability  distribution,  sug¬ 
gesting  that  frost  heave  can  be  evaluated  as  a 
probabilistic  process.  Chamberlain  observed  a  coeffi¬ 
cient  of  variation  of  about  725a  and  a  maximum  and 
minimum  frost  heave  of  about  3  and  2  standard 
deviations,  respectively.  The  maximum  mean  frost 
heave  he  observed  was  4.2  cm  and  frost  penetra¬ 
tion  was  90  cm.  Numerous  "undisturbed”  sam¬ 
ples  collected  at  this  site  for  determining  hydraulic 
parameters  should  be  useful  in  defining  the  sta¬ 
tistical  properties  of  these  parameters  which  may 
in  turn  be  related  to  the  observed  frost  heave  varia¬ 
tions.  We  have  made  similar  measurements  at  39 
discrete  points  on  a  taxiway  at  the  .Albany  County 
Airport  in  .Albany,  NY.  A  maximum  mean  heave 
of  1.65  cm  was  observed  on  11  February  1980 
when  frost  had  penetrated  less  than  50  cm  into  the 
silty-sand  sub-base  material.  A  maximum  !  30~  coef¬ 
ficient  of  variation  for  heave  was  obtained.  Ob¬ 
served  maximum  and  minimum  heave  values  3.35  cm 
and  0.9  cm  are  equivalent  to  approximately  plus  and 
minus  two  standard  deviations.  Cores  of  frozen 
ground  where  ice  lensing  has  occurred  aiso  suggest  a 
process  exhibiting  random  features.  Ice  lenses  will 
occur  in  a  seemingly  random  pattern  in  a  core  only 
a  few  cm  in  diameter.  Analysis  of  such  a  "one- 
dimensional”  core  uniformly  frozen  so  that  there 
would  be  a  generally  uniform  distribution  of  ice. 
indicated  little  relation  between  the  frequency  of  ice 
lenses  along  three  vertical  transects  taken  4  cm  apart. 
Ice  lenses  were  on  the  order  of  0.4  mm  thick.  .An  ice 
lens  might  occur  on  one  horizontal  transect  and  just 
4  cm  horizontally  to  the  right  or  left  no  ice  iens  was 
visible. 

A  central  objective  of  this  paper  is  to  develop  a 
probabilistic  concept  of  frost  heave  which  includes 
the  usual  deterministic  approaches  but  recognizes  the 


inherent  discrete  nature  of  porous  media.  To  do  this, 
a  new  probabilistic  approach  will  be  presented  which 
avoids  the  commonly  used  and  sometimes  expensive 
Monte  Carlo  method.  Although  a  particular  math¬ 
ematical  model  will  be  used  (Guymon  et  al..  I9S0) 
to  develop  a  probabilistic-deterministic  model,  the 
theory  developed  here  is  generally  applicable  to  deter¬ 
ministic  models  proposed  by  others. 

SYSTEMS  CONCEPTS 

Figure  1  is  an  approach  to  viewing  the  modeling 
process.  The  prototype  system  5  (e.g.  a  laboratory 
soil  column)  is  subject  to  excitations,  x  (or  inputs) 
which  are  spatially  and  temporarily  distributed. 
Spatially  and  temporally  distributed  outputs  are 
observed.  Inputs  or  boundary  conditions  may  be 
subfree2ing  temperatures,  water  table  location,  and 
surface  surcharge  (overburden).  Outputs  may  be  frost 
heave,  y.  or  soil  pore  pressure,  temperatures,  or  ice 
content.  Because  it  is  usually  impossible  to  measure 
x  exactly,  subsystem  X  indicates  a  model  process  to 
determine  an  index,  .x’,  of  x  which  has  some  error. 
In  our  case  we  are  generally  lumping  x  in  space  but 
are  preserving,  to  the  extent  possible,  any  iow-fre- 
quency  dynamic  characteristics  of  x.  Since  our  deter¬ 
ministic  model  M  is  based  upon  the  continuum  as¬ 
sumption.  certain  parameters  arise  in  the  mode! 
derivation  which  purport  to  characterize  5  le.g. 
thermal  conductivity  o;  hvdrauiic  conductivity  i. 
Suosystem  P  indicates  this  modeling  or  sampling  pro¬ 
cess  which  yields  imperfectly  known  parameters,  p.. 
Model  outputs,  y  .  will  therefore  be  imprecise  but 
may  be  compared  to  imperfect  observations  of  y  for 


rig.  1.  A  schematic  of  die  modeling  process  showing 
modeling  uncertainty 


some  bounded  time  period  to  determine  model  uncer¬ 
tainty.  eU>.  where 

elf)  =  /(0  -y<0  <*) 

We  are  considering  y  as  lumped  in  order  to  make  this 
computation.  Modeling  uncertainty  is  arbitrarily 
grouped  into  four  general  areas: 

1.  Errors  a:,  due  to  the  choice  of  M  which 
includes  the  choice  of  a  numerical  analog. 

2.  Errors  a2  due  to  spatial  and  temporal  discreti¬ 
zation  and  averaging. 

3.  Errors  a3  due  to  boundary  conditions  (i.e. 
choice  of  X)  and  due  to  choice  of  initial  condi¬ 
tions. 

4.  Errors  a*  due  to  the  selection  of  p,;  i.e.  choice 
of? 

The  total  model  uncertainty  is  some  function  of  the  a, 
errors 

e(0  =  e(ai.atj,  <*},««)  12) 

where  the  ay  errors  may  be  interrelated  and  e  may  be 
non-stationary .  Because  of  approximations  necessar¬ 
ily  incorporated  in  the  model  there  wiii  obviously  be 
some  error  or  uncertainty  in  model  predictions. 
Furthermore,  the  complex  and  nonlinear  nature  of 
the  model  requires  comparison  to  prototype  situa¬ 
tions  to  evaluate  its  precision. 

An  investigation  of  errors  associated  with  the 
choice  of  numerical  methods  le.g.  finite  difference 
and  finite  element  methods)  and  spatial  and  temporal 
discretization  is  the  subject  of  a  future  paper.  Bound¬ 
ary  condition  effects  will  also  be  investigated  in  a 
future  paper. 

The  major  thrust  of  this  papei  will  concentrate  on 
parameter  errors  associated  with  an  assumed  uniform 
soil  profile.  It  is  weil  known  (Harr.  1977;  Nielsen  et 
al..  1973;  Warrick  and  Nielson.  1980)  that  consider¬ 
able  variation  is  observed  in  field  soils  that  are  within 
a  small  geographical  area  and  may  be  generally  classed 
as  the  same  soil.  Moreover,  mosi  field  soil  profiles 
are  layered  (non-uniform)  although  they  3-e  often 
simplified  to  an  "average"  uniform  soil  profile  for 
analysis.  This  usually  unknown  variability  coupied 
with  sampling  and  measuring  errors  is  significant 
Frost  heave  is  an  ideal  process  to  study  by  probabil¬ 
istic  methods  since  it  is  sensitive  'o  minor  variations 
in  soil  properties  and  environmental  conditions. 
Moreover,  frost  heave  or  .ce  segregation  processes 


effectively  integrate  ail  hydraulic,  thermal  and  chem¬ 
ical  processes  taking  place  in  a  finite  column  of  soil 
so  that  by  measuring  one  output,  frost  heave,  ail 
other  processes  are  indirectly  sampied.  Frost  penetra¬ 
tion  depths  can  also  be  accurately  measured  3nd  they 
provide  some  indication  of  parameter  variability 
effects. 


BRIEF  REVIEW  OF  DETERMINISTIC  MODEL 

Guymon  et  al.  (1981)  describe  the  deterministic 
model,  and  these  details  will  not  be  repeated  here. 
Only  a  general  summary  of  the  model  will  fee 
presented. 

The  model  is  applicable  to  a  saturated  or  unsat¬ 
urated.  one-dimensional,  vertical,  soil  column  which 
is  subjected  to  time-dependent  variations  in  upper 
and  lower  boundary  temperature  and  pore  water 
pressure  conditions.  The  upper  boundary  condition 
is  assumed  to  be  a  no-moisture  flux  condition  if  the 
soil  surface  is  frozen.  Additionally,  a  surface  sur¬ 
charge  or  overburden  condition  is  accommodated  by 
the  model.  Major  assumptions  employed  .n  the  mode! 
are: 

1.  L'nsaturated  moisture  flow  theory  applies  and 
Darcy's  law  is  valid  in  the  unfrozen  zone  and 
the  freezing  fringe. 

Z.  Moisture  movement  is  by  liquid  films  driven  by 
the  total  hydraulic  head  energy  gradient. 

3.  Moisture  movement  in  frozen  zones  is  negli¬ 
gible. 

4.  The  well  known  heat  equation,  including  a 
sensible  heat  advection  term,  applies  to  the 
entire  soil  profile. 

5  The  unfrozen  zone  is  ncndeformable  and  tne 
frozen  rone  is  only  deformable  due  to  ice  ler.s 
growth. 

o.  The  fluid  sink  due  to  freezing  anc  'he  latent 
heat  process  may  be  decoupled  into  an  iso¬ 
thermal  approach  (i.e.  a  heal  balance  process). 

“.  Ice  segregation  occurs  when  moisture  drawn 
into  the  freezing  zone  exceeds  the  sod  porosity 
minus  an  unfrozen  water  content  factor,  cor¬ 
rected  for  volumetric  ice  expansion, 

8  Hysteresis  :s  not  presem  and  aaJ  ’unctions  are 
single  valued  and  piece-wise  continuous. 

2  Overcurden  and  surcharge  effects  are  included 


130 


by  adding  these  pressures  to  pore  water  pres¬ 
sures  at  ice  segregation  fronts  only. 

10.  Salt  transport  effects  are  negligible;  i.e.  the 
freezing  point  depression  of  soil  water  is  con¬ 
stant,  and  the  unfrozen  moisture  content  at  a 
given  temperature  is  constant. 

11.  Constant  parameters  are  invariant  with  respect 
to  time;  i.e.  they  do  not  change  in  response  to 
freeze-thaw  cycles. 

The  model  is  based  upon  simultaneous  solution  of 
partial  differential  equations  of  heat  and  moisture 
flux  m  the  unfrozen  zone  wherein  it  is  assumed  un¬ 
saturated  flow  is  modeled  by  unsaturated  flow 
theory 

3[/rHf3ipi3x)J  33„  jaw  30i 

- r -  3  —  - - —  (->) 

ox  3r  p  j  3r 

and  the  well  known  sensible  heat  conduction- 
advection  equation 


3(K-r(3r/3x)]  3 r  3 T  p»  33, 

,  ”  Cw  v  =  Cm  ~L  j  1  ■*) 

3x  ox  dr  p,  or 

where 

x  =  positive  coordinate  downward 
r  =  time 

p  =  total  head  =  v  -  x  (where  P  =  pore  pres¬ 
sure  head) 

9U  =  volumetric  unfrozen  water  content 

d\  =  volumetric  ice  content 

pw,Pi  =  density  of  water  and  ice  respectively 

Kn  =  K(p)  =  hydraulic  conductivity 

T  =  temperature 

fCj  =  thermal  conductivity  of  soil— water-ice 
mixture 

Z,j  =  volumetric  latent  heat  of  fusion  for  bulk 
water 

Cw  *  volumetric  heat  capacity  of  water 
Cm  =  volumetric  heat  capacity  of  soil— water-ice 
mixture 

The  moisture  sink  and  latent  heat  components  of 
eqns.  (3)  and  i-t)  are  decoupled  and  are  solved  using 
an  isothermal  approximation  (Hromadka  et  al., 
1981).  These  components  only  exist  in  freezing  or 
thawing  zones  of  the  soil  profile. 

Figure  2  illustrates  the  computation  process  at  a 
specific  time  level.  .An  overburden  pressure  las  head 
of  water).  w0,  is  shown.  Also  the  unfrozen  water 


Fig.  2.  Illustration  of  deterministic  model  results  at  a  liver. 
time  level  ifrom  Guymon  et  ai..  1981). 

content  factor,  9n,  and  soil  porosity.  90,  are  shown. 
The  primary  variables  j  and  T  are  computed  from 
eqns.  (3)  and  t'4)  and  the  secondary  variables  5 „ ,  3,, 
and  3S  (segregated  ice)  are  computed.  From  this 
latter  quantity,  lumped  heave  is  computed  as  snown 
in  Fig.  2. 

TABLE  1 


Soil  parameters  required  for  the  deterministic  model 


Parameter 

Description 

n.  A  w 

Characterize  soil  water  versus  pore  pressure 
relationship  for  unfrozen  soil 

K  iv ) 

Unfrozen  hydraulic  conduc:mry  versus  pore 
pressure  relationship 

E 

Parameter  to  correct  Ki*)  for  ice  m  freezing 
zone  las  function  of  ice  content) 

Porosity 

Unfrozen  water  content  : actor 

c, 

Volumetric  heat  capaciry  of  soil 

Thermal  conductivity  of  soil 

«5 

Soil  density 

7*.- 

Freezing  poin;  depression  ot  soil  water 

m 


Numerical  solution  is  by  the  nodal  domain  integra¬ 
tion  method  (Hromadka  and  Guyman,  1981)  which 
requires  a  spatial  discretization  of  the  order  of  1  cm. 
The  time  domain  solution  is  by  the  Crank-Nicoison 
method  which  requires  temporal  discretization  on  ..e 
order  of  0.5  h  and  a  parameter  update  frequency  on 
the  order  of  1.0  h.  Equations  are  temporarily  de¬ 
coupled  during  discrete  time  periods  and  parameters 
are  assumed  constant  within  each  discrete  spatial 
solution  domain. 

The  model  is  a  multiparameter  model  and  is  highly 
nonlinear.  Table  1  lists  the  sod  parameters  required 
by  the  model.  The  heat  and  fluid  transport  processes 
are  coupled  through  the  latent  heat  process  and  the 
parameters  that  must  be  employed  in  the  derivations 
of  eqns.  13)  and  (4).  Fortunately,  sod  systems  are 
usually  highly  damped,  permitting  reasonable  approx¬ 
imations  without  employing  costly  iteration  tech¬ 
niques.  The  model  is  efficient  and  can  be  solved  on 
the  rruniclass  computers  using  FORTRAN  IV 
language. 

PROBABILITY  MODEL 

Freeze  (19"5)  and  others  have  investigated  the 
combination  of  stochastic  and  deterministic  models. 
In  particular,  Freeze  considered  the  pro'oiem  of 
groundwater  flow  ji  a  non-uniform  one-dimensional 
homogeneous  medium.  On  the  basis  of  his  study, 
Freeze  had  "doubts  about  the  presumed  accuracy 
of  the  deterministic  conceptual  models  that  are  so 
widely  used  in  groundwater  hydrology."  If  he  had 
doubts  about  a  simdar  but  simpler  system,  we  must 
confess  considerable  pessimism  about  deterministic 
models  of  the  more  complex  ice  segregation  proces¬ 
ses.  Only  a  few  parameters  were  of  concern  to  Freeze 
(1975),  but  we  are  considering  the  10  parameters 
shown  in  Table  1.  Values  of  the  heat  capac  ty, 
thermal  conductivity,  density  and  latent  heat 
capacity  of  water  and  ice  were  obtained  from 
standard  tables. 

Freeze's  (1975)  stochastic  analysis  was  based  upon 
the  well  known  Monte  Carlo  technique  (Harr,  1977) 
which  requires  an  assumption  of  the  statistical 
distribution  of  the  stochastic  variables.  Freeze 
assumed  porosity  was  normally  distributed  and 
saturated  hydraulic  conductivity  was  iog-nermaily 
distributed,  and  used  500  Monte  Carlo  runs  for  each 


parameter.  Values  were  randomly  generated  from  an 
assumed  probability  distribution  and  were  applied  to 
a  deterministic  model.  Typically,  most  investigations 
of  this  nature  use  a  large  number  of  runs.  i.e.  SOO  or 
more.  Because  of  the  apparent  need  for  many  Monte 
Carlo  runs,  this  type  of  stochastic  analysis  can  be 
expensive,  particularly  if  the  variance  is  non- 
stationary  for  the  type  of  dynamic  problems  being 
considered  and  if  the  variance  should  be  significantly 
different  for  different  soil  types. 

An  alternative  approach  to  the  Monte  Carlo 
method  is  proposed  that  is  based  upon  Rosenblueth's 
(1973)  method,  but  because  this  method  is  not  wide¬ 
ly  known  in  the  open  literature,  a  heuristic  deriva¬ 
tion  of  the  method  will  be  presented  for  the  case 
of  one  random  variable.  Suppose 

>  =  fix)  (5) 

where  fix)  is  an  arbitrary,  continuously  differentiable 
frequency  distribution  of  the  random  variable  x  The 
usual  procedure  for  determining  the  expectance  or 
mean  and  the  second  moment  or  variance  of  y  is 
to  expand  y  around  x  (the  mean  of  xt  using  a 
Taylor's  senes  fHarr.  197"). 

.Alternatively,  one  may  use  Rosenolueth's  method 
which  is  analogous  to  determining  the  required  simple 
support  forces  for  a  statically  stabie  weightless  -earn 
with  an  arbitrary  ioad  (Fig.  3).  Now  suppose  fix  I  has 
been  normalized  so  that  the  toiai  load  equais  unity, 
i.e. 

L 

1  =  j  fix) dx  (6) 

o 
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Also,  suppose  the  mean  value  ot'  x  and  its  coefficient 
of  variation  are  known  for  V  discrete  values  of  x. 
where  these  statistical  properties  are  defined  in  the 
usual  manner 


a 


(7a) 


where  for  the  moment  it  is  assumed  the  p,  are  uncor¬ 
related.  Similar  to  the  heuristic  proof  above  for  one 
variate.  Rosenblueth  deduced  the  general  relationship 

£ llv >V]  =  —  [<y~  ,m)y  *  (vL..  m  + 

rtfV]  '  1 3  > 


.  1  v 

vx  =  E{x-)  ~  [£«)]  ■  =  —  22  <■*,  -ocj*  (7b) 

0 

where  Vx  is  the  variance  of  x.  The  coefficient  of 
variation  is  given  by 

CV  =  Sx  x  (8) 

where  Sx  is  the  standard  deviation  and  is  equal  to  the 
positive  square  root  of  the  variance.  Adopting  the 
notation 

y.  -  f(x*  Sx) 

...  „  ,  (9) 

y-  =  /is  -ox) , 

static  equilibrium  of  the  beam  shown  in  Fig.  3  will 
be  achieved  if 


where  there  are  m  parameters  to  be  considered,  anc 
.V  is  the  exponent  (moment)  of  y  .  The  notation 
y„  m  indicates  the  use  of  ail  sign  permutations  of 

y  =  /(Pi -SprP'. -sPl . pm  -sPm) 

where  p)  is  the  mean  of  the  rth  parameter  and  SP,  is 
the  standard  deviation  of  the  parameter.  The  sub¬ 
script  sign  is  determined  by  the  sign  of  SP.  The  mean 
and  variance  of;/  are  computed  in  the  csuai  fashion 

v'  =  £(y')  tlf) 

Vy  =  -[£(.”)]*-  <16* 

Sow  suppose  some  or  ail  of  the  p:  are  correlated. 
Rosenbiueth's  method  can  oe  extended  using  the 
covariance  (cov)  statistic  [Harr  (1°  )j  as  follows: 


v.  -  v. 

y  =  (10a) 

and 

v.  -  v_  1 

Sy  =■  — — ■  .  ( ICb) 

This  can  be  heunstically  proven  by  noting  that 
f{x)  can  be  expanded  in  Taylor's  series  (Harr.  1 9  7) 
and  the  mean  and  variance  calculated  by 

y  *  fix)  *  \f“  (x  1  S\  (11a) 

s':  -  u'\.r)j:5i 

The  validity  of  eqns.  (I0u)  and  (10b)  car.  be  demon¬ 
strated  by  issuming  any  arbitrary  differentiable  func¬ 
tion  fix),  using  eqn.  9  in  eqns.  (10a)  and  (ICbi,  and 
showing  the  result  equal  to  eqns.  (11a)  and  (lib). 

The  simulated  frost  heave.  ;/.  is  a  function  of 
many  parameters,  p,  including  the  input  conditions 
x ' .  i  .e . 

y'  =  /Vi.P: . pm**').  <1-1 


fit.* 


=  Oh.t  = 


cov(pf.pg) 
Sr.  Sn^ 

r~9  r  ” 


i  ") 


where  o  is  the  covariance  measure  and  the  subscr.pts 
denote  there  are  m  random  variacles  ( parameters i 
that  are  correlated  a  pair  at  a  time.  Define  a  g-f unc¬ 
tion  such  that  there  will  be.W  of  these  functions  given 


by 

Qij  .  m  ~ 

M 

i-  L 

h9 1 

g*  i  . 

-  h.*fi,.* 

i ;  5^ 

)  0-  t  >  h 

l  1.  £i<  .h 


where  the  ij..  •v  are  all  the  permutations  c 
signs  of  the  standard  deviation  cf  each  para: 
where  each  sign  is  attached  to  the  subscript 
moments  ofy"  are  defined  as 


cfu'v'l 


\! 

y'  K7..  „  1 IV..  I  !  0  i 


::>3 


and  the  first  and  second  moments  are  computed  as  in 
eqns.  (15)  and  (16).  Equation  (19)  reduces  to  eqn. 
(1 3)  m  the  event  ail  p  are  zero  (i.e.  the  p ,  are  all  un¬ 
correlated  and  q  =  1 ). 

Rosenolueth's  method  is  a  powerful  tool  that  is 
ideally  suited  to  the  type  of  problem  being  con¬ 
sidered.  No  prior  assumptions  are  required  concerning 
the  probability  distribution  of  the  parameter 
vanables.  Only  an  estimate  of  parameter  mean  and 
coefficient  of  variation  are  necessary.  This  method 
requires  only  that  the  functional  relationship  between 
y'  and  x'  need  be  specified,  i.e.  the  deterministic 
model.  The  method  is  general,  however,  and  is  appli¬ 
cable  to  any  deterministic  modei.  Instead  of  the 
many  costly  simulations  required  by  the  commonly 
employed  Monte  Carlo  method,  only  2m  simulations 
are  required  using  the  present  modification  of  Rosen- 
blueth's  method. 

Given  a  measure  of  parameter  variability  the  first 
and  second  moments  of  predicted  frost  heave  can  be 
readily  computed,  giving  useful  statistical  information 
to  establish  a  range  of  possible  frost  heave  rather  than 
a  single  deterministic  vaiue.  While  higher  moments 
can  be  ootamed  to  give  some  indication  oi  skewness 
and  peakedness,  this  information  s  not  of  great  sig¬ 
nificance  to  the  present  objective. 

The  capability  of  extending  knowledge  by  sup¬ 
posing  we  know  nothing  about  the  distribution  of 
frost  heave  follows  from  Chebeshev's  inequality 

1 

P  (v  -  ■>5V  <  y  <  v  -  hSv  }>  \  -  —  CO) 

h‘ 

For  example,  if  two  standard  deviations  are  used 
ili  =  2),  the  probability  that  y  is  bounded  by  z  hSy  is 
greater  than  or  equal  to  ~ 5~ .  Now  if  it  :s  assumed. v  is 
symmetrically  distributed.  Gauss'  inequality  may  be 
applied 

4 

Plv-HSy  <  V  <y  -mSy]  >  !  -  —  CD 

■which  says  for  h  =  2  there  is  a  greater  or  equal 
probability  of  89T  that  y  is  so  bounded.  Finally, 
given  additional  information  the  distribution  of  y 
can  be  further  narrowed.  A  versatile  distribution  to 
assume  is  the  beta  disiribution  iHarr.  I9TT): 


where  to  find  the  a  and  d  parameters  one  needs  ;o 
know  y.  5V.  and  a  and  b .  the  lower  ana  upper  buanus 
of  the  distribution.  The  parameters  y  and  S,  ere 
generated  by  Rosenolueth's  method.  The  a  ana  b 
parameters  may  be  estimated  by  data  such  as 
Chamberlain  (1980)  has  developed.  He  found  that 
a  =  y  -  2 Sy  ind  b  =  y  +  35v  for  one  field  study 
Once  a  beta  distribution  is  determined,  confidence 
limits  and  other  desired  statistical  properties  :i 
flyt  can  be  established  (Harr.  !9"7). 

Questions  yet  to  be  resolved  include  the  question 
of  stanonanty,  or  m  other  words,  how  will  the 
statistical  properties  of  f(y )  vary  with  time’  The 
second  question  concetns  the  nature  of  fiy)  for 
various  soils.  Can  a  single  beta-distribution  oe  found 
that  is  applicable  to  a  class  of  soils,  such  as  the  so- 
called  "frost-susceptible  soils’"1 

APPLICATION  OF  MODEL 

The  model  was  applied  to  a  set  of  laboratory 
data  obtained  from  a  vertical  soil  column  equipped 
with  temperature  and  water  levei  control  ana  mstru- 
tner.tition  to  measure  sou  temperatures  and  pore 
■water  pressures  I  described  by  Berg  et  a!..  I9SC; 
Ingersoll  and  Berg,  1981).  Two  different  uniform 
sods  were  placed  in  the  column  to  obtain  comparison 
data:  a  well  known  frost  susceptibie  sod.  Fairbanks 
sdt.  and  a  weakly  frost-susceptible  dirty  gravei.  West 
Lebanon  gravei.  Guymon  et  al.  IPS!)  reported  on 
comparisons  of  simulated  frost  heave  and  measure  a 
laboratory  frost  heave  for  both  restrained  ar.c  un¬ 
restrained  cases  using  Fairbanks  sdt  among  ctr.er 
soils. 

The  simulation  procedure  consists  of  determining 
hydraulic  parameters  using  remolded  samples  of  the 
same  sod  employed  in  the  frost  heave  coiur.r. 
Porosity  and  density  are  determined  using  standard 
techniques.  A  modified  Tempe  cell,  as  described  by 
Ingersoll  ana  Berg  l  198] ),  was  used  to  determine  me 
sod  characteristic  drying  curve  and  the  unsatur3ted 
hydraulic  conductivity  relationship.  An  average  c.nar- 
acteristic  curve  of  two  tests  on  Fairbanks  sdt  is  shown 
in  Fig.  4  together  with  the  parameters  used  to 
describe  this  curve  in  the  modei  where 

da  = 


/tvi  = 


la+d» 1 i 


i  v  -a  Hlb  -y  >J 


_ 9o 

.4  w  v 
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Fig.  4.  Soil— water  characteristic  t'or  Fairbanks  silt  (average  of 
two  tests). 

These  parameters  fit  the  actual  curve  with  less  than  a 
:0.03  error.  Unfrozen  hydraulic  conductivity  versus 
pore  water  pressure,  K(y),  for  a  sample  of  Fairbanks 
silt  during  a  drying  cycle,  is  shown  in  Fig.  5.  The 

■<Pa! 


s3'f  ’(tt  or-  cmt 


"'!■  5.  Unfrozen  hydraulic  u^i.uuctivity  for  Fairbanks  sill 
t  solid  line  derived  for  modified  lempe  cell,  broken  ime 
derived  from  volumetric  pressure  plate  extractor). 


solid  line  fits  data  obtained  from  the  modified  Tempe 
cell  and  the  broken  line  fits  data  obtained  from  a 
volumetric  pressure  plate  extractor.  The  deterministic 
model  uses  unfrozen  hydraulic  conductivity  data  as  a 
discrete  table  where  intermediate  values  are  deter¬ 
mined  by  linear  interpolation.  Tne  partly  frozen  soil 
hydraulic  conductivity  correction  factor.  £,  where 

K(v.9i)  =  K(y')-\0~£9>  (24) 

was  determined  by  calibration  such  that  a  deter¬ 
ministic  simulation  of  frost  heave  closely  approx¬ 
imated  measured  frost  heave  in  the  laboratory 
■freezing  column.  Other  parameters  in  Table  1  such  as 
the.  thermal  parameters,  were  assumed.  Table  2  lists 
the  parameters  used  in  the  “best"  deterministic 
simulation  of  measured  frost  heave  for  both 
Fairbanks  silt  and  West  Lebanon  gravel,  ft  is  assumed 
that  these  parameters  represent  the  mean  parameter 
values  for  the  soil  in  the  laboratory  freezing  column. 

Boundary  and  initial  conditions  applied  to  the 
laboratory  column  were  approximated  as  closely  as 
possible  in  the  deterministic  mode!  simulations. 
Because  there  is  inherently  some  uncertainty  con¬ 
cerning  boundary  conditions,  a  precise  simulation  was 
not  expected  or  attempted. 

TABLE  2 


Mean  soil  parameters  used  in  mode!  simulations 


Parameer  SoU 

Fairbanks  silt 

W.  Lebanon  grave! 

w 

0.0004  3>f 

0.119  3 

n 

1.14  3'‘ 

0.50  3 

K{**  0) 

0.04  cm  h'! 

0.42  cm  h'1  33 

E 

8b 

20  b 

0.150  3 

0.082  0 

0.425  3 

0.27  3 

4s 

1.6  3 

1.99  3 

T( 

0JC  c 

0°C  c 

*s 

17  cal  cm"1  ‘C  hM 

c  17  calcm"°C'‘  h'1  c 

c. 

0.3  cal  cm'1  °C"'  c 

0.3  cai  cm‘J °C~ 1  c 

3  Measured  in  laboratory. 

^Determined  by  model  calibration. 
c  Assumed. 

^See  Fig,  5  for  complete  relationship. 
^Complete  relationship  not  shown  herein 
‘  Average  ot  two  laboratory  tests. 
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TABLE  3 


Comparison  of  measured  unrestrained  and  simulated  frost  heave  varying  soil  parameters  for  Fairbanks  silt  (cm) 


Day 

Measured  Best  Tf* -0.005 

simulation 

0.32  K% 

1,33  C, 

1.3  K<ir) 

115  9„ 

1.139, 

1.1  E 

5 

1.6 

1.5 

1.5 

1.5 

1.5 

1.6 

1.6 

1.5 

1.5 

to 

3.3 

3.6 

2.6 

2.6 

2  7 

2.8 

2.8 

2.7 

2.6 

15 

3.9 

3.5 

3.5 

3.6 

3.6 

3.7 

3.7 

3.7 

3.5 

30 

4.4 

4.4 

4.4 

4.4 

4.4 

4.6 

4.6 

4.6 

4.3 

35 

5.(3 

5.1 

5.1 

5.2 

5.2 

5.3 

5.3 

5.4 

5.0 

30 

5.6 

5.7 

5.8 

5.9 

5  3 

6.0 

6.0 

6.1 

5.7 

Table  3  compares  simulated  and  measured  un¬ 
restrained  cumulative  t'rost  heave  for  the  Fairbanks 
silt  case.  To  evaluate  the  effect  of  a  single-parameter 
variation  while  holding  all  other  parameters  at  their 
assumed  mean  value,  seven  additional  simulations  are 
shown  in  Table  3.  Although  a  substantial  variation  in 
shows  some  sensitivity,  it  was  assumed  that 
thermal  parameters  would  have  a  minor  effect  on 
frost  heave  simulation  results  for  Fairbanks  siit  under 
the  conditions  of  the  laboratory  tests.  The  reason  for 
this  is  that  phase  change  processes  overshadow 
sensible  heat  processes  in  a  freezing  soil.  Although 
not  shown,  parameter  variations  for  Fairbanks  silt 
have  an  insignificant  effect  on  simulated  frost 
penetration  which  very  closely  approximated 
measured  frost  penetration.  Frost  heave  showed 
marked  sensitivity  to  hydraulic  parameter  variations. 
Consequently,  these  parameters  were  selected  for  a 
more  detailed  analysis  using  Rosenblueth's  method. 
The  most  sensitive  parameters  are  porosity,  unfrozen 
water  content  factor,  and  unfrozen  hydraulic  con¬ 
ductivity. 

Varying  porosity  -within  reasonable  bounds  affects 
the  results  by  modifying  the  mass  accumulation  term 
in  the  moisture  transport  equation  (3)  by  modifying 
the  available  pore  space  in  the  soil  for  ice  to  develop 
without  ice  segregation  occurring,  and  by  modifying 
the  soil-water  characteristics  (eqn.  (23)).  Varying 
porosity  can  also  account  for  hysteresis  (Fig.  4) 
which  is  not  considered  in  the  deterministic  model. 
To  include  this  phenomenon  would  necessitate  the 
incorporation  of  memory  into  the  model,  significant¬ 
ly  increasing  the  computation  effort  and  probably 
net  markedly  improving  the  computation  precision  or 
certainty.  Figure  4  shows  a  plus  and  minus  13. 3~ 


variation  effect  on  the  characteristic  curve.  Numerous 
measurements  we  have  made  on  silts  and  similar  soils 
suggest  that  hysteresis  effects  would  be  adequately 
bounded  by  such  an  approach.  We  beiieve  there  is 
now  no  reason  to  explicity  include  hysteresis  in  any 
soil  phenomena  related  model.  This  process  can  be 
adequately  dealt  with  by  incorporation  of  a  prooabil- 
istic  modei. 

The  so-called  “unfrozen  water  content  factor" 
controls  the  available  space  for  pore  ice  to  develop 
before  ice  segregation  occurs.  In  the  deterministic 
model,  this  parameter  also  determines  the  un¬ 
restrained  pore  water  pressure  at  the  bottom  of  the 
frozen  zone  (Fig.  2),  thereby  determining  the 
hydraulic  gradient  and  the  rate  water  is  drawn  into 
the  freezing  zone.  The  balance  between  the  rate  of 
heat  extraction  and  water  importation  to  this  zone  is 
the  controlling  factor  in  the  ice  segregation  pro¬ 
cesses  as  the  deterministic  modei  is  conceived.  For 
this  reason,  the  hydraulic  conductivity  of  the  soil 
system  is  obviously  an  important,  if  not  the  most 
significant,  parameter,  although  it  is  difficult  to 
measure  accurately  for  unsaturated  fine-grained  soils 
and  is  subject  to  considerable  uncertainty.  Very  little 
work  has  been  done  on  measuring  hydraulic  conduc¬ 
tivity  for  partly  frozen  soils  in  the  range  of  tempera¬ 
tures  found  in  field  soils  under  winter  conditions. 

The  “best”  simulation  results  for  measured  frost 
heave  of  West  Lebanon  gravel  are  shown  in  Figs.  6 
and  “.  The  laboratory  results  for  a  slightly  restrained 
soil  (i.e.  0.5  lbf/in*  or  3.45  kPa  surcharge)  were  used 
for  parameter  calibration  (see  Tabie  2);  the  results  are 
shown  in  Fig.  6.  A  restrained  (i.e.  5.0  lbf/in"  or  34.5 
kPa  surcharge)  laboratory  case  with  identical  boundary 
conditions  to  the  siightiy  restrained  case  was 
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Fig.  6.  Observed  and  simulated  irost  heave  and  frost  penetra¬ 
tion  for  West  Lebanon  gravel  with  a  0.5  !bf/inJ  ( 3.45  kP a)  sur¬ 
charge. 


simulated  'without  adjusting  parameters.  As  can  be 
seen  t'rom  Fig.  7,  'he  results  are  satisfactory. 

The  effect  of  soil  density  variations  was  not 
studied  because  this  parameter  has  a  minor  effect  on 
overburden  pressures  for  shallow  freezing  cases  with 


Fig.  7.  Observed  and  simulated  frost  heave  and  frost  penetra¬ 
tion  for  West  Lebanon  gravel  with  j  5.0  Ibf/in1  (34.5  kPa) 
surcharge. 


which  we  are  concerned.  Obviously  density  variations 
are  highly  important  since  porosity  and  the  hydraulic 
parameters  are  closely  correlated  10  density. 

Freeze  (1975)  reviews  some  references  that  deal 
with  porosity  and  hydraulic  conductivity  variations 
and  Harr  (1977)  reviews  some  of  the  available  litera¬ 
ture  on  these  and  other  soil  parameter  statistics. 
Warrick  and  Nielson  (1980)  review  their  own  daia  as 
well  as  those  of  others  for  soil  density,  water  content, 
particle  size,  and  hydraulic  conductivity  variations. 
Schultze  (1972)  obtained  a  coefficient  of  variation 
for  porosity  of  silt  of  13 .3%  while  Nielsen  et  ai. 
f  1973)  obtained  an  average  coefficient  of  variation  of 
10.0%  for  a  clay-ioam  soil.  They  also  obtained  a 
coefficient  of  variation  for  the  same  soil  for  soil- 
water  characteristics  that  ranged  from  10%  at  low 
tensions  to  about  24%  at  moderate  tensions  (i.e. 
200  cm  of  water).  We  know  of  no  similar  data  for  the 
unfrozen  water  content  factor:  however,  we  assume 
a  similar  range  of  behavior  as  for  porosity.  A  coeffi¬ 
cient  of  vanation  of  15%  is  probably  adequate  to 
describe  most  frost  susceptible  soils.  Nielsen  et  ai. 
(1973)  performed  extensive  analysis  on  the  variability 
of  unsaturated  hydraulic  conductivity  for  clay -loam 
soil.  They  report  a  coefficient  of  variation  that  ranges 
from  100  to  450%  for  field  variations.  Laboratory 
measured  variations  for  the  same  soii  might  be  on  the 
lower  end  of  this  range  (i.e.  100%).  Very  utile  work 
has  been  done  on  determining  partially  frozen  soil 
hydraulic  conductivity,  let  alone  determining 
measurement  or  sampling  errors  and  field  variability. 
It  is  probably  safe  to  assume  considerably  more 
variability  for  frozen  soil  than  for  an  unfrozen  soil. 
For  lack  of  more  definitive  d3ta,  we  assume  a  coef¬ 
ficient  of  variation  of  500%  for  frozen  soil  hydraulic 
conductivity.  If  the  f-factor  varies  by  10%.  about  a 
500%  coefficient  of  variation  in  frozen  soil  hydraulic 
conductivity  is  obtained  when  we  coupie  the  £- 
factor  vanation  to  the  unfrozen  hydraulic  conductiv¬ 
ity  vanation. 

.Although  there  may  be  some  autocorrelation 
between  hydraulic  parameters,  the  correlation  coeffi¬ 
cient  was  taken  :o  be  zero  (i.e.  p  =  0.  eqn.  1")). 
Limited  attempts  to  correlate  parameters  showed  a 
very  weak  correlation  between  porosity  and  hydraulic 
conductivity:  however,  sufficient. data  were  not  avail¬ 
able  :o  draw  definitive  conclusions. 

Equations  (13)— (16)  were  used  as  previcusit 
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described  to  generate  the  mean  and  variance  of 
simulated  heave  due  to  parameter  variation.  Four 
parameters  were  used  in  the  procedure  where  m  =  4 
in  eqn.  (13)  and 

60  =(1  ±CV)80 

en  «(iiCV)S, 

AT(di)  =  (1  tCV)K(v) 

E  =(ltCV)E 

where  the  bar  denotes  the  assumed  mean  value  used 
in  the  “best"  calibration  simulation.  All  other  param¬ 
eters  were  held  constant. 

Boundary  conditions  measured  in  the  laboratory 
were  closely  approximated  in  the  simulations. 
Boundary  condition  errors  were  effectively  elim¬ 
inated  by  using  the  same  boundary  and  initial  condi¬ 
tions  for  each  separate  simulation.  However,  because 
there  are  boundary  condition  errors  we  can  only 
comment  on  variations  around  a  mean  and  cannot 
comment  on  simulation  error  (eqn.  (1)).  resulting 
from  parameter  variability. 

Table  4  presents  results  for  a  30-day  simulation 
assuming  parameter  coefficients  of  variation  for 
d0,  d„,  E.  and  K(^)  of  13.3,  1 5 ,  10,  and  3CFT.  respec¬ 
tively,  and  using  parameters  for  unrestrained  Fair¬ 
banks  silt.  .As  can  be  seen  the  mean  frost  heave  using 
Rosenblueth's  method  closely  approximates  the 
“best”  simulation  shown  in  Table  3.  The  coefficient 
of  variation  of  simulated  frost  heave  derived  from 
employing  Rosenblueth's  method  is  essentially  sta¬ 
tionary  after  some  possible  initial  numerical  instabil¬ 


ity.  Although  we  have  not  attempted  longer  simula¬ 
tions  using  Rosenblueth's  method,  it  is  reasonable  to 
expect  a  stationary  coefficient  of  variation.  Based 
upon  field  data  obtained  by  Chamberlain  (1980). 
we  have  assumed  a  beta-distribution  lower  bound  of 
three  standard  deviations  (Chamberiam  actually  ob¬ 
tained  two)  and  an  upper  bound  of  four  standard 
deviations.  The  a  and  2  parameters  of  the  beta- 
distribution  are  derived  after  Harr  (  1 97~)  and  are 
listed  for  each  simulation  day  tabulated. 

As  can  be  seen,  a  approximately  equals  a  constant 
3.2,  and  3  about  equals  a  constant  4.3  in  the  last 
two-thirds  of  the  simulation.  The  probability  con¬ 
fidence  limits  are  also  shown  in  Table  4*  for  two 
standard  deviations.  The  results  are  slightly  skewed 
since  we  deliberately  choose  a  siightlv  skewed 
distribution  (Harr.  1977).  Other  confidence  bounds 
can  be  easily  obtained  by  integrating  eqn.  122)  be¬ 
tween  any  desired  limits. 

Additional  simulations  were  performed  for  un¬ 
restrained  Fairbanks  silt  and  slightly  restrained  and 
restrained  West  Lebanon  gravel.  A  summary  of  the 
normalized  results  is  shown  in  Table  5.  The  resuits 
shown  in  Table  4  are  normalized  and  repeated  in 
Table  5  on  the  first  line.  Similar  to  the  results  shown 
in  Table  4,  the  coefficient  of  variation  of  simulated 
frost  heave  becomes  essentially  stationary  after  the 
first  five  days.  As  can  be  seen  from  Table  5.  there  is 
considerable  variation  in  the  coefficient  of  variation 
depending  on  the  soil  simulated,  the  magnitude  of 
parameter  variations,  and  the  surcharge  condition. 
Nevertheless,  the  a  and  2  parameters  of  the  beta- 


TABLE  4 


Simulated  frost  heave  for  unrestrained  Fairbanks  silt  usinz  Rosenblueth's  method  and  varying  6,  :  13.3%.  Sn  -  15%,  £  t  10%. 
and  Kl'i)  z  30% 


Day 

Mean 

cumulative 

frost  heave 
(cm) 

Standard 

deviation 

Coefficient  of 
variation 

m 

«*>'-3Sv 

b«.v+4Sv 

O 

3 

F,(.v«.v»25yi 

P\y  >.v- 

5 

1.5 

0.16 

n 

1.0 

2.1 

3.55 

4.47 

0.96 

0.97 

10 

2.6 

0.24 

9 

1.9 

3.6 

3.85 

5.93 

0.97 

0.99 

15 

3.5 

0.31 

9 

2.6 

4.* 

3.24 

4,65 

0.96 

0.98 

:o 

4.3 

0.38 

9 

3.2 

5.3 

3.24 

4. 73 

0.97 

0.99 

25 

5.1 

0.44 

9 

3.8 

6.9 

3.24 

4.S7 

0.96 

0.98 

30 

5.3 

0.51 

9 

4.3 

7.3 

3.29 

4.72 

0.96 

0.93 
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TABLE  5 


Simulated  frost  heave  statistics  using  Rosenblueth’s  method  and  an  assumed  beta-distribution  for  unrestrained  Faubanks  silt  and 
unrestrained  and  restrained  West  Lebanon  gravel 


Soil 

Parameter  coefficient 
of  variation 

Normalized  simulated 
frost  heave 

a/y 

bly 

a 

3 

P{y-2Sy<y  2Svj 

E 

KM 

cv/%) 

Min 

Max 

Fairbanks  silt 

13.3 

15 

10 

30 

9 

0.86 

1.12 

0.74 

1.34 

3.3 

4.8 

96 

Faubanks  silt 

20 

30 

30 

so 

17 

0.76 

1.34 

0.48 

1.66 

3.6 

5-5 

97 

Faubanks  silt 

13.3 

15 

10 

100 

95 

0.05 

2.10 

- 1 .34  3 

4.^9 

3.7 

5.3 

97 

W.  Lebanon 
gravel  -  0.5  psi 
surcharge 

13.3 

15 

10 

30 

30 

0.67 

1.33 

0.39 

1.81 

3.7 

5.3 

97 

W.  Lebanon 
gravel  -  5.0  psi 
surcharge 

13.3 

15 

10 

30 

107 

0 

3.91 

-2.21  3 

5.28 

3.4 

5.2 

97 

W  Lebanon 
gravel  -  0.5  psi 
surcharge 

13.3 

15 

10 

100 

103 

0 

2.45 

-2.09  3 

5.12 

3.4 

4.9 

97 

that  confidence  limits  are  slightly  skewed.  To  derive 
a  meaningful  beta-distribution  it  was  necessary  to 
assume  a  lower  limit  a  that  was  negative  in  several 
cases.  Obviously,  the  lowest  possible  vaiue  of  frost 
heave  must  be  zero. 

Although  the  results  are  not  presented  here, 
parameter  variations  were  found  to  have  little  direct 
effect  upon  simulated  frost  penetration.  The  reason 
for  this  is  that  latent  heat  effects  dominate  the 
thermal  process  and  we  assume  that  the  thermal  coef¬ 
ficient  of  phase  change  is  a  constant  and  equal  to  the 
value  for  bulk  water.  The  computation  of  frost  pene¬ 
tration  is  influenced  by  the  amount  of  frost  heave 
estimated.  Thus,  an  error  in  computed  frost  heave 
will  influence  the  estimate  of  frost  penetration. 

A  non-uniform  soil  profile  situation  was  examined 
to  demonstrate  the  feasibility  of  modeling  a  layered 
soil  profile  as  an  averaged  uniform  profile.  Because 
we  have  not  conducted  laboratory  studies  of  non- 
uniform.  layered,  soil  profiles,  we  assumed  a  situation 
similar  to  the  case  represented  in  Table  4.  Slightly 
different  boundary  conditions  were  used  since  the 
computer  code  tor  the  layered  case  uses  a  somewhat 
different  boundary  condition  simulator.  Firs:  it  was 


3 A  minus  value  used  to  derive  beta  distribution  parameters. 

distribution  are  quite  similar,  suggesting  a  universal 
frequency  distribution  is  applicable  to  the  model  we 
are  employing.  An  a  of  about  3.5  and  a  d  of  about 
5.0  will  generally  reproduce  the  same  coefficient  of 
variation  tabulated,  using  the  correct  a  and  b  limits, 
wnh  only  a  minor  difference  in  results.  The  last 
column  of  Table  5  lists  the  smallest  percent  probabil¬ 
ity  that  the  computed  heave  will  lie  within  two 
standard  deviations  of  the  mean.  Recall  from  Table  4 

TA3LE  6 


Comparison  of  simulated  heave  for  non-umform  and  uniform 
soil  profiles  with  average  parameters  derived  from  non- 
uniform  profile 


Day 

Cumulative  frost  heave  (cm) 

Uniform  profile 

Non-uniform  profile 

5 

3.0 

2.1 

10 

3.1 

3.2 

15 

3.9 

3.9 

30 

4.4 

4.4 

35 

4.8 

4.3 

30 

5.0 

5.0 
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assumed  that  the  soil  profile  from  surface  down 
was  a  5  cm  layer  of  sandy  soil,  a  5  cm  layer  of  silty 
soil,  a  5  cm  layer  of  clayey  silt  soil,  and  finally 
a  30  cm  layer  of  silty  soil.  Representative  hydraulic 
parameters  were  applied  and  frost  heave  simulated  for 
30  days  of  real  time.  The  resulting  heave  was  com¬ 
pared  to  a  similar  simulation  using  exactly  the  same 
boundary  conditions  but  assuming  a  uniform  soil 
profile  with  hydraulic  parameters  about  equal  to  the 
average  of  those  used  in  the  layer  simulation.  The 
results  of  both  simulations  are  shown  in  Table  6.  In 
view  of  the  often  used  approximations  to  represent  a 
prototype  soil  profile  (i.e.  simplify  a  layered  soil  by 
assuming  a  homogeneous  uniform  soil  profile),  the 
results  of  Table  6  can  be  viewed  with  some  optimism. 
The  simulated  frost  depth  at  the  end  of  the  simula¬ 
tion  was  more  than  17  cm  below  the  original  ground 
surface  so  that  freezing  had  completely  penetrated 
through  the  first  three  layers  of  the  soil  profile. 
Both  results  are  almost  identical  and  the  non-umform 
variation  is  certainly  well-  within  the  confidence 
limits  shown  for  the  uniform  soil  parameter  variabil¬ 
ity  studies. 

DISCUSSION 

A  powerful  general  tool  is  offered  to  evaluate  the 
effects  of  parameter  variability  upon  deterministic 
computations  of  any  process  in  which  parameters 
have  a  known  variation.  The  method  was  applied  to 
the  frost  heave  simulation  or  analysis  problem. 

It  was  shown  that  thermal  parameter  variations 
had  a  less  important  effect  upon  simulated  frost 
heave  than  hydraulic  parameters.  The  reason  for  this 
is  that  thermal  processes  are  dominated  by  ;he  phase 
change  process. 

Table  5  indicates  that  the  most  important  param¬ 
eter  variation  is  hydraulic  conductivity.  For  gravels, 
the  coefficient  of  variation  of  frost  heave  will  about 
equal  the  coefficient  of  variation  of  unfrozen 
hydraulic  conductivity.  For  silts,  the  coefficient  of 
variation  for  simulated  frost  heave  will  be  less  than 
half  of  that  for  gravels  at  smaller  variations  of  un¬ 
saturated  hvdrauiic  conductivity  and  is  about  the 
same  as  for  gravels  at  larger  variations  of  unsaturated 
hydraulic  conductivity.  The  results  obtained  for  West 
Lebanon  gravel  with  a  5.0  lbf/in2  (34.5  kPa)  surcharge 


should  be  viewed  as  a  special  case  since  West  Leoanon 
gravel  is  marginally  frost-susceptible  and  a  5.0  lbf/in: 
surcharge  is  about  the  critical  pressure  to  restrain 
frost  heave  completely.  In  this  situation  frost  heave  is 
much  more  sensitive  to  parameter  variations  than 
when  the  system  is  only  moderately  restrained. 

It  appears  that  a  conservative  universal  approach 
to  defining  the  coefficient  of  variation  of  simulated 
deterministic  heave  would  be  to  use  an  assumed  coef¬ 
ficient  of  variation  for  hydraulic  conductivity,  use  an 
assumed  number  of  standard  deviations  of  vanation 
to  compute  the  lower  beta-distribution  bound,  use 
the  definition  of  mean  and  variance  of  the  beta-dis¬ 
tribution  as  defined  by  Harr  ( 1 977).  and  compute  the 
coefficient  of  variation  of  frost  heave  assuming 
o  =  3.5  and  (3  =  5.0.  One  could  safely  be  assured  that 
computed  heave  would  lie  within  two  standard 
deviations  with- a  95%  probability.  Such  a  computa¬ 
tion  would  not  apply  to  a  critically  restrained  soil. 

Comparing  the  simulation  results  to  Chamberlain’s 
(1980)  data  and  the  .Albany  County  .Airport  data  we 
have  collected  shows  some  striking  similarities.  If 
one  assumes  -3  and  +4  standard  deviations  for  the 
beta  distribution  minimum  and  maximum,  as  was 
assumed  for  simulated  heave,  similar  or  and  3  param¬ 
eters  for  the  beta-distribution  are  obtained.  For 
Chamberlain's  data,  a  =  3.6  and  3  =  5.2  were  obtained 
and  for  the  .Albany  County  Airport  data,  a  =  3.3  and 
3  =  5.4  were  obtained.  This  similarity  to  the 
simulated  frost  heave  results  suggests  a  strong  justifi¬ 
cation  for  our  results  and  our  contention  that  deter¬ 
ministic  solutions  alone  are  not  adequate.  A  probabil¬ 
istic  model  coupled  with  a  deterministic  model  is 
required.  Furthermore,  the  results  strongly  suggest 
that  the  deterministic  approach  advocated  ts  valid. 
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SUMMARY 

A  unifying  numerical  method  is  developed  for  solution  of  frost  heave 
in  a  vertical  freezing  column  of  soil.  Within  one  general  computer  code 
a  single  unifying  parameter  can  be  preselected  to  employ  the  commonly  used 
Galerkin  finite  element,  subdomain  weighted  residual,  or  finite  difference 
methods  as  well  as  several  other  methods  developed  from  the  Alternation 
Theorem.  Comparing  results  from  the  various  numerical  techniques  in  the 
computation  of  frost  heave  to  measured  frost  heave  in  a  laboratory  column 
indicates  there  is  little  advantage  of  one  numerical  technique  over  another. 

One  numerical  technique,  the  subdomain  nethid,  was  used  to  investigate  dis¬ 
cretization  errors.  The  model  is  relatively  insensitive  to  spatial  discretiza¬ 
tion  but  is  significantly  sensitive  to, temporal  discretization.  The  primary- 
reason  for  chis  is  that  an  updating  procedure,  rather  than  a  more  accurate 
iterative  procedure,  is  used  to  evaluate  nonlinear  parameters  that  arise  in 
the  moisture  transport  and  heat  transport  equations. 
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INTRODUCTION 


Guymon  ec  al  (1980)  and  Hopke  (1980)  review  much  of  the  recent:  efforts 
Co  develop  comprehensive  mathematical  models  of  frost  heave.  These  models 
can  generally  be  classed  as  conceptual  (or  deterministic)  models  which  are 
developed  from  physics  based  knowledge  or  assumptions.  Generally,  most  model¬ 
ing  efforts  include  a  simultaneous  computation  of  heat  and  moisture  transport 
in  a  freezing  soil.  Models,  however,  differ  significantly  in  the  manner  latent 
heat  effects  are  estimated  and  in  the  manner  ice  segrecation  is  assumed  to  occur. 

The  more  advanced  efforts  to  model  frost  heave  have  demonstrated  that  numerical 

/ 

modeling  is  a  feasible  cool  for  analysis  of  frost  heave. 

This  paper  will  examine  the  choice  of  a  numerical  analog  of  the  conceptual 
physics  based  equations  used  in  a  particular  model;  i.e.,  the  model  investigated 
by  Guymon  ec  al  (1980)  will  be  used  as  a  test  case.  In  order  to  systematically 
carry  out  this  purpose,  a  unifying  numerical  analog  is  developed  so  that  appro- 
j  priace  comparisons  between  numerical  methods  can  be  mace  using  identical  con¬ 
i'  outer  code.  Because  most  models  presented  in  the  literature  assume  the  same 

|  flow  equations,  the  results  presented  here  are  generally  applicable.  The  uni- 

i  • 

tying  numerical  method  Chat  will  be  used  is  the  ncdal  domain  integration  method 

which  represents  the  subdomain  integration  method  and  the  common  Galerkir. 
finite  elemenc  and  finite  difference  methods  by  the  specification  o:  a  single 
constant  parameter  in  the  resulting  spatial  discretization  matrix  system. 

The  nodal  domain  integration  method  has  been  developed  for  linearized  cne- 
dimensionai  transport  equations  (Hromadka  and  Guymon,  1981)  and  has  been 
extended  to  two-dimensions  using  linear  trial  functions  (Hromadka  ec  al,  19S1). 

i 

These  references  include  evaluation  of  numerical  errors  when  comparing  co  exact 
solutions.  Hromadka  and  Guymon  (1980)  examine  some  effects  of  linearizing 
nonlinear  equations.  In  this  paper,  the  nodal  domain  integration  method  is 
applied  to  a  non-linear  coupled  heac  and  moisture  transport  problem.  The 
application  of  nodal  domain  integration  to  such  problems  is  a  new  contribution. 


Furthermore ,  the  application  or  numerical  solution  techniques  to  che  frost  heave 
problem  is  a  rather  new  endeavor  and  one  aspect  of  the  problem,  the  choice  of 
numerical  technique,  deserves  examination. 

Previously,  Guymon  et  al  (1981)  discussed  model  errors  and  examined  in 
detail  errors  associated  with  parameters  of  a  deterministic  model  of  frost  heave. 
Four  arbitrary  groups  of  errors  were  identified: 

1.  Model  errors  including  numerical  analog  errors. 

2.  Spatial  and  temporal  discretization  errors. 

3.  Boundary  and  initial  condition  errors. 

/ 

4.  Parameter  errors. 

Numerical  analog  errors  may  be  investigated  in  simple  cases  by  linearizing 
a  problem  and  comparing  a  numerical  solution  to  an  analytic  or  so-called  "exact" 
solution.  In  the  case  of  our  multiparameter  model,  it  is  highly  nonlinear  and 
heat  and  moisture  transport  are  coupled  through  the  parameters  arising  from  the 
ccncepcuai  assumptions  employed.  Furthermore,  several  ancillary  equations  are 
used  to  estimate  parameters  and  processes  involved.  The  only  realistic  way  of 
evaluating  errors  is  to  compare  model  output  with  prototype  output.  This 
approach  is  highly  effective  in  this  case  where  lumped  frost  heave  represents 
or  integrates  all  the  complicated  processes  occurring  in  a  freezing  soil.  A 
set  of  data  obtained  in  Che  laboratory  for  Fairbanks  silt  is  used  for  comparison 
with  numerical  solutions. 

A  particular  deterministic  model  of  one-dimensional  frost  heave  in  a 
vertical  saturated  or  partly-saturated  soil  column  is  used  herein  (Guymon  et  ai, 
1980).  Details  of  this  model  will  not  be  repeated  here.  The  modeling  concept 
is  shewn  in  Table  1.  Symbols  used  in  this  table  are  defined  under  "Notation." 
Moisture  flow  in  a  partly-saturated  column  toward  a  freezing  frosc  is  assumed 
to  obey  continuity  and  Darcy's  law.  Sensible  heat  flow  in  both  the  frozen  and 
unforzen  zones  is  estimated.  Complicated  processes  in  the  freezing  zone  are 
lumped  into  an  assumed  isothermal  freezing  process.  This  process  controls  the 


race  and  magnitude  of  frost  heave  in  the  model  and  integrates  all  ocher  model 
processes . 

NUMERICAL  MODELING  APPROACH 

In  this  section,  the  nodal  domain  integration  numerical  method  is  briefly 
reviewed  for  the  reader's  convenience.  3y  using  the  subdomain  version  of  the 
ueighced  residuals  method  defined  on  subsets  of  a  finite  element  discretization 
(nodal  domains)  an  element  matrix  system  is  derived  similar  to  the  element 
matrix  system  de /eloped  for  a  Galerkin  finite  element  analog.  The  nodal  domain 
integration  element  macrix  system  is  found  to  be  a  function  of  a  single  para¬ 
meter  where  the  Galerkin  finite  element,  subdomain  integration,  and  finite  dif¬ 
ference  mechods  are  represented  as  special  cases.  Consequently,  the  ceveicpmen 
of  a  numerical  model  based  on  the  nodal  domain  integration  method  also  results 
in  a  numerical  model  based  on  che  more  popular  Galerkin  finite  element,  sub- 
domain  integration,  and  finite  difference  methods. 


A(C) 


with  boundary  condition  types  of  Dirichlet  or  Neumann  specified  on 
boundary  T.  A  n-nodal  point  distribution  can  be  defined  on  with 

ry  density(Fig.  1)  such  that  an  approximation  C  for  C  is  defined 


arbitra 


where  N.(x)  are  Che  usual  linearly  independent  global  shape  functions  (Zienxievict , 

1977)  and  C.  are  values  of  the  state  variable,  C,  at  nodal  points  j. 

1 

In  Eq.  2  it  is  assumed  that 
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A  cover  of  Q  is  defined  by 
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where  a  closed  connected  subset  R.  is  defined  tor  each  noda^  pcir.t 
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vnere  x.  is  the  spatial  coordinate  of  node  j,  and  3.  is  the  boundar 
j  1 

subdomain  R. .  It  is  also  assumed  that 


or 


R.'  'R.  =3.  3, 
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The  subdomain  version  of  the  finite  element  method  of  weighted 

* 

approximates  Eq.  1  on  H  by  solving  the  n  equations 
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A  second  cover  of  f.  is  given  by  the  usual  finite  element  ciscrecioatior 
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vnere  71^  is  Che  closure  of  finite  element  sne  its  boundary 


A  sec  of  nodal  domains  is  oefined  for  each  finice  eiemenc 
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where  is  the  set  of  nodal  point  numbers  defined  by 
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Thac  is,  S  is  the  nodal  point  numbers  associated  with  .  Th 


e  subdomain 


.ncegraticn  numerical  model  of  Eq.  8  car.  be  rewritten  in  che  terms  of  the 
subdomain  cover  of  ?,  bv 


:  (A  (C)  -  f)  w.dx  =  (A  (C)  -  f)  dx 
J  ] 

H  R. 

J 

»ith  respecc  to  che  finice  element  discretization  of 


(A  (C)  -  f)  d:<”=  !  (A  (C)  -  f)  dx 

r  .  ur.e 


wr.ere  cor  each  rinite  element  domain 


;a  (c)  -  f)  dx  =  ;  (a  (o  -  f)  dx. 


From  Eq.  15,  the  subdomain  method  of  weighted  residunls  determines  an 

element  matrix  system  for  each  finite  element  .1 e  by  che  intecracion  of 

the  goverr.iag  equation  on  each  member  of  che  nodal  domain  cover  The 

-.6 

spatial  definition  of  each  nodal  domain  depends  on  the  definition  of 
both  the  finice  element  and  subdomain  discretization  of  f. ,  and  is  therefo 
somewhat  arbitrary.  A  convenient  criterion  is  to  define  the  nodal  domains 
such  that  the  resulting  finice  elemenc  macrix  svseem  is  s'-mnec rcc  .  This 
symr.ecric  oroperev  is  used  for  che  definicion  of  me  suedom.-.m  cover  R. 


..  cn  roe  ro..owcnc  model  cevexeomer.t  or  an  or.e— d  :m<. ion;. .  aav*.;  C  cor 


diffusion  type  process.  Extension  of  the  one-dimensional  nodal  domain  inte¬ 
gration  procedure  cc  two-dimensional  problems  are  contained  in  'Hromadka  et 
1931)  . 

The  government  heat  and  soil  vacer  flow  equations  can  be  written  in  the 
operator  relationship 


3  —  3C  —  3  3C  1 

A  (C)  -  f  - - j  k,  —  ; - [k,  C]  -  k,  —  ;  x  £  r.  j-  (16) 
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wr.era  all  parameters  are  assumed  to  be  continuous  in  and 

where  for  the  heac  flow  process  k  =  thermal  conductivity;  k,  =  C  V 

1  -  -JJ 

k,  =  C  ;  and  C  =  z emueracure ,  T.  For  the  soil  water  flew  ccuation  k  =  K,  : 

3  *  1  d 

3  0  , 

.<„  *  0;  k  =  tt-"  and  C  =  The  ice  content  tenns  of  both  flow  orocesses  are 

-  2  3  J 

n.oc  needed  in  Eq.  16  due  to  the  isothermal  phase  change  approximation,  used 

by  Cuymon  et  al  (i930).  Therefore,  Eq .  15  is  solved  for  heat  and  soil  water 

processes  during  a  small  timescep  It;  then,  the  computed  values  of  unfrozen. 

water  content,  ice  content  and  temperature  are  recalculated  to  accommodate 

isothermal  phase  change  cf  available  soil  water.  Substituting  the  operator 

relationship  of  Eq.  16  into  the  integration  statement  cf  Eq.  15  gives  an. 

6 

element  matrix  system  for  finite  element  n 

r  '  3  —  30  —  3  3C  > 

j  p(~  'k:  “  "  7"  [k2  C1  ’  k3  7"  5  dxV  =  j  £  Se 
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Expanding  Eq.  17  gives  the  element  matrix  components  for  the  ccn.d_:t.  • 
vection,  and  mass  terms  of  the  operator  relationship 
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The  first  matrix  term  of  Eq.  18  cancels  due  to  flux  contributions  from  neigh¬ 
boring  finite  elements  or  satisfies  zero  flux  (Dirichlec)  boundary  conditions 

♦  . 

on  T.  In  order  to  develop  the  element  matrices  for  2  from  Eq.  18,  a  defini¬ 
tion  of  a  subdomain  and  finite  elemenc  discretization  of  domain  Cl  is  required. 

A  cover  of  spatial  domain  Cl  is  given  by  the  set  of  n  closed  connected 

subdomains  R.  defined  by 
J  J 

Rj.  =  (x|  0  *  x1  <  x  <  (x1+x2>/2} 

R2  =  {xj  (xt+  x2)/2<  x  _<(x2  +  x3)/2}  (19) 

R  =  {xj  (x  »+x)/2<x<x  »  L> 
n  n-1  n  —  n  1 

where  x.  is  the  soatial  coordinate  associated  to  nodal  ooint  value  C..  In 
J  J 

Eq.  19,  represents  nodal  point  values  of  temperature  and  total  hydraulic 

head  for  the  heac  and  soil  water  flow  equations,  respectively.  In  the 

following,  the  definition  of  the  subdomain  discretization  of  given  in  Ec .  19 

will  be  shown  to  result  in  symmetrical  element  conduction  and  element  mass 

matrices. 

The  finite  element  discretization  of  domain  Cl  is  assumed  to  be  composed 
of  one-dimensional  elements  defined  by 

ci1  =  (x|x1  <  x  «;  x2> 

Cl2  =  {x|x2  <  x  <  x3>  (20) 

f:n  1  =  {xjx  .<  x  <  x  } 

1  n-1  n 

The  nodal  domain  cover  of  global  domain  H  is  defined  by  the  intersection  o 
Che  finite  element  and  subdomain  covers  of  Cl  (Fig.  2) 

Cl[  5  {xjxt  <  x  <  xl/2} 

Q2  =  {xjxj^/2  <  x  <  x2) 

nn  1  =  { x j (x  .+  x  )/2  <  x  <  x  } 
n  1  n-1  n  n 


(21) 


For  che  assumed  finite  element  discretization  of  ft,  the  element  macrix  system 

0 

for  the  finite  element  ft  is  given  from  Eq.  18  as 
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(22) 


where  for  an  interior  finite  element  (e  #  l,n-l),  S  *  (e,e+l}.  Thus,  Eq.  22  can 


be  rewritten  for  an  interior  ft  and  an  assumed  linear  trial  function,  C,  on  ft 
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where  the  second  term  of  Eq.  22  cancels  due  to  neighboring  finite  elements. 

Kromadka  and  Guymon  (1981)  show  that  for  a  first  order  polynomial  trial  function 
C  for  the  state  variable  C  in  each  finite  element,  and  for  che  assumed  defini¬ 
tions  of  the  subdomain  and  finite  element  discretization  of  problem  domain  ft, 
the  Galerkin  finite  element,  subdomain  integration,  and  finite  difference  numerical 
analogs  can  be  represented  by  a  single  element  matrix  system  similar  to  Eq.  23 
for  finite  element  fte 
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where  n  »  (2,3,°°)  gives  the  Galerkin  finite  element,  subdomain  integration, 
and  finite  difference  models,  respectively.  In  Eq.  24,  the  nonlinear  para¬ 
meters  (kj ,  k2 ,  k3)  are  assumed  constant  for  a  small  duration  of  time  ut; 
is  the  length  of  finite  element  ft6;  and  is  the  nodal  point  value.  Generally, 
convection  is  assumed  to  be  negligible  in  Eq.  24  and  the  k2  parameter  is  set  to 
zero.  For  chis  study,  however,  convection  is  maintained  but  approximated  as  a 


constant  for  a  small  duration  of  time  Lt. 


From  Eq.  24,  a  single  model  can  be  developed  which  can  represent  the  Galerkin 
finite  element,  subdomain  integration,  and  finite  difference  methods  for  approxi¬ 


mating  the  governing  heat  and  soil  water  flow  equations.  The  method  of  linear¬ 
izing  the  governing  flow  equations  is  to  assume  all  nonlinear  parameters  to  be 
constant  during  a  small  timestep  At.  From  the  above,  the  element  matrix  system 
used  to  approximate  the  governing  flow  equations  in  finite  element  Qe  becomes 


'  %f  3C  1 


where  {C  ,  C  ,}  are  temporally-averaged  nodal  values  during  timestep  At.  The 
e  1 

Crank-Nicolson  time  advancement  approximation  can  be  used  to  integrate  Eq.  25 
with  respect  to  time  giving 


At 

(H.  (n>  +  —  c) 
2  ' 


c(k+l)At 


At 

(H  (n) - G)  C ^ 

2  *■  ~ 


SAt 


(2b) 


where  C  is  the  vector  of  nodal  point  values  at  time  (k+L)lt  and  kAt;  £  is  an 
—  *  *• 

£ 

assumed  constant  value  for  convection  in  71  during  timestep  At;  and  the  element 
matrices  are  given  by 


H  (h) 
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2(n+!)  L1  rL 
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Itronadka  and  Guynon  (1981)  also  examined  two  methods  cf  approximating  a 
higher  order  or  more  complex  family  of  trial  functions  by  a  linear  polynomial 
trial  function.  One  method  used  the  Alternation  Theorem.  (Cheney,  1966)  to 
determine  an  optimum  linear  polynomial  estimate  of  a  higher  order  approximator . 


Using  an  adjusted  linear  trial  function  C  approximation  of  a  higher  order 

A 

trial  function  C  approximation  of  the  state  variable  C  in  each  finite  element 
J*  (Fig,  3),  it  was  shown  that  the  gradient  terms  due  to  conduction  were  given 
by  Eq.  27,  but  the  integrated  mass  matrix  term  was  given  by  Eq.  28  with  values 
of  n  depending  on  the  function  definition  of  C.  For  example,  given  a  sinusoidal 
trial  function  C  in  each  (1  ,  an  optimum  linear  approximation  C  of  C  in  (2  results 
in  a  value  of  n  *  3.9.-  For  a  parabola  trial  function  C  in  ,  Eq.  28  is  deter- 
mined  to  be  given  by  n  ■  7  when  C  is  approximated  by  a  linear  trial  function 
in  each  Q  .  Additionally,  by  assuming  C  to  be  given  by  second  order  polynomials 
in  each  subdomain  R^ ,  integration  of  the  governing  flow  equations  result  in  n  *  11. 
The  various  submethods  of  the  nodal  domain  integration  concept  (using  the 
Alternation  Theorem)  derived  to  date  are  listed  in  Table  2. 

A  second  method  of  approximating  a  higher  order  or  more  complex  family 
of  trial  functions  C  for  the  state  variable  C  is  by  use  of  correction  functions 
for  both  the  integration  and  differentiation  of:C  in  each  subdomain  R^ .  This 
approach  was  found  to  give  the  best  numerical  accuracy  for  the  problems  tested, 
and  resulted  in  a  numerical  statement  similar  to  Eq.  26  but  with  r,  a  function 
of  time,  and  variable  between  finite  elements.  This  approach  is  reviewed  in 
che  following: 

Let  C  be  a  linear  approximation  function  of  a  higher  order  approximation 

At  — 

C  of  C  in  an  interior  subdomain  R^  where  the  spatial  gradients  of  C  on  are 
defined  by 
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A  spatial  gradient  adjustment  function  h(x,t)  is  defined  by 
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fti  3, ,  define 
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k.  h  «  A(t) ;  k£t<t<(k+l)At 

(33) 

such  that 

A(k£t+s) 

00  # 

=  l  A(l)(kAt)  —  ;  0<£<At 
i-0  i! 

(34) 

where  (i)  represents  the  i-th  order  temporal  partial  differential  operator. 
Then 
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A  function  n(t)  is  defined  by 
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where  Z  -  | j  R. j |  ,  and 


n(e)*-l 


(36) 


(37) 


The  value  of  n*3  in  Eq.  36  corresponds  to  a  first  order  polynomial  C  function 
subdomain  approximation  for  C,  whereas  r,(t)  *  2  corresponds  to  a  Galerkin  finite 
element  model,  and  r>(t)  *  00  determines  a  finite  difference  model. 

The  C  approximator  is  also  defined  to  have  the  property 


f  _  ( 

:  C  dx  =  |  C  dx,  n(t)  jt-1 


(38) 


Substituting  Eqs.35  and  36  into  Eq.22  gives  the  modeling  statement  (for  convection 
S  quasi-constant  during  timestep  It) 
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where  C.  ■  C . (kAt+£c) ;  C!  *  C.(kAt);  and  where  k3  is  assumed  uniform  in  R.,  and 
3  3  3  3  3 
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Integrating  the  conduction  term  in  Eq.  39  on  ft  gives 
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The  nodal  domain  integration  element  matrix  system  similar  to  Eq.  2 6  is  given 
by 
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and  where  n 


r(kAt+At),  h  "  h(kAt),  4  *  ||fte';|,  and  X  is  the  midpc 


tr.t  o : 


RESULTS 


The  numerical  models  of  Eqs.  26  and  42  were  used  to  solve  che  governing 
heat  and  soil  water  flow  equations  as  used  in  the  Guymon  et  al  (1980)  frost 
heave  model.  Since  the  only  variation  of  the  numerical  model  required  to 
determine  a  Galerkin  finite  element,  subdomain  integration,  finite  difference, 
or  nodal  domain  integration  analog  is  the  adjustment  of  the  n  term  in  Eq.  26, 
a  single  computer  code  may  be  used.  As  a  result  variability  normally  inherent 
between  computer  programs  is  entirely  eliminated,  giving  a  precise  comparison 
of  numerical  methods.  A  Fairbanks  silt  vertical  soil  freezing  column  test 
as  described  in  Berg  et  al  (1980)  is  used  as  the  test  case  for  determining 
che  sensitivity  of  che  frost  heave  model  to  the  method  of  numerical  simulation. 
The  laboratory  test  used  is  for  a  soil  column  freezing  case  in  which  frost 
penetrated  at  an  approximately  uniform  rate  until  a  depch  of  15  cm  was  reached 
at  about  25  days  after  initiation  ..of  the  test.  Frosc  heave  proceeded  at  a 
more  or  less  uniform  race  during  this  rest.  During  the  test  all  components  of 
the  system  were  in  a  dynamic  state. 

Using  identical  problem  initial  and  boundary  conditions,  a  twenty-five 
day  duration  compucer  simulation  was  made  varying  timestep  and  element  dis¬ 
cretization  magnitudes  as  well  as  varying  constant  values  of  p  given  in  Table  2. 
Values  of  cimesteps  used  in  the  temporal  numerical  integration  (Crank-Nicoison 
time  advancement  approximation)  are  At  =■  (0.1,  0.2,  0.4,  1.0,  2.0  hours). 
Constant  finite  element  sizes  used  are  Ax  =  ||ne||  -  (y,  1,  1.5,  3.0  cm).  For 
each  combination  of  (Ax, At)  values,  constant  value  of  n«(2, 3,5.9 ,7 ,11,10300) 
were  tested  representing  a  linear  trial  function  Galerkin  finite  element,  sub- 
domain  integration,  nodal  domain  integration  linear  approximation  of  a  sinu¬ 
soidal  and  parabola  trial  function,  subdomain  integration  model  of  parabola 
trial  function,  and  finite  difference  numerical  analogs,  respectively. 


Figure  4  shows  che  results  of  varying  timestep  and  spatial  discretization 
using  che  sudomain  method  (n*3).  Simulated  heave  is  compared  to  measured  heave 
for  a  laboratory  column  and  error  in  percent  is  computed  by  taking  che  difference 
and  dividing  by  measured  heave  after  25  days.  Similar  results  to  Fig.  4  are 
obtained  for  shorter  durations  of  time.  As  can  be  seen,  there  is  slight  sensi¬ 
tivity  Co  spatial  discretization,  and  marked  sensitivity  to  timestep  size  for 
advancing  Che  solution  in  time.  A  timestep  of  about  0.5  hr.  gives  the  best 
result.  It  is  important  to  note  that  the  method  proposed  by  Guymon  et  al  (1980) 
uses  a  simple  updace  procedure  to  adjust  nonlinear  parameters  rather  chan  a 
possibly  more  accurate  iteration  procedure  normally  employed  with  nonlinear 
equations . 

Table  3  compares  computed  frost  heave  for  a  timestep  size  anc  update  fre¬ 
quency  of  2  hours  and  a  spatial  uniform  discretization  of  3  cm.  Results  shown 
in  Table  3  are  typical  of  results  obtained  using  choice  of  different  timesteps 
and  mesh  sizes.  As  can  be  seen  there  is  initially  some  sensitivity  in  the 
numerical  method;  however  after  10  days,  differences  between  numerical  methods 
are  slighc.  Errors  associated  with  the  choice  of  numerical  model  for  the  cne- 
dimensional  problem  considered  here  are  much  less  than  errors  introduced  by 
parameter  uncertainty  (Guymon  et  al  1981)  and  by  boundary  condition  uncertainty. 

CONCLUSIONS 

A  frost  heave  model  is  examined  in  an  effort  to  determine  the  sensitivity 
of  predicted  frost  heave  values  to  the  choice  of  numerical  method  used  to  solve 
the  governing  heat  and  soil  water  flow  equations.  A  computer  code  based  on  the 
nodal  domain  integration  method  accommodates  several  other  numerical  analogs  by 
the  specification  of  a  single  constant  parameter  n  in  the  resulting  element 
matrix  contributions;  consequently,  sensitivity  of  the  frost  heave  model  to 
che  method  of  numerical  simulation  can  be  determined  by  the  variation  of  the 
single  parameter  r. 


From  che  simulation  results,  Che  Guymon,  ec  al  frost  heave  model  shows 
negligible  sensitivity  to  che  numerical  approach  used  to  solve  the  governing 
flow  equations.  Although  sensitivity  is  observed  initially  for  a  large  time- 
step  choice,  all  frost  heave  evolution  curves  are  found  to  merge  at  the  end  of 
the  twenty-five  day  simulation.  Since  freezing  soil  problems  are  generally 
subjected  to  freezing  temperatures  for  durations  in  excess  of  twency-five  days, 
it  is  concluded  that  negligible  sensitivity  occurs  due  to  che  numerical  approach 
chosen  to  model  the  heat  and  soil-water  flow  equations  in  the  considered  frost 
heave  model.  One  numerical  method  is  as  good  as  another.  Variations  between 
che  variously  proposed  models  (e.g.  as  reviewed  by  Hopk.e,  1980)  will  primarily 
depend  upon  efficiency  of  code  and  user  orientated  features;  there  seems  to  be 
little  point  in  debating  the  virtues  of  a  particular  numerical  method.  We  con¬ 
clude  chat  modeling  errors  that  can  be  associated  with  model  choice  (Eq,  1) 
will  primarily  be  related  for  che  choice  of  governing  equations  and  ancillary 
assumptions  used  in  a  model.  Whether  we  can  definitely  isolate  errors  as¬ 
sociated  with  the  choice  of  such  equations  and  assumptions  will  depend  on  our 
ability  to  isolace  the  other  errors  we  have  identified. 

The  type  of  model  investigated  by 'Guymon,  et  al  (1980)  shows  minor  sensi¬ 
tivity  to  spatial  discretiation  while  there  is  significant  sensitivity  to 
temporal  discretization.  This  is  largely  due  to  the  nonlinear  nature  of  the 
problem  we  are  dealing  with  and  the  updating  method  of  adjusting  nonlinear 
problems.  True  iterative  techniques  would  probably  show  less  sensitivity 
to  temporal  discretization  but  would  require  considerably  more  solution  time. 

Our  results  suggest  that  solutions  are  reasonably  bounced.  Consequently, 
the  fact  that  our  model  does  not  account  for  all  processes  occurring  at  the 
freezing  front  is  not  a  significant  concern  from  an  engineering  applicability 
criterion.  Provided  boundedness  can  be  defined,  the  model  can  be  employed 
with  a  certain  level  of  confidence  in  the  statistical  sense. 
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NOTATION 


The  following  symbols  are  used  in  this  paper: 

A(  )  =  partial  differencial  operator 

C  =  volumetric  heat  capacity  of  soil-water-ice  mixture 
m 

=  volumetric  heat  capacity  of  water 
=  Darcy'  hydraulic  conductivity 
K_j»  =  Thermal  conductivity  of  soil-water-ice  mixture 
n  =  number  of  nodal  points 


NjOO 


shape  function 

finice  element  capacitance  matrix 


finite  element  stiffness  matrix 


It  =  timestep  of  numerical  temporal  integration 
T  =  temperature  of  soil-water-ice  mixture 

C  =  state  variable,  i  or  T 

v  =  Darcy  flux 

x  =  spatial  coordinate 

Q  =  total  hydraulic  head,  =  :!>-x  (x  measured  downwards) 

p  =  pore  water  pressure  head 

H  =  global  domain  of  definition 

=  finite  element  domain 

R.  =  subdomain 

J 

^  0 

•i.  =  nodal  domain 

T 

J 

T  =  boundary  of  global  domain 

„  0 

.  =  finite  element  boundary 

rf  *  nodal  domain  boundary 

3.  =  subdomain  boundary 

j 

£  *  cuasi-conscant  value  of  convection  term  during  timestep  it 


-  •  -r 


X 


coordinate  downward 


t 


T  - 


•v 

‘L 

V 

o 


0  = 
o 


3 

n 


e 


u 


9.  = 

i 


P 


i 


*T  = 


K  = 
w 


K  » 
s 

C  * 

31 

c.  - 

1 

c  - 

w 


C 

s 


t  « 


time 

temperature 

freezing  point  depression  of  water 

soil  surface  temperature  boundary  condition 

column  bottom  temperature  boundary  condition 

pore  water  pressure  in  hydraulic  head  units 

column  bottom  pore  pressure  boundary  condition 

surcharge  plus  overburden  pressure  expressed  as  hydraulic  head 

porosity 

volumetric  unfrozen  water  content  factor 

volumetric  unfrozen  water  content 

volumetric  ice  content 

density  of  ice 

density  of  liquid  water 

lacent  heat  of  fusion 

hydraulic  conductivity 

* 

thermal  conductivity  of  soil-water-ice  mixture 
thermal  conductivity  of  ice 
thermal  conductivity  of  water 
thermal  conductivity  of  soil 

volumetric  heat  capacity  of  soil-water-ice  mixture 

volumetric  heat  capacity  of  ice 

volumetric  heat  capacity  of  water 

volumetric  heat  capacity  of  soil 

length  of  finite  volume  of  soil 


k 


timestep  increment  number,  k  >  Q. 


k.  ,  k7,  k.  *  nonlinear  operator  parameters 

t  _  J 

I  54  length  of  subdomain 

t  *  length  of  finite  element 

C  *  scace  variable 

I 

C  *  higher  order  trial  function 

C  *  linear  polynomial  trial. function 

C  =  nodal  point  values  of  state  variable  C  at  node 

*  C*  -  C . (kAt+it) 

i  2 

c:  *  C. (kit) 

J  1 


Table  2.  Nodal  Dotaain  Integration 
n-factor  Representations 


n  factor 


Numerical  Method 


2 

3 


5.9 


7 


11 

00  (e.g. , 


Galerkin  finite  element  (linear  trial  function) 
Subdomain  (linear  trial  function) 

Linear  trial  function  approximation  of  sine  function 

Linear  trial  function  approximation  of  parabolic 
function 

Subdomain  (Second  order  polynomial  trial  function) 
10,000)  Finite  difference 


Table  3.  Comparison  of  Results  for 
Various  Numerical  Methods 
(Timesjep  •  2  hr, Ax  *  3cm) 


Cumulative  Frost  Heave  for  Indicated  Dav 


n 

5 

10 

15 

20 

25 

2 

.61 

2.22 

2.85 

3,52 

4 . 46 

3 

.66 

2.26 

2.88 

3.52 

4.46 

7 

.72 

2.29 

2.90 

3.49 

4.44 

11 

.74 

2.29 

2.90 

3.48 

4.43 

CO 

.77 

2.29 

2.90 

3.46 

4.41 
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TECHNICAL  NOTE 

A  NOTE  ON  APPROXIMATION 
OF  ONE-DIMENSIONAL  HEAT  TRANSFER 
WITH  AND  WITHOUT  PHASE  CHANGE 

T.  V.  Hromadka  II  and  G.  L.  Guymon 

Department  of  Civil  Engineering,  University  of  California, 

Irvine,  California  92717 

,4  numerical  model  is  developed  for  the  one-dimensional  heat  transfer  equation  with 
and  without  phase  change.  The  numerical  mode I  is  based  on  the  nodal  dimain  integra¬ 
tion  method,  which  can  represent  the  well-known  integrated  finite-difference  method, 
the  subdomain  integration  and  Galerkin  weighted  residual  methods,  and  an  infinity 
of  other  finite-element  lumped-mass  models  by  the  single  numerical  analog.  A  variable- 
order  polynomial  trial  function  is  used  to  approximate  the  temperature  within  each 
finite  element.  Accurate  solutions  were  obtained  for  the  test  problems  considered, 
and  the  computer  model  requirements  are  small,  allowing  the  numerical  model  to  be 
accommodated  with  a  hand-held  programmable  calculator. 


INTRODUCTION 

The  technique  of  solving  partial  differential  equations  (PDEs)  by  numerical  approx¬ 
imation  is  becoming  increasingly  attractive  with  the  greater  availability  of  digital  com¬ 
puters  such  as  current  mini-  and  microcomputers.  For  some  specialized  problems,  numeri¬ 
cal  approximation  is  feasible  for  even  hand-held  programmable  calculators. 

In  this  paper  a  numerical  model  of  the  well-known  one-dimensional  parabolic  PDE 
that  mathematically  describes  heat  transfer  is  developed.  The  governing  PDE  is  assumed 
to  be  expressed  by 


where  0  is  the  dependent  variable,  temperature;  x  and  f  are  space  and  time;  and  K  and  C 
are  the  thermal  conduction  and  capacitance  terms,  respectively,  both  assumed  constant 
in  global  domain  £2.  A  sophisticated  version  of  Eq.  (!)  including  isothermal  phase  change 
of  soil  moisture  in  a  freezing  soil  is  also  considered  in  this  paper. 

A  review  of  the  literature  showing  the  current  trends  in  numerical  approximation 
of  moisture  phase  change  problems,  such  as  the  well-known  Stefan  problem,  is  contained 
in  Lynch  and  O’Neill  [1]  and  will  not  be  repeated  here.  Usually,  either  the  Galerkin 
finite-element  method  or  an  integrated  finite-difference  method  is  used  to  numerically 
solve  the  governing  PDE.  In  other  papers,  soil  moisture  and  heat  transport  models  based 
on  the  control  volume  or  subdomain  integration  method  have  been  found  to  produce 
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more  accurate  results  than  the  Galerkin  finite-element  method  (Hromadka  and  Guymon 
[2] ,  Narasimhan  and  Witherspoon  [3] ,  Narasimhan  et  al.  [4] ,  Baiiga  3nd  PatanJcar  [5] ). 
Hromadka  and  Guymon  [2]  examine  the  various  numerical  approaches  and  conclude 
that  for  problems  where  analytical  solutions  exist,  the  approximation  ercor  is  not  mini¬ 
mized  by  any  of  these  approaches.  In  fact,  they  show  that  to  minimize  the  approxima¬ 
tion  error,  the  method  of  numerical  solution  must  change  as  the  simulation  progresses 
in  modeled  time. 

Using  the  nodal  domain  integration  method,  Hromadka  and  Guymon  [2]  develop 
a  finite-element  matrix  system  that  can  represent  the  Galerkin,  subdomain  integration, 
and  integrated  finite-difference  methods  by  the  specification  of  a  single  mass  weighting 
factor.  For  a  linear  trial  function  estimate  within  each  finite  element,  the  resulting 
element  matrix  systems  for  each  of  the  above  numerical  approaches  are  identical  except 
for  a  variation  in  mass  weighting  of  the  element  capacitance  matrix.  Consequently,  a 
unifying  numerical  analog  is  easily  developed  and  is  expressed  by 

a'(jj) = s  v + (2) 

where  A*  is  the  finite-element  matrix  system  for  the  approximation  of  Eq.  fl)  in  local 
element  12';  0'  and  0*  are  the  element  nodal  state  variable  values  and  time  derivative  of 
nodal  state  variable  values;  and  S'  and  P'(rj)  ate  element  matrices  defined  by 


where  /'  is  the  length  of  element  12'  and  rj  is  a  mass  weighting  factor.  From  Eq.  (2),  the 
Galerkin,  subdomain  integration,  and  integrated  finite-difference  methods  are  given  by 
tj  =  (2,  3,  *>),  respectively. 

Thus  it  is  seen  that  from  Eq.  (2)  an  infinite  of  mass  weighting  models  exist.  How¬ 
ever,  no  single  mass  weighting  model  (including  Gaierkin.  finite  difference,  and  sub- 
domain  integration)  provides  the  best  numerical  approximation.  The  optimum  definition 
of  17  that  minimizes  the  approximation  error  is  a  function  of  time,  such  that 

A'(ti)  =  /le[hfr))  (5) 

In  this  paper  a  modification  of  the  unifying  nodal  domain  integration  model  of  Eq.  (2) 
is  used  to  numerically  approximate  the  two-phase  Stefan  problem  as  defined  for  a 
freezing  soil.  The  definition  of  the  model  mass  weighting  factor  is  given  by  the  integration 
of  a  variable-order  polynomial  trial  function  within  each  finite  element.  Because  the 
proposed  trial  function  family  can  approximate  both  smooth  and  steep  function  surfaces, 
the  number  of  necessary  finite  elements  is  reduced,  and  this  significantly  reduces  com¬ 
puter  memory  requirements. 
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GOVERNING  EQUATIONS 

A  two-phase  Stefan  moving-boundary  problem  in  a  freezing  soil  is  defined  by 


C, 


3f 


JLr 

3a  K'  dx 


in./?t 


,  3T_  3_  „  3  T 
z  dt  ~  dx  K-  dx 


in 


(6) 


where  Ct  and  K,  are  the  volumetric  heat  capacity  and  thermal  conductivity  of  frozen 
soil  and  Cj  and  /f2  are  the  appropriate  unfrozen  thermal  parameters.  The  problem 
domain  of  definition  is  divided  into  the  regions  R\  and  R?  by  a  moving  boundary  S, 
defined  by 


(7) 


where  L  is  the  volumetric  latent  heat  of  fusion  of  the  soil  water  available  for  freezing. 

The  one-dimensional  freezing  soil  problem  is  further  defined  by  the  boundary 
conditions  of  a  freezing  and  subfreezing  temperature  imposed  on  respective  ends  of  the 
problem  domain,  with  the  initial  condition  of  the  soil-water  mixture  being  specified  at 
a  thawed  temperature. 

Without  phase  change,  the  governing  heat  equations  can  be  reduced  to  the  well- 
known  normalized  problem  with  conditions 


?(f  =  0)  =  1  0«.r<l 

(S) 

$(.x  =  0,  t  >  0)  =  ?(x  =  l,r>0)  =  0 

where  J  is  a  normalized  variable  substitution  for  the  dependent  variable  temperature, 
and  the  problem  domain  of  definition  is  redefined  as  {x :  0  <  x  <  1 }. 

Both  heat  transfer  problems  described  above  will  be  modeled  by  the  numerical 
methods  presented  in  the  following  sections.  For  the  normalized  heat  transfer  problem 
with  conditions  of  Eq.  (8).  symmetry  is  used  to  redefine  the  problem  with  a  zero-flax 
(Neumann)  boundary  condition  at  the  midpoint  of  the  domain,  and  then  one  finite 
element  is  used  to  approximate  the  temperature  profiles  as  the  solution  progresses  in 
time.  For  the  two-phase  Stefan  problem,  specified  boundary  temperatures  (Dirichlet) 
at  the  endpoints  of  the  problem  and  at  the  freezing  front  are  used  as  follows: 

T=TF  x  =  0  ) 

T=TV  .¥  =  »  7><0°C<7V>  (9) 

T=  Tv  t  =  0  ) 

where  the  freezing  point  temperature  is  0°C.  For  the  phase  change  problem,  two  finite 
elements  are  used  with  nodal  points  defined  at  the  freezing  front  and  at  x  =  -'0.  .x0}, 
where  x0  is  arbitrarily  large  to  approximate  the  second  condition  stated  in  Eq,  (9). 
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The  trial  functions  < p*  to  be  used  in  each  local  finite  element  Cl*  are  the  two  fami¬ 
lies  defined  on  0*  by 


0*3  jjV.tf +:V,#  ~  <0 


30* 

j;>0 


where  the  {Nit  A/,}  trial  function  family  depends  on  whether  there  is  accumulation  of 
heat  within  the  finite  element  Cl*  and  the  subscripts  denote  a  concave-down  or  concave-up 
function.  The  definitions  of  [Nj,  M()  used  are 

[A'.^V;]  =  [(I  -yn),yn)  (11) 

[Af,  =  id  -?r,  i  -d  -m  d2) 

where  y  is  a  finite-element  local  coordinate  for  a  two-endpoint-node  element  with  nodes 
at  y  =  (0,  1).  The  order  n  of  the  shape  functions  is  determined  by  the  numerical  model 
as  part  of  the  problem  solution.  Consequently,  knowledge  of  the  nodal  values  and  the 
order  of  the  trial  function  polynomial  gives  a  significantly  better  estimate  of  the  solution 
interior  to  each  finite  element  than  is  obtained  by  the  linear  trial  functions  often  used. 


NUMERICAL  METHOD 

The  local  element  matrix  systems  for  finite  element  Cl*  are  given  by 

m)z:i  rr**f** 

\(Kte)  Ze)  J  A’i  dy  J  ,V;  dy 


where  *  indicates  the  evaluation  of  flux  at  finite-element  boundaries  and  Ze  is  chosen 
such  that  P*  is  symmetric.  That  is. 


defines Zt  for  each  local  finite  element  Cl*. 
From  Eq.  (13), 


ft  1 

Ze  -  — —  :  ;V.  familv  Z.  =  — —  :  Mt  family 
n  + 1  •  *  n  +  \  1 


04) 
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where  n  is  the  order  of  the  ,V,  shape  function  family.  For  the  Ar,  trial  functions  the  van- 
able  lumped-mass  capacitance  matrix  is  given  by 


d*  (n~a)  a 

a  (1  —  a) 


a  =  Z 


n*\ 

e 


05) 


The  conduction  matrix  is  also  a  function  of  time  and  is  given  by 


Kn(n/n  +  l)"-* 

l* 


(16) 


where  for  nonlinear  problems  K  is  the  thermal  conductivity  evaluated  at  y  =  Ze. 

Examination  of  the  local  element  matrix  systems  indicates  that  a  time-dependent 
!umped-mass  scheme  has  been  developed  in  which  the  element  conduction  and  capaci¬ 
tance  matrices  change  as  the  solution  progresses  in  time.  The  element  matnx  variability, 
however,  needs  to  be  defined  so  that  the  matrices  can  be  developed.  Initially,  the  order 
of  the  trial  function  is  specified  based  on  knowledge  of  the  initial  conditions  of  the  prob¬ 
lem. 

For  modeling  purposes,  an  explicit  finite-difference  approximation  is  used  to  ap¬ 
proximate 


3©  30  \ 

3*  ~C3r  ) 


(!') 


where  for  the  normalized  heat  transfer  problem,  Eq.  (17)  is  approximated  with 


(18) 


where  the  superscripts  are  time  step  notation.  In  Eq.  (18),  ©e  is  the  trial  function  in 
local  element  Q*,  and  the  second  derivative  is  evaluated  based  on  the  most  recent  as¬ 
sumed  order  of  the  trial  function.  From  Eq.  (18), 


d''-l(Ze)  =  ©'(Ze)+  Ar 


(19) 


where  Ar  is  the  time  step  size,  which  is  also  determined  as  part  of  the  problem  solution. 

To  evaluate  the  time  step,  the  model  assumes  the  usual  explicit  method  stability 
criteria,  i.e., 


A*«min[/«(1  -Z,)./%]  CO) 

From  Eqs.  (19)  and  (20),  0'"(Ze)  is  approximated.  From  Eq.  (2).  the  nodal  values 
are  approximated.  Updated  values  of  the  trial  function  order  n  are  determined  by  passing 
a  trial  function  through  the  new  t>e  values  and  d“'(Ze)  for  each  successive  time  step 
advancement. 
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MODEL  APPLICATIONS 

Problems  of  heat  transfer  with  and  without  soil  water  phase  change  in  a  freezing 
soil  were  numerically  modeled  by  the  proposed  methods.  To  begin  the  model  solution, 
an  initial  condition  is  defined  to  closeiy  approximate  the  actual  initial  conditions  of  the 
problem.  For  example,  a  polynomial  trial  function  of  arbitrarily  high  order  (n  =  100)  was 
used  for  the  initial  trial  function  approximation  of  temperature  in  the  finite  element  for 
the  heat  transfer  problem  without  phase  change.  The  well-known  Crank-Nicolson  time 
advancement  method  is  used  to  solve  for  the  time  derivative  of  temperature.  The  model 
determines  the  time  advancement  time  step  size  A t,  subsequent  trial  function  polynomial 
orders  n,  and  mass-lumped  matrix  symmetry  local  coordinates  Ze  as  part  of  the  model 
solution  according  to  the  equations  given  above. 

Because  of  the  simple  computer  coding  and  minimal  requirements  for  mode! 
variable  storage,  both  test  problems  were  numerically  approximated  with  a  programmable 
hand-held  calculator.  A  Texas  Instruments  58A  calculator  was  used  in  this  study,  but 
other  programmable  calculators  are  equally  suitable  for  problems  of  this  level  of  com¬ 
plexity. 

Figure  1  shows  computed  normalized  temperature  profiles  at  various  unit  time 
levels  along  with  the  analytical  solution  profiles  for  the  normalized  heat  transfer  problem 
without  phase  change.  Approximation  profiles  were  plotted  by  using  the  single  (mid¬ 
point)  nodal  temperature  values  from  the  finite-element  model  and  incorporating  the 
approximated  polynomial  trial  function.  Figure  2  shows  the  modeled  parameter  varia¬ 
tions  of  n,  Zf,  and  A t  plotted  against  the  model  time  step  number.  From  Fig.  2,  the 
initially  high-order  polynomial  trial  function  model  utilizes  a  smail  time  step  size.  As  the 
solution  progresses  in  time,  the  polynomial  order  approaches  the  limiting  vaiue  n  =  1.66; 
the  model  time  step  Ar  and  other  model  parameters  also  approach  limiting  values,  as 
shown  in  Fig.  2. 

For  the  two-phase  Stefan  problem.  Fig.  3  shows  modeled  and  analytical  values  of 


Fig.  1  Analytical  solution  (dashed  line)  and  approx¬ 
imation  results  (solid  line)  for  normalized  heat  trans¬ 
fer  problem  with  a  one-finite-eiement  model. 
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Sumoer  if  Iterations 

Fig.  2  PI  of  of  model  variables  a;,  Zf,  and  trial  function  order  n  in  approximation  of  normalized 
hear  transfer  problem. 


the  freezing  front  penetration  into  a  soil  column.  Values  of  0.62  cal  cm3  for  C,  9.6  X 
10'3  cal/cm-s^C'1  for  K,  and  17.68  cal  (per  cubic  centimeter  of  soil-)  forZ.  were  used, 
which  are  appropriate  for  a  water-saturated,  dense  sand.  The  same  problem  was  con¬ 
sidered  by  Lynch  and  O’Neill  fl] .  Figure  3  shows  that  good  agreement  is  obtained  in  the 
prediction  of  freezing  front  penetration  when  the  two-element  numerical  model  is  used. 
Only  the  initial  portion  of  the  numerical  model  results  is  shown  m  Fig.  3  because  of  the 
continued  close  agreement  between  approximated  and  analytical  results.  The  results 
from  the  proposed  model  closely  match  the  numerical  modeling  results  from  Lsnch  and 
O’Neill,  who  used  a  computationally  more  elaborate  method  based  on  a  Gaierkin  finite- 
element  convection-diffusion  type  of  model  with  a  deforming  one-dimensional  gnd 
approximation,  which  also  required  10  Hermitian  cubic  elements  in  the  finue-e.emen: 
modei. 


CONCLUSIONS 

A  new  efficient  numerical  method  has  been  employed  with  the  classical  two-phase 
Stefan  problem.  The  proposed  method  is  basec  on  the  nocji  .-on- am  integration  ivanable 
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Tiae  (s) 

Fig.  3  Analytic  solution  i solid  line)  and  approximation  results 
f points;  in  model  ol  two-phase  Stet'an  problem. 


lumped-mass  finite-element)  method,  and  incorporates  a  sophisticated  variable-order 
polynomial  trial  function  within  each  finite  element.  Some  advantages  of  this  family 
of  “smart”  trial  functions  are  as  follows: 

1.  Reduces  the  need  for  fine  discretization  of  the  one-dimensional  domain  near 
the  freezing  front. 

2.  Reduces  the  need  to  use  a  moving-boundary  variable  finite-element  mesh. 

3.  Reduces  the  number  of  finite  elements  needed  to  produce  similar  levels  of 
approximation  accuracy. 

4.  Provides  supplemental  trial  function  information,  which  can  be  used  to  ac¬ 
curately  analyze  the  function  surface  within  large  finite  elements. 

5.  Models  a  sharp  function  surface  or  interface  with  a  minimum  of  finite  elements. 

Although  the  test  problems  presented  in  this  paper  are  simple,  an  extension  to  more 
general  one-dimensional  problems  should  result  in  more  efficient  codes,  especially  for 
problems  that  involve  interface  or  sharp  function  surfaces  in  the  solution.  Extension  of 
the  method  to  multidimensional  problems  is  not  obvious  and  requires  further  research. 
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MASS  LUMPING  MODELS  OF  THE 
LINEAR  DIFFUSION  EQUATION 

T.  V.  Hromadka  II1  and  G.  L.  Guymon: 

j 

ABSTRACT 

p 

The  nodal  domain  integration  method  is  used  to  develop  a  numerical 
model  of  the  linear  diffusion  equation.  The  nodal  domain  integration 
approach  is  shown  to  represent  an  infinity  of  finite  element  mass  matrix 
lumping  schemes  including  the  Galerkin  and  subdomain  integration  versions 
of  the  weighted  residual  method  and  an  integrated  finite  difference 
method.  Neumann,  Dirichlet  and  mixed  boundary  conditions  are  accommodated 
analogous  to  the  Galerkin  finite  element  method.  In  order  to  reduce 
overall  integrated  approximation  relative  error,  a  mass  matrix  lumping 
formulation  is  developed  which  is  based  on  the  Crank-Nicolson  time 
advancement  approximation.  The  optimum  mass  lumping  factors  are  found  to 
be  strongly  related  to  the  model  timestep  size. 
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INTRODUCTION 

Engineers  and  scientists  are  increasing  their  reliance  on  numerical 
methods  to  approximately  solve  differential  equations  of  boundary  and/or 
initial  value  problems  such  as  occur  in  the  study  of  transport  processes. 
Usually,  che  numerical  approaches  of  finite  difference  or  finite  elements 
are  employed.  These  techniques  discretize  an  assumed  continuum-domain  of 
definition  into  finite  elements  or  control  volumes,  and  the  governing  partial 
differencial  equacion  (PDE)  is  approximated  in  the  continuum  by  trial  func¬ 
tions  which  fully  or  partially  satisfy  the  PDE  boundary  conditions.  Choosing 
suitable  points  called  "nodes"  within  the  several  finite  elements  or  control 
volumes,  che  variable  in  the  PDE  is  written  as  a  linear  combination  of  speci¬ 
fied  interpolation  functions  and  the  values  of  the  variable  or  its  various 
derivatives  at  the  nodal  points.  Using  variational  or  weighted  residual 
methods,  che  governing  flow  process  PDE  is  approximated  by  a  system  of  linear 
equations  as  functions  of  nodal  poir.c  values. 

There  are  numerous  numerical  approaches  available;  however,  usually 
either  che  Galerkin  finite  element  or  finite  difference  methods  are  used  to 
solve  PDE’s  such  as  diffusion  problems  (Bear,  1979).  Alternative  numerical 
approaches  have  been  investigated  by  serverai  workers.  Narasimhan  (1976, 
1978a, b)  examined  fluid  flow  in  porous  media  and  the  diffusion  problem  by  a 
control  volume  approach  which  is  based  on  a  finite  difference  method. 

Pacankar  (1980)  also  presented  a  triangular  finite  difference  control  volume 
model  for  a  heat  transfer  diffusion  problem.  Both  modeling  efforts  can  be 
expressed  in  a  finite  element  matrix  form  such  as  described  in  Hromadka  et  al. 
(1981). 

The  control  volume  models  are  analogous  to  finite  element  mass  matrix 
lumping  models  such  as  described  by  Xikuchi  (1971).  That  is,  the  control 
volume  approach  essentially  results  in  the  formulation  of  a  finite  element 


1 


t 


t 


» 


4 


mass  matrix  which  is  lumped  or  diagonal.  Fried  and  Malleus  (1974)  use 
numerical  integration  to  form  mass  matrix  lumping  schemes  with  the  optimal 
rate  of  energy  convergence  retained.  Other  foraulacions  include  a  con¬ 
sistent  diagonal  mass  matrix  finite  element  model  (Scnrever,  1978)  which 
also  produces  a  diagonal  mass  matrix  similar  to  the  lumped  class.  This 
type  of  formulation  is  extended  to  two-dimensional  finite  elements  using 
orthogonal  base  functions  (Schreyer,  1979).  Another  examination  of  mass 
lumped  and  consistent  mass  matrices  is  given  by  Surana  (19S1)  for  the  special 
problem  of  a  three  dimensional  structural  beam  element. 

The  above  mass  lumping  models  and  control  volume  approches  can  be  shown 
to  be  essentially  analogous  to  the  basic  integrated  finite  difference  method 
developed  by  Spalding  (1972)  for  transport  problems.  The  integrated  finite 
difference  method  is  oftentimes  acclaimed  for  its  ease  of  model  development 
and  simple  solution  cf  the  integrated  version  of  the  governing  ?DE  (3aliga 
and  Patankar,  i960).  Additionally  for  many  problems,  the  finite  difference 
method  (often  referred  to  as  the  control  volume  approach)  may  produce  "better" 
results  than  the  Galerking  finite  element  method  (Kamad'nyar.i  and  Patankar, 
1930)  although  the  opposite  can  be  true  depending  on  the  class  of  problem 
being  solved  (Hayhce,  1978).  The  subdomain  integration  method  is  also 
referred  to  as  the  control  volume  approach  and  can  be  shown  to  result  in 
another  mass  matrix  which  is  consistent  (Zienkiewicz ,  1977),  but  yet  is  not 
diagonal.  Thus  the  modeler  is  left  to  choose  between  several  different 
numerical  modeling  methods  which  are  in  reality  essentially  similar  to  each 
ocher  when  written  in  a  simple  finite  element  matrix  form. 

The  main  objectives  of  this  paper  are  twofold.  First,  this  paper  will 
briefly  review  the  development  of  a  cne-dimensional  r.odal  domain  integration 
numerical  model  of  the  diffusion  problem.  This  model  development  is  derived 
in  detail  in  previous  papers  (Kromadka  and  Guymcn,  1981a,  19S2'- ,  and  only  the 
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major  seeps  of  the  derivation  are  included  in  this  paper  for  the  reader's 
convenience.  Extension  of  the  one-dimensional  model  to  a  two  and  three 
dimensional  formulation  follows  from  the  one-dimensional  model  derivation. 
Each  of  the  resulting  numerical  models  are  shown  to  represent  the  often- 
used  Galerkin  and  subdomain  integration  models  and  an  integrated  finite 
difference  model  as  well  as  an  infinity  of  other  nodal  weighting  schemes. 

The  global  matrix  systems  are  shown  to  satisfy  both  Dirichlet,  Neumann,  and 
mixed  boundary  conditions  similar  to  the  Galerkin  approach. 

The  second  objective  of  this  paper  is  to  determine  a  nodal  weighting 
relation  which  has  a  high  probability  of  reducing  integrated  relative  error. 
The  proposed  nodal  weighting  (mass  lumping)  method  was  determined  by  curve¬ 
fitting  numerous  optimized  mass-lumping  factors  developed  by  trial  and  error 
in  the  comparison  of  approximation  results  to  analytical  results  for  several 
classical  linear  PDE  boundary  value  problems  where  analytical  solutions  exist. 
Based  on  the  comparison  of  modeled  results  and  corresponding  errors,  general 
patterns  were  identified  which  may  lead  to  the  best  numerical  solution  to  the 
general  problem. 

The  proposed  mass  lumped  scheme  is  based  on  the  subdomain  integration 
(control  volume)  approach  as  applied  to  an  actual  solution  trial  function 
of  the  governing  PDE.  The  trial  function  assumed  is  the  principal  eigen¬ 
function  of  the  Fourier  series  expansion  solution  to  a  special  case  of  the 
diffusion  problem  which  approximates  the  control  volume  in  the  global  model. 
Since  ail  but  one  of  the  eigenfunctions  essentially  disappear  in  the  solution 
of  the  PDE  after  a  short  time,  the  resulting  model  solution  generally  pro¬ 
duces  better  approximations  for  the  diffusion  problem  than  any  of  the  more 
popular  domain  numerical  methods.  The  diffusion  problems  considered  are 
only  for  the  linear  class  of  PDE.  Extension  of  nonlinear  problems  is  not 
straightforward  due  to  the  evaluation  of  a  nonlinear  cif fusivity  at  the 


boundary  of  the  control  volume.  Further  research  is  required  to  extend 
these  methods  to  nonlinear  problems. 

All  of  the  above  models  can  be  written  in  terms  of  a  single  nodal 
domain  integration  numerical  statement  for  each  nodal  point  value.  The 
numerical  statement  is  written  as  a  function  of  a  single  mass  matrix 
lumping  factor  n,  and  results  in  a  representation  of  domain  models  in 
finite  element  matrix  form. 


DOMAIN  APPROXIMATIONS  OF  PARABOLIC  EQUATIONS 

In  this  section,  a  brief  summary  of  domain  numerical  model  derivations 
is  presented  for  the  well  known  Galerkin  finite  element  and  the  integrated 
finite  difference  models.  Also  presented  is  the  subdomain  integration  model 
derivation.  Although  the  derivations  are  well  known,  some  particular  steps 
are  presented  here  in  order  to  determine  some  of  the  many  similarities  between 
the  various  models.  Each  numerical  model  is  then  written  in  a  finite  element 
matrix  form  which  indicates  the  degree  of  mass  lumping  each  model  involves. 

All  of  Che  models  are  then  combined  into  one  unifying  finite  element  matrix 
formulation  (or  nodal  domain  integration  model)  as  a  function  of  the  degree 
of  mass  matrix  ciagonalizstion.  The  resulting  NDI  statements  represent  an 
infinity  of  possible  mass  matrix  lumping  models  of  which  the  more  popular 
domain  methods  are  but  special  cases.  In  the  following  section,  an  improved 
nodal  weighting  scheme  is  developed  which,  for  the  problems  tested,  reduce 
integrated  relative  error  for  one-dimensional  linear  diffusion  problems. 

Zalerkir.  d.e z cod  c-f  Wsigkzed  residuals 

The  general  parabolic  equation  describing  a  linear  one-dimensional 
diffusion  orocess  is 


o  ,  x  s 
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where  5  is  Che  volumetric  concentration;  (x,t)  are  spatial  and  temporal 
coordinates;  a  is  a  diffusivicy  parameter;  and  ?.  is  the  problem  global 
domain  with  global  boundary  7. 

The  finite  element  approach  (Finder  and  Gray,  1977)  discretizes  the 
global  domain  into  the  union  of  finite  elements  by 
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The  domain  is  expressed  as  the  union  of  domain  and  boundary 
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The  ?DE  variable  c  is  assumed  approximated  in  each  7.  by  a  linear  trial 
function  ce  defined  by 
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where  (x)  is  an  assumed  linear  polynomial  shape  function  of  nodal  point  j 
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and  : .  is  a  nodal  ooint  value  associated  to  element  .  The  Galerkin 
J 

weighted  residual  process  approximates  (1)  in  each  “e  by  setting 
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where  boundary  conditions  of  Neumann  or  Dirichlet  are  assumed  on  global 


boundary  T.  Integrating  (7)  by  parts  gives 
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To  conserve  mass-flux  continuity  between  Q  ,  it  is  assumed  that 
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For  a  Neumann  (natural)  boundary  condition  on  global  boundary  T, 
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For  Neumann  or  Dirichlet  boundary  conditions  specified  on  global  domain  F, 
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the  Galerkin  analog  for  local  element  *•  reduces  to 
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For  the  linear  trial  function  $  in  1  , 
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where  y  is  a  local  coordinate  in  P.  ,  dy  =  dx;  2e  =  (x  ,  -  x  )  ; 
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($e»  ^e+1)  =  $  »  and  xe  is  the  spatial  coordinate  of  node  e. 

Substituting  (12)  into  (11)  gives  a  Galerkin  analog  for  local  element 
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For  $  linear,  all  gradients  are  constant  giving 
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In  matrix  notation,  the  linear  system  of  equations  approximating  the 
governing  PDE  in  local  element  is 
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where 
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Subdomain  Integration 

The  subdomain  integration  method  discretizes  the  global  domain  Q  into 
subdomains  (control  volumes)  where 


a  -  u  ^ i  (is) 

Generally,  the  subdomains  are  defined  such  that  is  somewhat  centered 
about  nodal  point  j  and 


Xj  £  R3  <19) 

(20) 

RjnR-x=rjnrk  <21> 

R,  =  Rj  U  rj  (22) 

For  the  one-dimensional  parabolic  PDE  problem,  0  is  discretized  into 
subdomains  which  overlap  contiguous  finite  elements  from  mideleaent  to 


aideleaent . 


The  subdomain  integration  weighted  residual  approach  averages  the  approxi¬ 
mation  error  in  estimating  the  governing  PDE  in  R^  by  the  formulation 
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where  boundary  conditions  of  Neumann  or  Dirichlet  are  specified  on  global 
boundary  F.  From  the  discretization  of  Q, 
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The  subdomain  and  finite  element  discretization  of  &  can  be  rewritten  in 
terms  of  a  nodal  domain  discretization  of  C  by 


ne  =  ne  n  r. 


A  one-dimensional  discretization  of  global  domain  C  by  each  of  the  three 
approaches  are  shown  in  Fig.  1.  From  the  definition  of  the  nodal  domain, 
a  subdomain  R.  would  be  the  union  of  each  ,~.e,  that  is 
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and  the  finite  element  $7  is  given  by 


ne  -  U  Qy  j  C  se 


(29) 


( S  g 

where  S  is  the  set  of  nodal  point  numbers  associated  to  finite  element  Q 
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Consequently,  a  finite  element  matrix  system  can  be  determined  for  a  sub- 
domain  integration  model  by  noting  that 
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In  terms  of  finite  element  ft. 
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Integrating  (32)  by  parts  gives 
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where  S  =  (e,  e+i);  and  f  is  the  boundary  of  nodal  domain  dy 
Similar  to  the  Galerkin  approach,  flux  continuity  is  assumed  between  finite 
elements  and  Neumann  or  Dirichlet  boundary  conditions  are  assumed  on  global 
boundary  T  giving 
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Thus,  Che  subdomain  integration  analog  in  local  element  f;  reduces  to 
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where  the  -  notation  in  (35)  implies  an  equality  due  to  (34). 
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For  (a, 3)  »  (a  ,  $  )  in  Q  during  a  small  interval  of  tine  At, 
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giving  the  element  matrix  system 
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where  Se  is  as  defined  in  (16),  and 
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Integrated  Finite  Difference 

The  integrated  finite  difference  approach  is  analogous  to  the  subdomain 

g 

integration  approach  for  a  linear  trial  function  p  in  each  element 
fte  except  that 
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Consequently,  the  element  matrix  system  for  solution  of  the  governing  POE 


in  Q  is 
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Nodal  Domain  Integration 

For  the  one-dimensional  parabolic  POE,  the  three  domain  numerical  approaches 
derived  above  can  be  represented  by  a  single  element  matrix  system  (Hromadka 
and  Guymon,  1S80) 
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where  -  is  an  element  mass  lumoing  factor  and  determines  the  Galerkin,  sufc- 
domain  integration,  anc  integrated  finite  difference  domain  analogs  for 

%  -  (2,3,»>. 

For  the  linear  trial  function  ;  in  an  irregular  triangle  and  tetra¬ 
hedron  finite  elements,  the  appropriate  element  matrix  systems  for  two  anc 
three  dimensional  linear  diffusion  problems  are  readily  determined 
(Hromadka,  at  al  1981b).  In  the  two-dimensional  triangle  element  matrix 
system.  Fig.  2,  the  two-dimensional  element  matrix  system  is 
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where  5,  is  a  Galerkin  approximation  for  the  diffusion  component  in  element 
and 
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where  A  =  area  of  triangle  element,  and  where  “  »  '  2 , 11 '7  ,  *>'>  z ives  the 

Galerkin,  subdomain  integration,  and  integrated  finite  difference  ir.altgs. 

As  in  the  one-dimens ionai  problem,  Dir ic hi e t  er.c  Neumar.  rcur.dary  renditions 
are  accommodated  analogous  to  the  Galerkin  method. 

For  the  three-dimensional  tetrahedron  element,  (Fig.  2]  the  appropriate 
element  capacitance  macrix  is  given  by 
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where  V  =  volume  of  the  tetrahedron  element,  and  where 
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gives  the  Galerkin,  subdomain  integration,  and  integrated  finite  difference 
analogs.  The  element  diffusion  component  is  given  by  the  usual  Galerkin 


approximation  in  element  F:  . 


IMPROVED  MASS  MATRIX  LUMPING  FACTOR 

In  the  previous  section,  a  NDI  model  is  developed  for  several  of  the 
common  finite  element  configurations.  The  NDI  statement  is  found  tb  represent 
several  numerical  approaches  by  the  variation  of  a  mass  lumping  factor. 
Numerous  mass  lumping  factors  can  be  determined  depending  or.  the  approach 
used  to  approximate  the  PDE.  Zienkievicz  (1977)  discusses  mass  lumping 
systems  and  also  includes  discontinuous  trial  function  approximations  in 
finite  element. 
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A  brief  examination  of  stability  and  convergence  considerations  for  the 
family  of  domain  models  is  given  in  Appendix  A.  From  Appendix  A  it  is  concluded 
that  if  a  Galerkin  analog  ('=!)  and  an  integrated  finite  difference  analog  ('=*=) 
are  stable  and  convergent,  then  so  i£  the  entire  range  of  mass  lumped  matrix 
finite  element  models  (Idr^30)  . 

Approximating  complex  finite  element  trial  functions  with  a  lower  order  trial 
function  generates  a  complete  spectrum  of  possible  domain  finite  element  models 
which  can  be  included  into  the  variable  mass  lumped  formulation.  For  example, 
two  common  approximation  norms  used  in  developing  such  lower  order  trial  func¬ 
tion  models  are  the  relative  error  and  inner-product  norms.  3oth  of  these 
approximation  norms  can  be  used  to  formulate  numerous  specialized  mass  lumped 
finite  element  models  based  on  some  assumed  function  configuration  within  each 
element.  Such  considerations  suggest  that  an  infinity  of  possible  domain 
numerical  models  may  be  produced,  each  model  perhaps  providing  the  "best”  ap¬ 
proximation  to  a  particular  FDE  or  a  specific  class  of  boundary  value  problems. 

Hromadsca  and  Guymon  (1381a)  developed  a  variable  mass-lumped  matrix  model 
which  allowed  a  variation  of  the  mass  lumping  factor  with  respect  to  time  and 
between  finite  elements.  However  this  variable  "  scheme  involves  frequent  global 
matrix  regeneration,  which  results  in  a  relatively  high  increase  in  computacior.a 
2: rort  over  a  constant  '“-factor  model.  Consequently  with  an  infinite  number  of 
potential  constant-"  domain  models  to  choose  from,  the  selection  of  the  constant 
mass-lumping  factor  which  has  the  highest  probability  of  producing  the  best 
numerical  approximation  for  diffusion  problems  is  needed. 

This  is  the  main  objective  of  the  paper:  to  develop  such  a  constant  “ 
factor  which  has  the  highest  probability  of  reducing  relative  approximation  error 
It  can  be  easily  shown  that  any  "-factor  model  provides  a  "best"  approximation 
for  some  region  of  a  problem  domain  or  for  some  portion  of  the  simulation.  For 
example,  Fig.  -  shows  the  relative  error  from  various  mass-lumped  models  in  the 
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approximation  of  a  classical  linear  diffusion  problem.  It  can  also  be  shown 
chat  these  approximations  fail  or  succeed  to  be  the  "best"  depending  on  the 
problem  being  considered. 


! 

i 

i 

: 
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In  this  paper,  the  approach  used  to  determine  an  optimum  mass  weighting 
factor  for  the  one-dimensional  NTH  model  of  (42)  is  based  on  the  Fourier  series 
expansion  of  an  assumed  boundary  value  problem  in  each  control  volume  of  the 
global  domain.  For  a  finite  interval  R^  (control  volume),  the  usual  processes 
of  normalization  reduces  the  governing  PDE  to  the  solution  of  an  equivalent  PDE 
on  a  normalized  unit  interval 

3:9  30 

-  =  —  ,  x  £  [0,1]  (.46) 

3x2  3t 


where  0  is  a  normalized  variable  for  the  PDE  state  variable,  and  (x,t)  is  now 
defined  as  normalized  space  and  time.  It  is  assumed  in  (46)  that 

t(x=0)  =  rj-l’  =  ^ j '  ar*a  -(x«l)  =  'j+i  w'r'‘ere  -1(t  are  ihe  usual  nodal  values. 

The  NDI  model  is  based  on  the  well  known  Crank-Xicolsor.  time  advance¬ 
ment  procedure  to  approximate  the  time  derivative  of  (46).  The  nodal  equation 
for  solution  of  if,  is  therefore 

J 


I  f.i+1  -,i+l  .  » i-f-ll  i  ,i  . . i  ,i  ]  ! 

<_[  ~j-l  “  “'j  '  "j+ll  '  i/j-l  '  -rj  "j+l:J  " 


r 

L  I'j-1 


(47) 


where  the  normalized  length,  | i J  j  = 
constant  during  normalized  timestep 
flux  terms  at  the  midtimestep.  For 
such  as  forward  or  backward  step  dif 


—  ;  i  is  the  timesteo  number;  and  r,  is 

-i 

It.  Equation  (47)  evaluates  all  modeled 
other  time  derivative  approximations , 
erencing,  a  similar  PDE  finite  difference 


& 
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statement  can  be  developed.  An  exact  solution  of  the  governing  ?DE  at  this 
midtinestep  is 


S(x,£) 


29 .  +  3 . , , )  sin  "xe 
J  J+1 


+  (ej+l  + 


W  x  +  Vi 


(18) 


where  z  is  normalized  tine  measured  from  the  midtiaestep;  and  where 
t  1  ,•*'  .i+1 

~  ~  (~7  +3?  ) .  Equation  (48)  is  a  solution  to  the  governing  ?DE.  If  it 

is  assumed  that  all  effects  of  a  moving  boundary  value  at  x=(0,l)  are 
equivalent  to  holding  3  constant  at  the  aid time step  boundary  values,  then 
(-8)  represents  an  exact  solution  to  the  assumed  boundary  value  problem. 

The  exact  Fourier  series  expansion  solution  to  the  proposed  boundary 
value  problem,  (48)  ,  is  a  good  approximation  for  diffusion  problems  where  the 
initial  condition  is  a  sinusoidal  curve.  Additionally,  (43)  is  the  principal 
eigenfunction  of  the  boundary  value  problem  since  the  remaining  series  terms 
quickly  reduce  to  zero  (Myers,  1971) . 

Holding  the  boundary  values  of  9  constant  at  the  midtimestep  allows  a 
simplification  of  the  MO I  nodal  equation  to 


it 


I  f.. 


i  i  p  i :  LU-1  '  J+1J 

i!V 


j 


Since  (43)  is  assumed  exact. 


2(V1) 


(49) 


2  [Vl 
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—  <-/o 
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1  :•*  ^  -  i  ( 50) 

3  1WJ-1  "j-i; 
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Substituting  (50)  into  (49)  and  simplifying  gives  the  .VDI  mass  lumping  factor 


n. (At) 


4At  (l+e~lyZ^t  ) 

1  -  -  4 At  (l+e"^) 


1 


(51) 


where  the  normalized  timestep  At  is  related  to  the  global  model  timestep  it  by 


Ato 


At 


4  i  I R .  !  i  2 


(52) 


Normally  At  is  assumed  constant  for  c'ne  entire  numerical  simulation  and  a 
single  p.  is  determined  for  each  finite  element.  Should  Ac  vary,  then  new 
n.  values  may  be  required  according  to  (51). 

From  (51),  the  mass  lumping  factor  varies  by 


8/ (~‘-8)  <  ri  (At)  <  « 


(53) 


Equation  (51)  can  be  derived  by  a  similar  argument  applied  to  other  normalized 

boundary  value  problems.  Inclusion  of  a  time  variable  (linear  polynomial 

variation)  boundary  condition  adds  additional  terms  to  the  numerator  and 

denominator  of  (51),  but  adds  little  to  change  n  for  small  At  values. 

Although  (51) is  a  function  of  the  mode]  timestep  size,  a  mass  lumped  model 

using  the  ".(At)  function  would  be  constant  with  resoect  to  *].  unless  the 
J  J 

timestep  size  is  changed  during  the  problem  simulation. 

Comparison  of  the  proposed  r„(At)  mass  lumped  model  to  other  values  of 
mass  lumping  (e.g.  Gaierkin,  subdomain  integration,  finite  difference)  models 
in  the  solution  of  classical  boundary  value  linear  diffusion  problems  will 
not  be  presented  due  to  the  unavoidable  biased  selection  procedure. 

That  is.it  is  perhaps  more  meaningful  to  express  the  success  of  a  numerical 
method  in  terms  of  a  probability  as  determined  from  numerous  simulations, 
rather  than  demonstrating  the  success  of  the  method  for  a  single  problem. 
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A  general  overview  of  using  the  rLdc)  nodel  can  be  summarized  based  on 
che  comparison  of  over  300  computer  simulations  of  several  one-dimensional 
linear  diffusion  problems  using  various  timestep  and  element  size  combina¬ 
tions,  as  well  as  different  types  of  boundary  conditions  (McWhorter  and 
Sunada,  1977).  In  diffusion  problems  where  the  state  variable  varies  rapidly 
or  where  a  sharp  profile  exists,  a  standard  lumped  mass  finite  difference 
analog  produces  che  best  results.  For  slower  variations  in  the  state 
variable  and  for  smoother  profiles,  the  proposed  "^(it)  model  generally 
gave  the  best  results.  For  the  fast  nodal  variation  problems,  che  basic 
assumptions  in  deriving  the  n  (At)  model  fail  in  that  the  exact  solution 
includes  several  eigenfunctions  beyond  che  principal  eigenfunction  used  in 
the  n^(At)  model.  For  the  slower  nodal  variation  problems,  the  Fourier 
series  of  eigenfunctions  essentially  reduces  to  the  principal  eigenfunction 
which  is  modeled  by  the  assumed  boundary  value  problem  in  earn  control  volume. 


Figure  5  shows  a  plot  of  the  experimentally  determined  probability  of 
the  hj (it)  model  producing  the  minimum  integrated  relative  error  ir.  the 
solution  of  several  linear  diffusion  problems.  The  accuracy  of  the  ".(it) 
model  was  found  to  decrease  as  the  normalized  timestep  increases;  this  obser¬ 
vation  may  be  explained  by  the  inaccurate  boundary  conditions  assumed  for  each 
control  volume  problem.  It  should  be  noted  that  although  the  q  (jt)  mccel  was 
not  consistently  the  best  model,  in  the  problems  examined  where  ",  .(it)  was  not 

J 

the  optimum  mass  lumping  factor  the  resulting  model  error  was  generally  less 
than  from  either  the  Galarkir.  finite  element  or  the  integrated  finite  differenc 


models . 


The  consequences  of  the  above  results  is  that  use  of  the  proposed 


factor  should  result  in  a  linear  diffusion  mass  matrix  funned  finite  element 


model  which  has  a  significantly  higher  occurrance  of  being  the  best  numerical 
model.  This  is  important  due  to  the  uncertainty  of  accuracy  in  any  numerical 
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model  in  Che  approximation  of  a  PDE  where  the  exact  solution  is  unknown.  Cnee  a 
computer  code  is  prepared  based  on  the  NDI  variable  lumped  mass  matrix  system, 
it  is  relatively  easy  to  simulate  the  particular  PDE  by  each  of  Che  more  popular 
domain  methods  and  also  by  the  Hj (At)  approach.  Such  a  comparison  should  aid  the 
analyst  in  determining  a  more  appropriate  discretization  of  the  domain  or  an 
adjustment  of  the  timestep  in  order  to  reduce  the  discrepancy  between  the 
various  mass  lumped  models  and  ultimately  increase  the  level  of  confidence  in 
the  final  approximation  results. 

CONCLUSIONS 

The  major  conclusions  from  this  research  are  the  following: 

1.  A  unifying  numerical  model  can  be  developed  for  many  finite  element  con¬ 
figurations  including  the  one-dinensional,  triangle,  and  tetrahedron, 
finite  elements.  The  unifying  model  is  based  on  the  straight  forward 
nodal  domain  integration  method.  The  resulting  model  is  found  to  have 
the  capability  of  representing  the  Galer kin  finite  element,  subdomain 
integration,  and  integrated  finite  difference  methods  by  the  specification 
of  a  single  mass  matrix  lumping  factor,  q. 

2.  The  global  matrix  system  composed  of  the  sum  of  all  NDI  elements  accom¬ 
modates  Dirichlet,  Neumann,  and  mixed  boundary  conditions. 

3.  An  infinity  of  possible  domain  numerical  methods  are  possible.  Two  methods 
of  developing  various  mass  lumping  models  are  based  or.  the  well  known  re¬ 
lative  error  and  inner-product  norms  as  applied  to  polynomial  trial  functions. 
These  models  can  all  be  represented  by  the  NDI  model  for  specific  values  of  ~. 

4.  A  computer  code  based  on  the  Galerkin  finite  element  method  can  easily  be 
modified  to  allow  a  variable  mass  lumped  matrix  system  and,  consequent iy , 
represent  an  integrated  finite  difference,  subdomain  integration,  and  an 
infinity  of  other  domain  methods. 
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An  improved  mass  lumping  factor  exists  which  apparently  minimizes  approximation 
error  more  often  than  any  other  domain  method.  The  probability  of  the  proposed 
optimum  mass  lumping  system  being  the  best  numerical  method  is  approximately  65 
percent  for  small  normalized  timestep  sizes.  The  improved  method  is  developed 
based  on  a  linear  trial  function  model  and  a  Crank-Nicolson  time  advancement 
approximation.  Extension  to  higher  order  polynomial  trial  functions  and  other 
time  advancement  approximations  should  follow  similarly.  Although  only  the  one¬ 
dimensional  problem  is  considered  extension  of  the  approach  co  multidimensional 
problems  is  straightforward. 

APPENDIX  A:  STABILITY  &  CONVERGENCE  CONSIDERATIONS 


Definition: 


The  governing  partial  differential  equation  is  defined  by 
the  description  variable  0  as 


4  = 


3 1 


(A-l) 


where  4  -  0  is  the  problem  being  studied,  and  initial  and 
boundary  conditions  are  assumed  specified  according  to 
(16) and  (17). 


Definition: 


The  { 


S, 


?(o) 


matrices  are  defined  as  follows: 


=  _l  f  i  -r 
'  .•  1-1  1 


r  - 


(A-2) 


P(n)  = 


A 

X. 


2(0+1) 


1  0 


(A-3) 


Definition:  The  matrix  system  operation  A(o,  4)  is  defined  by 


0?1*'-  s1)  (o^-W1) 

A(n,  4)  =  p(n)  — - - —  +  s  — — ^ — 


L  t 


(A—*) 


where  4*  are  vectors  of  nodal  values  at  time  k.  A(n,  4) 
describes  a  Galerkin,  subdomain  and  finite  difference 
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Theorum: 


Proof : 


Theorum: 


Proof : 


approximation  for  n  -  (2,3,“)  respectively,  for  the 
approximation  of  4  in  Q. 

If  A(2)  and  A(>“)  are  convergent  algorithms  to  4,  then  A(r|) 
is  convergent  to  4  for  n>2. 


From  the  definition  of  P(n) 

!<n>  •  (^J  p<2)  +  ($)  pc) 

Or 

P(n)  =  alP(2)  +  a2P(») ;  ai+a2=l 
Therefore 


(A-5) 


(A-6) 


A(n)  -  3^(2)  +  a2A(“) 


(A-7) 


and 


lim  A(n)  =  ax  lim  A(2)  +  a2  lim  A(“)  (A-8) 

Ajc*0  ix-*0  Ax-*0 

At-K)  At**0  At-K) 

where  A(2)  and  AC00)  are  Galerkin  and  finite  difference  approximations. 

Thus 


lim  A(ri)  =  aj4  +  a24  =  4  (A-9) 

Ax-K) 

At-K} 


Consider  the  approximation  A(n)  *  0  where  n  is  constant  in  H. 

Than  A(n)  is  stable. 

Rewrite  A(ri)=0  as 

(•  ?(2)  +  a2P(»)  +  s)$i+:=(aiP(2)  +  azP(»)  -  -ySJ  f  CA-10) 


or  in  global  matrix  notation 


_,i+i  ,i 
G  4  *  h  4 


(A-ll) 
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and 


(A-16) 


For  the  specified  boundary  conditions  of  0(x=O ,L; t> 0)“0,  the 
(G,H)  matrix  system  becomes  a  regular  tridiagonal  matrix  system. 
To  show  stability,  the  largest  eigenvalue  of 


G-1H 


(A-17) 


must  be  less  than  1. 

For  the  G  matrix, 

a,  Y  Sr 
”  ^3"  ai"^"  ^  ^  £*"  _  2'  cos  N-l 

where  N+l  nodal  points  are  designated  between  x=0  and  x= 

Then 

St 


=  1-2 (-T  T(3HT  ) 


(A-1S) 


(A-19) 


For  the  H  matrix 


2  ,  fSi  ,  i  '  Sr  > 

H  “  3  ai  32"Y  rf  -P  Y^  C0S 


(A-20) 


or 


K  "  1  -  &  +  Y  ) 


2  sln^2(N-l)J  J 


(A-21) 
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Thus 


Thus,  Che  above  gives 


Thus 


V. 


G-lH 


1-2  (^+y)  sin2  (a) 

i  ^  .  Zr  \  »  S=1 ,2, . . .  ,11-1 

1+2  br+vj sin  b) 


(A-22) 


where  a  =  (.Stt)  /2(U-1) 


From  the  above 


G-1H 


is  <  1  for  all  y  if  aj  >  0. 


Theorun:  A(r|)  is  stable  for  any  distribution  of  "|>1  in  f; . 

Proof :  This  proof  will  be  developed  for  a  nodal  point  (subdomain) 

approximation  of  5.  For  any  row  p  of  A(h) ,  the  following  linear 

equation  is  determined  for  solution  of  nodal  value  0  : 

P 


(PCn)  +Y-'i-q+1=  (?(n)  -  y  s)?q 


(A-23) 


where  p  designates  nodal  values  contributing  to  row  p  of  A(n) . 


r or  row  p 


~(n)~  5  2 (n+i)  Lsp-i+2n<’p'H>p+iJ 


(A-24; 


and 

1  r*  — t 

C-s  -  Z  1  ili  X  _-k  ' 

U  |  -  V  •  -V  V  l 

Thus,  the  above  gives 


?  yF +  : J 


(A— 2  5 ) 


1 

2(n+D 


<J>  +2r)$  -Hi  i 

L  p-i.q+1  ?,q+i  p+i.q+ij 


+ 


—  f-(j>  +2$  -<p  1 

2iz  L  p-i.q+i  p.q+i  p+i,q+ij 


(A-26) 


2(n+l) 


At 
2  i2 


- <J>  +2$  — ! 

L  p-i.q  p.q  p+>.,q  J 


Lee  u  =  (n+l)Ac/i2 


and  derine  an  error  at  node  p  and  tine  q  by  a  Fourier  distribution 


term 


E 

P.q 


e 


iSph_q 


(A-27) 


Substituting  E 

p.q 


into  the  above  gives 


#i3(p-1)h-q+1+2neiSphrq+;+#i3(?+l)h 


-q^: 


+  y  |~-ei3(P-i)h?q+i+2eiSPh?q^:_ei3(?+l)h5q+1 j 
i3(?-j)h.c.  ,  i3ph_c  Vn,.q+:~] 

e  ’  ie  H'-e  -  r  J 

*  roi£(p-i)hrq_  iSph.q  i3(p-r;)h-q~] 

j  -  ^  c  e  C,  I 


(A-2S) 
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ABSTRACT 

A  boundary  integral  equation  formulation  based  on  the  complex  Cauchy 
integral  theorem  is  applied  to  two-dimensional  soil-water  phase  change 
problems  encountered  in  algid  soils.  The  model  assumes  that  potential 
theory  applies  in  the  estimation  of  heat  flux  along  a  freezing  front  of 
differential  thickness  and  that  quasi-steady-state  temperatures  occur  along 
the  problem  domain  boundary.  Application  of  the  boundary  integral  formula¬ 
tion  to  two-dimensional  problems  results  in  predicted  locations  of  the 
freezing  front  which  are  highly  accurate.  Although  the  proposed  formulation 
is  based  on  the  Cauchy  integral  theorem,  similar  models  may  be  developed 
based  on  other  forms  of  integration  equation  methods. 


INTRODUCTION 

The  purpose  of  this  paper  is  Co  appiy  well  known  pocenc.iai  tr.eory  to 
the  solution  of  soil-water  freezing  or  thawing  problems  wnerin  the  temperature 
is  a  harmonic  function.  For  problems  where  phase  change  latent  heat  effects 
dominate  the  heat  transport  process,  the  heat  balance  equations  may  be 
approximated  by  the  Laplace  equations  coupled  with  the  boundary  conditions 
modified  to  include  the  effects  of  phase  change.  To  do  this,  tne  dynamic 
component  of  che  classical  heat  transport  equation  is  assumed  r.eglible 
compared  to  che  latent  heac  term  when  freezing  or  thawing  a  soil-region. 
Moreover,  ic  is  necessary  to  assume  an  isotrophic,  homogeneous  solution 
domain.  However,  by  means  of  a  suitable  coordinate  transformation  for 
relatively  geometrically  simple  regions,  anisotropic  or  even  neterogenious 


domains  may  be  transformed  into  a  region  in  which  potential  theory  may  apply. 


As  a  result,  boundary  integral  equation  techniques  may  be  applied  which,  for 
the  test  problems  considered,  significantly  reduce  computer  storage  and 
execution  times  when  compared  to  classical  domain  methods.  Generally,  in 
freezing  problems  we  are  interested  primarily  in  the  location  of  the  freezing 
front  and  ir.  the  estimation  of  heat  flux  values  normal  to  the  freezing  front. 
Boundary  integral  equation  methods  (S.l.E.M.)  focuses  on  these  two  types  of 
problems  directly.  Additionally,  the  B.I.E.M.  based  models  can  significantly 
reduce  the  computational  effort  involved  in  producing  mesh  generations  and 
manipulations,  besides  allowing  very  small  mesh  relocation  except  along  a 
moving  freezing  front  boundary.  In  this  paper,  we  will  develop  a  moael  cased 
on  a  sophistication  of  a  boundary  integral  equation  method  utilizing  Cauchy's 
integral  theorem  for  analytic  functions  as  presented  by  Hunt  and  Isaacs  (1981), 
and  show  results  that  support  its  use  in  geothermal  problems  involving  freezing 
or  thawing  that  are  associated  with  geotechnical  problems  tym teal  to  areas 
where  there  is  significant  zenetraticn  of  the  freezing  isomer-.. 
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The  application  of  potential  theory  is  illustrated  by  to nsiuerir.c 
flow  problem  defined  on  a  connected  domain  7  with  an  exterior  bcur.darv  des¬ 
cribed  by  a  simple  closed  contour  7.  The  heat  flux  across  a  surface  located 
in  the  interior  of  .7  is  given  by 

Q  ”  ( 1) 

where  0  is  the  temperature-potential,  and  K  is  the  thermal  conduct iv it v  which 
is  assumed  isotropic  and  constant  in  7. 

For  two-dimensional  problems  the  heat  flux  may  be  represented  by  cornclex 
variable  notation  as 


30 


where  i  =  v  — 1 

For  an  arbitrary  simple  closed  ccr.tour  C  interior  of  7 

r  r 

;  0  ds  =  2  Q  ds  =  0  3 ') 

■n  t 

c  c 

where  Q  and  0  are  outward  normal  and  tangential  component s  of  the  heat 
n  't 

flux  on  C  and  steady  state  conditions  are  assumed  in  7  with  r.o  thermal  source 
or  sinks.  Equation  (3)  defines  t  as  harmonic,  satisfying  the  Laplace  ecuatic 
in  .7.  The  harmonic  conjugate  w  exists  in  7  and  is  related  tc  :  by  the 
Cauchy-Fia-ann  equations  (Dettman,  19o9).  The  complex  temperature  pvt)  is 
ce fined  by 

q(z)  «  :(x,y)  *  i.(x,y)  ■'-) 


Y 


where  „(x,v)  =  k  represents  constant  heat  flux  lines  and  :(x,v)  =  k 
o'  o 

represents  an  isothermal  potential  where  t  is  constant  along  each  potential. 

Classes  of  problems  which  can  be  described  in  terms  of  a  complex  function 
such  as  (-0  include  ideal  fluid  flow,  heat  flow,  electrostatics  and  porous 
media  flow  in  isotropic,  homogeneous  domains.  For  approximate  solutions, 
domain  numerical  approximations  are  generally  employed  such  as  the  finite 
element,  finite  difference,  cr  nodal  domain  integration  methods.  For  homo¬ 
geneous  problems,  boundary  integral  equation  methods  are  reported  superior 
to  the  domain  numerical  methods  (Liggett,  1977;  Liggett  and  Liu,  1979;  Lennon, 
et  al,  1930). 

In  this  paper,  a  boundary  integral  method  is  used  to  solve  for  the  tempera 
ture  distribution  on  the  problem  boundary  7  where  two  types  of  boundary  condi¬ 
tions  are  approximated  simultaneously  on  7.  +  72  =  7 


b(x,y)  =  «0  (x,y) ,  (x,y)  :  7. 

(3) 

.(x,y)  =  -o ,  (x.y)  C  7- 

and  isothermal  phase  change  is  defined  on  7.  7  such  that 

ds 

L - "  Q  (5) 

dt  I  ai 

where  the  subscript  i  is  a  summation  indice,  and  where  s  and  Qa  are  normal 
spatial  and  heat  flux  terms,  respectively. 

equation  6  indicates  that  the  rate  of  boundary  movement  (freezing  front) 
due  to  isothermal  phase  change  is  directly  related  to  the  net  heat  efflux  on 
the  boundary  of  7,.  Additionally,  the  sum  of  normal  heat  flux  terms  along  7. 
is  defined  in  algebraic  sign  according  to  the  freezing/ thawing  direction. 

In  eq.  (6),  the  volumetric  latent  heat  cf  fusion  for  soil-water  is  used  for  L 
where  the  class  of  problems  to  be  studied  is  the  prediction  of  the  freezing 
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fronc  location  within  a  homogeneous  isotropic  (or  regional  homogeneous  isotropic 
freezing/thawing  soil  where  soil-water  transport  is  assumed  negligible.  ~rom 
eq.  (6),  the  freezing  front  contour  7,  is  redefined  in  (x,y)  coordinates  after 
each  time  advancement.  An  approach  used  to  calculate  new  73  (x, y)  coordinates 
is  to  displace  the  nodal  points  (located  at  the  midpoint  of  each  boundary  eler.en 
normal  to  the  heat  flux  direction  such  that  the  total  7,  movement  balances  the 
total  heat  efflux  integrated  with  respect  to  time  along  73.  The  normal  heat  flu 
values  are  calculated  along  ”,  by  the  Cauchy-P.iemann  relations  for  analytic 
(comp.1  ax  variable)  functions.  For  the  examples  considered,  results  indicate  rha 
the  nodal  x-coordinates  vary  considerably  less  than  the  y-cocrdinates  and  that 
carefully  defined  subregions  of  two-dimensional  problems  may  be  comoarad  to 
one-dimensional  model  results  to  checV.  modeling  accuracy. 

The  approach  used  tc  -eve lop  a  two-dimensional  soil-water  freezing  ' thawing 
model  is  to  approximate  a  two-dimens icr.al  dynamic  temperature  field  with  a  time- 
stepped  steady  state  temperature  distribution  in  7  by  means  of  a  complex  boundar 
integral  formulation.  In  soil-water  phase  change  problems  where  latent  heat 
effects  dominate  the  transient  heat  evolution,  a  quasi-steady  state  type  problem 
can  be  formulated  for  many  real  world  situations  where  a  steady  state  head  flux 
estimation  is  a  good  approximation  for  the  time-averaged  dynamic  heat  flux  value 

Such  an  approach  includes  the  advantage  of  a  precisely  defined  freezing 
front  location  in  a  two-dimensional  domain  7.  without  the  use  of  finite  element 
deforming  grid  method  (such  as  used  in  Lynch  and  O'Neill,  19S1)  or  a  multi¬ 
dimensional  finite  element  model.  Consequently,  the  proposed  model  may  be  ideal 
for  many  homogeneous  soil  freezing/thawing  problems  in  gaotechni.al  engineering 
where  computer  capability  is  limited,  such  as  can  be  obtained  on  present  day 
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FORMULATION 

A  discussion  of  the  current  trends  in  cold-regions  thermal  numerical 
models  is  contained  in  Guyrr.or.  et  al  (1980)  and  a  review  of  current  boundary 
integral  methodologies  is  contained  in  Hunt  and  Isaacs  (1981).  The  general 
trend  in  algid-soil  numerical  models  is  to  use  domain  methods  to  approxi¬ 
mate  the  dynamic  he3t  flow  equation  and  to  include  a  soil-water  phase  change 
model  incorporating  an  isothermal  or  apparent  heat  capacity  approximation. 
These  domain  numerical  models  allow  the  ease  of  solving  for  problems  which 
have  a  spectrum  of  dissimilar  materials  and  anisotropy.  However  for  problems 
which  are  homogeneous,  a  3.I.E.M.  formulation  may  be  used  to  estimate  the  heat 
flux  values  within  the  problem,  resulting  in  a  numerical  model  which,  for  the 
test  problems  considered,  is  a  fraction  of  the  size  of  the  domain  model. 
However,  because  the  3.T.E.M.  model  develops  a  fully  populated  >itrl  order  matri 
for  a  M  nodal  point  discretization,  the  global  model  size  can  quickly  exceed  a 
domain  model's  requirements  when  a  fine  mesh  is  used  on  the  problem  boundary. 

THEORY 

Figure  1  shows  an  assumed  problem  to  be  studied  which  consists  of  a 
roadway  embankment .  A  constant  temperature  is  specified  for  and  with 
the  sides  of  the  roadway  embankment  problem  being  specified  with  values  of 
_  *  ..  and  For  a  boundary  integral  formulation,  Neumann  boundary  condi¬ 

tions  car.  be  used  on  the  left  ar.d  right  sides  rather  than  determining  .T  and 
or  ar.  equivalent  rT  ar.d  Any  of  the  usual  boundary  integral  approaches 

oar.  be  used  for  this  problem;  a  complex  formulation  is  used  in  this  study  due 
to  the  ease  in  contour  integration  which  results  from  the  well  known  Cauchy' s 
integral  theorem. 
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Assuning  the  freezing  front  location  to  be  defined  at  some  time  t  ,  the 

o 

dynamic  heat  evolution  problem  is  approximated  by  solving  the  Laplace  relations 

(Fig.  1)  to  estimate  the  mean  heat  flu:-:  values  along  the  freezing  front  location 

during  a  large  timestep,  it.  For  example,  in  the  problems  studied,  timesteps 

of  one-week  are  used  with  good  results.  From  the  estimated  heat  flux  values, 

the  change  in  the  freezing  front  is  calculated  from  eq.  5.  That  is,  a  method 

to  calculate  the  change  in  the  freezing  front  coordinates  is  to  calculate  the 

change  in  the  nodal  point  coordinates  in  the  direction  of  net  normal  heat  flux. 

For  nodal  points  located  at  the  midpoint  of  boundary  elements  ''Brebbia,  1973), 

the  determination  of  new  coordinates  at  the  freezing  front  may  be  estimated 

by  a  simple  balance  between  the  volume  of  soil  frozen,  and  the  time-integrated 

heat  evolved.  Due  to  the  model's  basic  assumption  of  phase  change  effects 

dominating  the  entire  heat  transport  process  the  freezing  front  evolution  is 

relatively  slow,  and  the  simple  freezing  front  evolution  model  described  above 

was  found  to  be  adequate  for  the  problems  tested.  The  r.ew  freezing  front 

location  at  time  t  -it  is  then  used  to  obtain  a  better  estimate  of  averase 
o 

heat  evolution  balance  using  heat  flu:-:  approximations  for  time  t  -it '2. 

To  solve  the  Laplace  equations,  *(z)  is  solved  or.  the  boundary  of  each 


subproblem  to  determine  simultaneous  heat  flux  values  at  each  nodal  point 
along  the  freezing  front.  From  Cauchy's  theorem. 
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7.  .  ,  is  Che  ccncour  becveen  nodes  z .  and  z.  For  z  on 

'  j  .j+i  j  j+i  : 


'(z 


f  f  -,(z)  dz 

.  >  ■ - f  - 

^  6i  u  (z  -  z. 


(9) 


where  ?  is  Che  Cauchy  Principal  Value,  and  5  is  the  interior  angle  between 


line  segments  I\  j  ^  and  I\  (Fig. 2).  On  the  boundary  7  of  each  subproble 


either  >(z.)  or  £(z  )  is  defined  at  each  boundary  nodal  point  z.  t  7. 
J  j  J 


Consequently  from  eq .  (9),'.'  equations  result  for' the  unknown  variables  for 
a  N-nodal  point  discretization  of  7.  The  integrations  on  T  are  approximated 
by  means  of  combining  aqs.  3  and  9. 

The  numerical  integrations  from  solving  eqs.  S  and  9  are  arrived  at 
by  assuming  C (z)  to  be  piecewise  linear  between  nodal  points,  that  is 


S(z>  5 


z  -  z .  1 
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Z  .  -  z. 

'  J+l  J 


-j+1 


f  Z  -  z  I 


'  z.j  j 


(10) 


where  -(z)  is  the  aoproximat ion  of  q(z)  on  T.  ;  and  q.  i 

J 

value  at  node  z.. 


s  a  nodal  point 


The  numerical  integrations  result  in  a  complex  logarithm 
which  is  given  in  Hunt  and  Isaacs  (1981)  and  is  summarized  it 


:ermu_ation 
the  following: 
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For  bouncarv  nodal  points 
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The  contour  integrations  result  in  the  eauaticn  system 
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The  full  system  is  written  in  matrix  form 


X  (0,  V)  *  0  (14) 

where  K  is  a  fully  populated  matrix  of  known  coefficients  from  ec.  13  and 

(t,  -)  is  the  arrav  of  values  of  the  comolex  temoerature  i..  Heat 

-  ~  '33  3 

flux  values  can  be  estimated  by  determining  a  l  interior  of  2  and  calculating 

•  3  o  5 

the  normal  temperature  gradient  values  using  each  t  (:  =C°C)  value  along  the 
r  3  o  o 

freezing  front,  7^ ,  or  directly  from  the  Cauchy-Riemann  equations. 

Since  the  problem  domain  is  assumed  homogeneous  and  isotropic,  parameter 
estimations  are  not  required  on  a  control  volume  basis  because  the  scil- 
nixture  is  assumed  either  entirely  frozen  (with  some  predetermined  unfrozen 
water  content  typical  of  these  problem  freezing  temperatures)  or  thawed  on 
either  size  of  the  freezing  front,  73.  In  comparison  to  a  finite  element 
fixed  grid  model,  thermal  parameters  are  constantly  changing  as  the  control 
volume  ice  content  values  change  with  tine,  necessarily  causing  frequent 
domain  method  global  matrix  regenerations  due  to  the  linearized  approxima¬ 
tions  of  the  governing  nonlinear  heat  flow  equation. 


For  an  anisotropic  homogeneous  problem,  the  above  methodology  can  be 
utilized  by  simply  rescaling  the  global  problem  to  accommodate  the  ratio  of 
horizontal-to-vertical  thermal  conductivity  values  (Myers,  1971),  and  solving 
the  modified  problem  in  the  new  (x,y)  space. 

For  nonhomogeneous  problems,  complexities  arise  in  an  effort  to  simul¬ 
taneously  solve  for  the  unknowns  of  shared  on  the  boundaries  of  homogeneous 
regions.  The  resulting  extra  manipulations  oftentimes  overshadow  the  benefits 
of  the  proposed  geothermal  model,  especially  when  comparing  the  effort  required 
for  problem  data-input  preparation  between  a  domain  method  formulation  and  the 
boundary  integral  formulation.  Additionally,  in  the  approximation  of  heat 
evolution  in  a  nonhomogeneous  problem  several  nodal  points  are  required  interior 
of  H  along  the  boundaries  of  the  defined  homogeneous  regions,  resulting  in  a 
significant  increase  in  computational  effort  due  to  the  fully  populated  matrix 
requirements  of  a  boundary  integral  formulation. 

For  computational  efficiency  and  model  comparison  purposes,  a  B.I.Z.M. 
numerical  model  (Brebbia,  1973)  was  also  used  for  the  approximation  of  nodal 
temperatures  and  heat  flux  values  on  the  freezing  front  boundary.  Both  the 
complex  temperature  formulation  and  the  "boundary  element  method"  were  applied 
to  identical  nodal  placements  and  definitions  for  each  test  problem  studied. 
Comparison  of  computational  results  indicate  that  either  approach  produces  simila 
values  of  heat  flux  on  the  freezing  front  boundary  and,  therefore,  predict  nearly 
identical  freezing  front  locations.  An  advantage  of  'the  complex  temperature 
formulation  is  the  relative  straightforward  contour  integrations  summed  along  the 
boundary  7.  An  advantage  of  the  boundary  element  formulation  is  the  direct  com¬ 
putation  of  heat  flux  values  along  the  freezing  front  nodal  points. 


APPLICATION’S 


The  boundary  integral  equation  method  (3.I.E.M.)  geothermal  model  was 
applied  to  the  roadway  embankment  problem  schematically  defined  in  rig.  1.* 

The  first  problem  studied  assumed  that  a  constant  -10°C  temperature  is  uniformly 
imposed  along  che  top  surface  of  the  domain  with  the  rest  of  the  domain  initially 
set  at  +0.1°C;  that  is, 

%  -  -io°c 

0  =  m0.1°C 

3 

( i  , 0T )  =  Linear  variation  from  (i  , i  )  to  7. 

XL  L  B  J 

For  the  subproblem  v2T1  =  0,  a  frozen  thermal  conductivity  value  of  ice  is  used 
whereas  an  unfrozen  thermal  conductivity  of  water  is  used  for  subproblem  ”*T,  =  0. 
The  freezing  front  F3  is  initially  assumed  at  a  location  of  50  cm  below  the  top 
ground  surface.  Figure  3  shows  several  plots  of  predicted  freezing  front  loca¬ 
tions  from  the  geothermal  model. 

To  test  the  accuracy  of  che  model,  three  quasi  one-dinensicnai  problems  were 
identified  (labeled  A-A,  3-3,  C-C)  in  the  two-dimensional  problem  domain  of  Fig.  3, 
and  the  or.e-dimensional  analytical  solutions  compared  to  the  two-dimensional  geo¬ 
thermal  model  results.  The  geothermal  model  was  found  to  give  coed  results  (Tig.  4) 
when  compared  to  the  well  known  or.e-dimensional  semi-infinite  Stefan  problem, 
solution. 

To  examine  the  effects  of  model  cimescep  size,  the  geothermal  model  was 
tasted  for  variations  in  the  prediction  of  the  freezing  front  location  as  a  func¬ 
tion  of  the  length  of  the  timestep  size.  The  variation  in  results  are  shewn  in 
Fig.  4  which  indicates  that  the  geothermal  model  results  vary  in  accuracy  less 
than  2-perceat  between  timestep  sizes  of  6-hours  and  1-week. 
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Due  to  the  snail  computer  nenory  requirements  for  matrix  solution  and  the 
relatively  simple  coding  necessary  for  the  3.I.E.M.  or  boundary  element  (3.E.M.) 
approaches,  the  freezing  front  locations  plotted  in  Fig.  3  were  obtained  from 
a  well  known  64  K  byte  microcomputer  capability  (FORTRAN  language).  Consequently, 
sophisticated  two-dimensional  problems  may  be  analyzed  economically  by  currently 
available  low-cost  "household"  digital  computers. 

As  a  second  example  problem,  the  effects  of  a  buried  pipeline  maintained 
at  subfreezing  temperatures  was  studied.  In  this  problem  the  freezing  front 
model  used  in  the  first  example  problem  was  utilized  along  with  a  radially  defined 
freezing  front  from  the  buried  pipeline  (Fig.  5)  . 

Three  subproblen  domains  were  defined  in  order  to  estimate  a  net  efflux  of 
heat  along  each  freezing  front.  To  verify  the  model  approximations,  one-dimen¬ 
sional  problem  solutions  were  compared  to  both  the  horizontal-plane  freezing  front 
and  the  radial  freezing  front  problems.  The  problem  simulation  time  was  for  a 
6-month  duration  and  required  less  than  10  CPU  seconds  on  a  Data  General  Eclipse 
mini-computer  system  (using  a  model  timestep  size  of  one-week) .  Modal  accuracy 
was  found  to  be  in  error  less  than  2-percent  from  the  one-dimensional  Stefan 
problem  analytical  solutions.  On  a  64K  byte  (FORTRAN)  microcomputer  system, 
computer  requirements  cost  approximately  2  CPU  minutes  for  the  same  6-month 
simulation.  From  Fig.  5,  it  can  be  noted  that  a  peat  layer  is  approximated  by 
rescaling  the  global  model  and  neglecting  horizontal  heat  flux  effects  ar.c 
assuming  only  a  vertical  freezing  front  penetration  in  the  peat  (the  modeled 
results  verified  this  assumption).  Heat  flux  was  assumed  to  be  taro  or.  the 
left  and  right  sides  of  the  global  problem  domain.  Computer  solution  of  the 
steady  state  heat  flux  problems  were  obtained  by  the  3.I.E.M.  (Brabbia)  in 
order  to  directly  obtain  heat  flux  values  along  the  radial  freezing  front. 
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CONCLUSIONS 

A  soil-water  freezing  geothermal  model  is  developed  which  is  based  on 
a  complex  variable  boundary  integral  equation  method  using  Cauchy's  theorem. 
The  geothermal  nodel  provides  good  results  in  the  prediction  of  soil-water 
freezing  fronts  in  two-dimensional  problems.  Since  the  latent  heat  effects 
of  soil-water  phase  change  are  assumed  to  dominate  the  total  heat  evolution 
budget,  quasi  steady-state  temperature  distributions  may  be  used  to 
estimate  total  net  heat  flux  values  along  the  soil-water  freezing  fronts.  The 
computer  coding  requirements  are  small,  enabling  the  model  to  be  accommodated 
on  currently  available  home  microcomputers  for  many  two-dimensional  freezing/ 
thawing  soil  problems. 
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INTRODUCTION 

Numerical  modeling  of  coupled  heat  and  moisture  transport  in  freezing 
and  thawing  soils  has  been  the  subject  of  a  number  of  investigations 
generally  beginning  in  the  aid-1970 's  (Harlan,  1974  and  Guymon  and  Luchin, 
1975).  Modeling  efforts  reported  in  the  open  literature  primarily  deal  with 
one-dimensional  heat  and  moisture  transport.  These  models  and  numerical 
models  of  frost  heave  are  reviewed  by  Guymon,  et  al  (19S0)  and  Hcpke  (I960) 
among  ethers.  While  one-dimensional  models  of  soil  freezing  or  thawing  are 
adequate  for  a  large  number  of  applications,  at  least  two-dimensional  models 
are  required  for  many  problems,  e.g.  buried  pipelines,  roadway  berm  rrobiems, 
and  embankments  on  permafrost. 

Several  well  known  two-dimensional  geothermal  models  applicable  to 
freezing  or  thawing  soils  have  beer,  developed,  e.g.  the  Exxon  EPR  model. 

The se  models  are  proprietary  and  are  generally  not  reported  in  the  open 
literature.  For  many  applications,  it  is  permissible  to  assume  that  soil 
moisture  is  immeoile,  allowing  one  the  luxury  of  dealing  with  heat  tranport 
and  moisture  phase  change  alone.  Or.  the  other  hand,  a  great  many  soil  freez¬ 
ing  problems  may  involve  unsteady  moisture  transport,  which  may  modify  the 
thermal  regime  of  the  soil  over  a  long  period  of  time,  or  may  be  substantial! 
dependent  on  moisture  transport  as  is  the  case  when  frost  heave  is  occurring. 


The  purpose  of  chis  paper  is  Co  present  a  dynamic  two-dimensional  numerical 


model  of  coupled  heat  and  moisture  transport  which  is  generally  applicable  to 
freezing  and  chawing  soils.  The  model  includes  the  ability  to  estimate  frost 
heave  and  chaw  consolidation  for  simple  but  useful  geometries.  Some  of  the 
problems  associated  with  such  modeling  exercises  are  reviewed. 


THEORY 

The  theory  of  heat  transport  in  freezing  soils  and  their  thermal  pro¬ 
perties  have  been  the  subject  of  investigation  since  before  the  turn  of  the 
century,  e.g.  Stefan  (1891).  Recent  definitive  works  on  chis  topic  are 
Lunardini  (1981)  and  Farouki  (1981).  As  a  result,  the  deterministic  equations 
of  heat  transport  in  moist  soils  are  well  established;  i.e.,  in  two-dimensions 
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where  :<  and  y  =  cartesian  coordinates,  t  =  time,  T  =  soil-water-air-ice 

mixture  temperature,  5_.  =  volume  of  of  ice  per  unit  total  volume  of  soil, 

2. 

=  thermal  conductivity  of  soil-water-air-ice  mixture,  C  =  volumetric  heat 

u 

capacity  of  soil-water-air-ice  mixture,  L  =  volumetric  latent  heat  of  fusion 

of  bulk  water,  0.  =  p  =  density  of  ice  and  water,  respectively,  C  = 
i  w  r  J  w 

volumetric  heat  caoacity  of  water,  and  v  and  v  =  the  x  and  y  velocitv  flux 

x  y 

components.  Obviously,  the  density  parameters  are  relatively  precisely  tempera¬ 
ture  and  salinity  can  be  assumed  to  be  constant  for  dilute  solutions  with  tem¬ 
peratures  less  chan  -20°C  (Anderson,  et  al,  1973).  The  latent  heat  term  only 
contributes  to  (1)  when  soil  regions  are  undergoing  freezing  or  thawing.  The 
remaining  parameters,  K  and  C  ,  are  functions  of  the  volumetric  proportions  of 

HI 

each  material  constituent  and  soil  structure,  among  other  factors.  There  is  some 


variation  in  computed  parameters  depending  upon  the  method  of  measurement 
or  computation.  DeVries  (1966)  method  of  estimating  these  parameters  is 
ofcen  used,  e.g.  for  C 

m 

C  *  Z  C.  0.  (2) 

m  3  J 

where  C.  =  volumetric  heat  capacity  of  j constituent  and  3.  »  volumetric 
J  J 

fraction  of  constituent.  A  similar  equation  is  used  with  and  without 
a  particle  contact  function  for  thermal  conductivity.  Equation  (1)  is 
nonlinear  since  the  and  parameters  depend  upon  the  amount  of  ice  and 
water  coexistant  in  a  freezing  and  thawing  soil.  Additionally,  (1)  is 
coupled  to  equations  describing  the  moisture  state  of  a  soil  and  soil  freezing 
characteristic  relationships  such  as  discussed  by  Anderson,  et  al  (1973). 

Similarly  the  theory  of  water  movement  in  unfrozen  isothermal  soils  is 
well  advanced;  e.g.  3ear  (1979).  A  deterministic  equation  for  moisture 
transport  in  nondeicrmable  saturated  or  unsaturated  porous  media  is 


where  4  =  total  hydraulic  head,  =  extended  Darcy  hydraulic  conductivity, 
0U *  volumetric  water  content,  and  S  =  moisture  sink.  In  unsaturated 
soils  is  a  function  of  negative  pore  water  pressures  (soil  water  tension) 
and  hence  (3)  is  nonlinear.  Depending  on  the  orientation  of  the  x  and  y 
coordinates, the  temporal  term  in  (3)  may  be  zero  or  a  function  of  the  total 
saturated  thickness  multiplied  by  a  storage  coefficient.  The  moisture  sink 
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term  for  a  freezing  soil  accounts  for  the  conversion  of  liquid  water  to  ice; 
i.e. 

0.  30. 

S  -  L  —  —  (4) 

p  3t 

w 

One  must  consider  three  general  regions  in  a  freezing  or  thawing  soil  to 
apply  (3).  The  unfrozen  zone,  which  for  instance  may  be  between  ar.  advancing  , 

freezing  front  and  a  water  table,  will  be  adequately  described  by  (3)  assuming 
moisture  movement  is  by  connected  liquid  water  films  (in  this  case  S  =  0).  In 
the  freezing  zone,  a  zone  of  finite  width  depending  on  material  type  and  perhaps 
other  factors,  (3)  may  apply  and  S  ^  0.  A  major  difficulty  in  applying  (3)  in  a 
freezing  region  is  determining  the  hydraulic  conductivity  parameter.  Kakano 
et  al,  (1982)  has  demonstrated  that  the  presence  of  ice  in  soil  pores  signifi¬ 
cantly  effects  the  transport  of  water  in  soils.  The  hydraulic  conductivity  of 
partially  frozen  soil  is  much  less  than  for  unfrozen  soil.  Jame  (1978)  and 
Taylor  and  Luthin  (1978)  using  data  developed  by  Jame,  indicated  that  unfrozen 
hydraulic  conductivity  had  to  be  reduced  in  a  freezing  zone  in  order  to  adequate 
model  the  thermal  and  soil  moisture  regime  of  freezing  horizontal  columns.  They 
assumed  a  phenomenological  relationship  of  the  form 

-E9. 

K  -  Ky  10  (5) 

where  K  =  freezing  soil  hydraulic  conductivity,  =  unfrozen  soil  hydraulic 
conductivity,  6^  =  volumetric  ice  content,  ana  E  =  a  calibration  factor  such 
that  E9^>0.  For  fully  frozen  soil,  it  is  generally  believed  that  unfrozen  water 
may  move  as  liquid  water  films  primarily  in  response  to  hydraulic  gradients. 

In  this  case  it  may  be  assumed  that  S  =  0.  Whether  this  flow  may  be  represented 
by  Darcy's  law  is  not  established  nor  are  there  definitive  data  available  on 


frozen  soil  hydraulic  conductivity. 
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Because  unsaturated  soils  are  a  common  freezing  and  thawing  problem, 

*  some  means  of  relating  unfrozen  water  contenc  and  total  hydraulic  head  or 

pore  pressure  is  required.  This  is  accomplished  by  developing  che  usual  soil 
moisture  characteristics  which  for  clays  and  silts  is  hysteretic.  For  conve¬ 
nience,  it  is  usually  desirable  for  modeling  purposes  to  assume  that  this  re¬ 
lationship  is  single  valued,  removing  the  problem  of  incorporating  memory  in 
models.  Further,  it  is  convenient  to  express  this  experimental  relationship  as 
some  form  of  mathematical  function.  While  numerous  such  relationships  have  been 
proposed,  we  have  found  that  Gardner's  (1958)  relationship  fits  many  soils  we 
are  interested  in,  i.e.  the  so-called  frost  susceptible  soils.  Water  content 
is  related  to  pore  pressure  as  follows: 


where  =  porosity,  u  =  pore  water  pressure  (expressed  as  hydraulic  head)  and 
A  and  n  =  regression  fit  coefficients  which  depend  on  soil  type,  density,  and 
other  factors. 

Thermodynamic  processes  occurring  in  freezing  zones,  employing  static 
thermodynamic  theory,  are  relatively  well  developed.  Applications  to  dynamic 
scates  are  not  as  well  known  with  the  result  that  agreement  is  not  widespread 
on  how  freezing  zone  processes  should  be  modeled.  In  the  event  ice  segregation 
occurs  lenses  of  ice  form  deforming  the  soil  surface  approximately  an  equal 
amount  (frost  heave),  and  a  dynamic  process  is  involved  between  che  rate  latent 
heat  is  extracted  and  the  rate  moisture  is  supplied  to  the  freezing  zone.  The 
micro-processes  in  this  zone  determine  ice  and  pore  water  pressures  and  hence 
the  ability  to  form  segregated  distinct  ice  lenses.  Early  attempts  to  relate 
these  pressures  resulted  in  the  so-called  capillary  model,  for  example  see 
Fenner  (1957)  and  Everett  (1961).  Changes  in  freezing  temperature  and  pore 
water  pressures  have  been  evaluated  using  the  Ciaperon  equation,  for  instance 
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see  Williams  (1967).  While  boch  of  these  concepts  are  well  established,  there 
is  a  wide  variation  in  how  these  concepts  are  utilized  in  frost  heave  models. 

The  principal  difficulty  is  relating  estimated  pore  water  pressures  to  ice 
pressures  which  may  be  assumed  to  equal  the  overburden  stress  and  surcharge 
loading  (Williams,  1967).  Further,  one  needs  a  relationship  between  ice  lens 
formation  and  the  development  of  heave  forces  for  many  practical  geotechnical 
problems.  Surcharge  loading  is  analogous  to  the  formation  of  heave 
forces.  If  one  were  only  interested  in  total  unrestrained  frost  heave  for 
relatively  shallow  freezing,  a  simple  model  of  heat  evolution  and  moisture 
transport  might  suffice;  for  example  see  Outcalt,  (1980)  and  Arakawa  (1966) 
for  such  models. 

As  a  result  of  uncertainty  concerning  physical  and  chermodynamic  mechanisms 
in  freezing  zones,  and  perhaps  more  significantly  the  uncertainty  as  how  to 
incorporate  whac  is  known  about  these  processes  into  complicated  numerical 
models,  deterministic  numerical  models  are  incomplete.  While  such  incomplete¬ 
ness  adds  a  degree  of  discomfort  to  a  numerical  modeling  approach  from  the 
standpoint  of  confidence  in  the  model  results,  there  is  still  the  need  to  develop 
such  models  to  aid  in  geotechnical  design  studies. 


MODEL  DEVELOPMENT 


While  certain  soil  freezing  and  thawing  processes  are  well  understood, 
others  are  not.  Furthermore,  there  is  considerable  choice  in  modeling  the 
well  established  physics  based  equations  presented  in  the  previous  section 
and  the  incorporation  of  ancillary  relationships  describing  parameters  and 
processes.  The  best  approach  to  formulating  a  comprehensive  model  utilizing 
the  present  knowledge  of  the  several  individual  processes  is  unclear  (Morgenstern, 
personal  communication).  The  problem  is  further  compounded  by  the  coupled  nature 
of  soil  freezing  process  and  the  nonlinearity  of  the  equations  that  purportedly 
describe  these  processes.  These  uncertainties  lead  to  considerable  difficulty 
in  the  choice  of  the  several  approximation  models  to  solve  the  overall  system 
problem.  Current  numerical  techniques  require  some  form  of  decoupling  of  pro¬ 
cesses  and  linearization  in  order  to  obtain  a  solution.  Consequently,  the 
development  of  a  model  is  necessarily  somewhat  complicated. 

A  conceptual  engineering  approach  is  to  use  available  well  established 
physics-based  equations  to  model  the  processes  that  are  perceived  to  be 
adequately  defined.  This  includes  heat  transport  in  frozen  and  unfrozen  zones 
and  moisture  transport  in  unfrozen  zones.  For  processes  not  well  understood, 
such  as  occur  in  freezing  zones,  one  may  use  lumped  phenomenological  approaches. 

As  a  result  of  these  two  modeling  approaches  a  deterministic  multiparameter 
model  will  result  which  will  require  phenomenological  parameters  that  can  only 
be  determined  by  model  calibration.  As  a  consequence,  verification  of  the 
model  may  be  somewhat  compromised.  Depending  upon  how  such  a  model  is  formu¬ 
lated  it  may  be  modified  as  future  research  refines  the  phenomenological 
assumptions. 

An  economical  way  of  proceeding  with  this  task  is  to  first  develop  a  one- 
dimensional  model  to  test  and  refine  modeling  concepts.  This  phase  of  the 
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research  has  essentially  been  completed.  Since  1979  the  U.S.Army,  Cold  Regions 
Research  and  Engineering  Laboratory  (Cuymon  et  al,  1982)  has  been  developing 
a  model  of  frost  heave,  thaw  consolidation  and  thaw  weakening,  applicable  to 
roadways  and  airfields.  A  major  objective  of  this  model  is  that  it  be 
ultimately  user  oriented,  available  to  geotechnical  engineers,  and  that  it 
generally  require  parameters  that  are  economically  obtainable  in  standard  geo¬ 
technical  laboratories.  Development  of  this  model  has  been  reported  upon  as 
follows.  Guvmon,  et  al  (1980)  and  Berg,  et  al  (1980)  represented  the  concepts 
of  a  modeling  approach  and  presented  early  verification  and  sensitivity  results. 
Subsequently,  Guymon,  et  al  (1981a)  presented  additional  verification  results, 
and  Hromadka,  et  al  (1982)  presented  a  detailed  evaluation  of  model  sensitivity 
to  the  choice  of  numerical  analog.  Guymon,  et  al  (1981b)  evaluate  parameter 
sensitivity  and  develop  a  probabilistic  model  which  is  cascaded  with  the  deter¬ 
ministic  one-dimensional  model.  Finally,  Guymon,  et  al  (1982)  are  preparing 
a  detailed  report  of  exhaustive  laboratory  and  field  verification  results  of 
che  one-dimensional  deterministic  model.  Any  additional  improvements  in  model¬ 
ing  frost  heave  will  require  different  modeling  strategies  and  better  knowledge 
of  the  physics  of  dynamic  ice  segregation  processes  and  moisture  transport  in 
frozen  soil. 

Assuming  the  one-dimensional  modeling  strategy  is  reasonable, 
the  next  step  is  the  development  of  a  two-dimensional  model.  Because  the 
above  cited  references  explain  modeling  concepts  in  detail,  only  a  brief 
discussion  of  the  two-dimensional  model  will  be  presented  below.  Model 
assumptions  are  as  follows: 

1.  Moisture  flow  occurs  in  unfrozen  zones  by  liquid  water  film 
driven  by  hydraulic  gradients  and  may  be  estimated  by  Darcy's  law. 

2.  Moisture  flow  in  frozen  zones  is  negligible. 

3.  Sensible  heat  transport  in  ail  zones  is  governed  by  the  heat 


transport  equation. 


4.  Phase  change  effects  may  be  decoupled  from  the  govern  transport 
equations  and  approximated  as  an  isothermal  freezing  process. 

5.  Unfrozen  zones  are  nondeformable,  and  in  freezing  zones  or  frozen 
zones,  deformation  is  due  to  ice  segregation  or  lens  thawing  only. 

6.  Soil  water  pore  pressures  in  freezing  zones  are  governed  by  an 
unfrozen  water  content  factor  determined  from  soil  freezing 
characteristics . 

7.  Hystereses  is  not  present. 

8.  Salt  exclusion  processes  are  negligible. 

9.  Constant  parameters  (e.g.  porosity)  remain  constant  with  respect  to 
time;  i.e.  freeze-thaw  cycles  do  not  modify  parameters. 

10.  Freezing  and  thawing  processes  in  a  two-dimensional  medium  occur 

in  such  a  way  so  thac  there  are  no  internal  shear  or  stress  forces 
developed  between  different  zones. 

The  equations  for  the  two-dimensional  model  are  summarized  in  Table  1. 

The  moisture  flow  equation  is  solved  using  total  head  at  the  state  variable 
rather  than  using  pore  water  pressure  as  is  customary  in  much  of  the  literature. 
The  motivation  for  using  energy  nead  is  that  the  numerical  analog  "stiffness" 
matrix  will  be  symmetrical,  reducing  computer  memory  requirements.  The  con¬ 
vective  terms  of  the  heat  transport  equation 
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are  approximated  as  a  space-time  average  from  a  previous  solution  timestep  so 
that  these  terms  may  be  included  in  the  numerical  analog  load  vector  term. 
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Deterministic  equations  for  two-dimensional  frost  heave  model 
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Thus,  the  numerical  analog  "stiffness"  matrix  will  be  symmetrical,  reducing 
computer  memory  storage  requirements.  One  of  the  objectives  is  to  avoid  the 
need  of  mainframe  computers  and  develop  a  code  that  will  run  on  the  now  wide¬ 
spread  mini-class  computers. 

Latent  heat  terms  are  typically  handled  by  the  so-called  apparent  heat 
capacity  approach  (Luikov,  1966).  While  there  are  no  apparent  theoretical 
problems  in  using  this  approach  for  models  that  incorporate  heat  transfer  alone, 
Hromadka,  et  al  (1981)  show  that  for  coupled  problems,  the  use  of  the  apparent 
heat  capacity  concept  may  lead  to  inconsistent  models  with  undesirable  restraints 
on  parameters.  Also,  the  use  of  the  apparent  heat  capacity  concept  appears  to 
restrict  numerical  solutions  to  using  undesirably  small  timesteps  anc  spatial 
discretization.  For  these  reasons,  an  isothermal  approach  is  used  to  approxi¬ 
mate  phase  change  effects  (Hromadka,  et  al,  1981).  The  algorithm  is  based  on 
a  simple  control  volume  approach.  A  volume  of  freezing  soil  is  not  allowed 
to  reach  a  subfraezing  temperature  until  the  latent  heat  of  fusion  of  ail  svaiiab 
water  for  freezing  in  a  control  volume  of  soil  is  exhausted.  However,  if  this 
procedure  is  used  for  a  large  region  of  soil,  it  is  difficult  to  determine  the 
location  of  the  freezing  or  thawing  isotherm.  Because  there  is  a  large  differ¬ 
ence  in  mechanical  strength  properties  between  frozen  and  unfrozen  soil,  the 
locations  of  the  freezing  isotherm  is  important  and  the  freezing  or  thawing 
isotherm  must  be  relatively  precisely  defined.  This  is  done  by  using  a  pseudo 
apparent  heat  capacity  approach.  The  numerical  analog  mass  matrix  diagonal 
terms  are  weighted  so  that  phase  change  effects  are  lumped  at  nodal  points 
whose  associated  control  volumes  are  undergoing  soil  water  phase  change. 


A  number  or  ancillary  relationships  are  required  in  order  to  solve  the  two 


transport  equations.  DeVries  (1966)  relationship  (2)  is  used  to  compute  the 
heat  capacity  and  thermal  conductivity  of  the  soil-water-air-ica  mixture. 
Solution  of  (3)  requires  chat  the  relationship  between  pore  water  pressure 
and  water  content  be  known  where  the  temporal  term  is  replaced  by 


36  34i 
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The  partial,  36^/Su,  is  determined  from  Gardner’s  (1958)  relationship  (6). 
Additionally,  this  same  relationship  is  used  to  relate  hydraulic  conductivity 
to  pore  water  pressure;  i.e. 
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(7) 


where  X  =  saturated  hydraulic  cor.cuctivitv  (cermeabilirv)  and  A.,  and  m  are 

o  .< 

parameters  for  a  given  soil.  Hydraulic  conductivity  in  freezing  tones  is 
estimated  by  the  phenomenological  relationship,  (5). 

Pore  water  pressures  at  freezing  fronts,  which  largely  determine  the 
hydraulic  gradient  toward  a  freezing  front,  a:e  - mined  by 


u  •  u(9n)  (8) 

where  6  =  a  constant  unfrozen  water  content  factor.  Although  (3)  is  deoendent 

n 

on  temperature  (Anderson,  et  ai,  1973)  ar.d  perhaps  pressure,  a  constant  value 
is  used  in  the  current  version  of  the  model. 

Pore  pressures,  particularly  at  freezing  fronts,  may  be  modified  by  total 
stresses,  C ,  and  fcv  excess  pore  oressures,  u  ,  if  consolidation  occurs. 

g 

Total  stresses  are  the  sum  of  overburden  and  surcharge  stresses.  Excess  pore 
pressures  may  be  modeled  by  Terzagi's  consolidation  theory.  Only  total  stresses 


are  considered,  and  these  are  only  considered  if  ice  segregation  is  occurring 
in  a  freezing  zone.  If  ice  segregation  is  net  occurring,  the  total  stress  is 
assumed  to  be  supported  by  the  soil  matrix.  If  ice  segregation  is  occurring 
then  negacive  pore  water  pressures  given  by  (8)  are  modified  by  adding  over¬ 
burden  and  surcharge  pressures  uq  (expressed  as  equivalent  hydraulic  head),  to 


(3) ;  i.e.  , 


u  =  u(5  )  +  u 
t  n  c 


where  u^  is  the  pressure  at  the  ice  lens -water  interface.  The  water  film  on 
the  ice  lens  is  presumed  to  support  the  tocal  overburden  and  surcharge 
weight.  While  excass  pore  pressures,  u^,  may  be  added  to  (9),  we  have 
found  thac  these  pressures  are  very  small  for  frost  susceptible  silts  and  sandy 
silts  and  may  conveniently  be  neglected.  Equation  (9)  simulates  the  physical 
processes  chat  are  assumed  to  occur  at  ice  segregation  fronts.  Overburden 
and  surcharge  stresses  reduce  negative  pore  water  pressures  given  by  (3) ,  and 
thus  reduce  hydraulic  gradients  and  moisture  flow  toward  ice  segregation 


Auxiliary  equations  are  required  for  boundary  and  initial  conditions  in 
order  to  solve  the  problem.  Required  initial  conditions  are  soil-water  temperatures, 
ice  content,  and  pore  water  pressures.  While  any  type  of  boundary  conditions  may 
be  incorporated  (e.g.  a  soil  surface  heat  budget  simulator)  we  have  generally 
used  a  functional  relationship  for  soil  surface  temperatures  based  upon  the 
'J.S.Army,  Corps  of  Engineers  n-factor  approach  (Berg,  197i).  For  pore  pressure 
boundary  conditions,  the  model  assumes  no  moisture  flux  at  frozen  boundaries 
and  uses  a  specified  time-varying  pore  water  pressure  at  other  boundaries. 

Parameters  required  in  the  multi-parameter  model  are  summarized  in  Table  1. 

Other  required  parameters  such  as  the  latent  heat  of  fusion  of  water,  heat 
capacities  of  ice  and  water,  and  density  of  water  are  taken  from  standard 


thermodvnamic  cables. 


Table  2. 


Parameters  required  for  the  two-dimensional 
frost  heave  model 


Parameter 


Description 


n,A,rf  characterize  volumetric  water  content  versus  pore 

water  pressure  relationship  for  unfrozen  soil 

saturated  hydraulic  conductivity  for  unfrozen  soil 


m.Aj,  characterize  soil  pore  water  pressure  versus  hydraulic 

conductivity  relationship  for  unsaturated  unfrozen 
soil 


E  corrects  unfrozen  unsaturated  hydraulic  conductivity 

for  hydraulic  conductivity  in  partial  frozen  soil  in 
freezing  zone  (a  calibration  factor) 

:  soil  porosity 


5  unfrozen  water  content  factor  in  freezing  or  frozen  soil 

(minimum  soil  water  content  assumed  to  coexist  with  ice) 

K  thermal  conductivity  of  soil 

s 


density  of  soil 


T  - 
r 


freezing  point  depression  of  soil  water 
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|  The  nodal  domain  integration  method  is  used  to  solve  the  heat  and  moisture 

transport  equations  given  in  Table  1.  This  method  has  been  presented  in  detail 
by  Hromadka  et  al  (1981)  and  elsewhere  and  will  only  be  briefly  reviewed  here. 

I  In  order  to  develop  a  two-dimensional  model  which  can  be  accommodated  on 

mini-class  computers  and  be  used  in  studies  cost  effectively,  extensive  research 
in  numerical  methodology  was  undertaken.  The  main  goal  of  this  portion  of  re¬ 
search  was  to  develop  a  numerical  algorithm  which  produced  a  minimal  level  of 
relative  error  in  approximation,  and  yet  required  a  minimum  computational 
effort.  Due  to  the  location  of  the  freezing  front  being  of  primary  interest  in 
the  total  modeling  approach,  accurate  calculation  of  temperature,  soil  water 
content,  and  other  variables  are  required.  As  a  resulc,  the  nodal  domain 
integration  approach  was  developed  which  adequately  approximates  the  governing 
transport  equations  without  the  need  of  expensive  expanding  mesh  algorithms  or 
global  system  mesh  regeneration  requirements.  In  order  to  reduce  computational 
requirements,  numerical  approximation  simplifications  are  employed  whenever 
possible. 

The  solution  domain  is  discretized  into  finite  elements,  similar  to  the 
.  finite  element  procedure.  For  this  model,  we  use  triangular  elements  where 

the  state  variable  is  represented  by  linear  trial  functions.'  Depending  upon 
how  one  defines  a  subdomain  of  integration  for  the  partial  differential  operator, 
various  numerical  analogs  may  be  developed;  e.g.  Galerkin  finite  element  analog. 
Hromadka  et  al,  (1981)  show  that  an  infinity  of  numerical  analogs  exist  where 
*  the  uncoupled  linearized  heat  transport  or  moisture  transport  equations,  given 

in  Table  1,  may  be  represented  by  the  element  matrix  equation  of  the  form 

Ke  ^  +  P€(n)  -  (0}  (10) 

where  (10)  is  for  the  moisture  transport  equation  and 
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where  K*  ■  a  symmetric  banded  conduction  matrix  identical  to  the  usual  stiffness 
matrix  for  linear  trial  function  triangular  elements  (Zienkiewicz ,  1977),  P*(n)  ■ 
a  symmetric  banded  capacitance  matrix  as  a  function  of  a  mass  weighting  factor  n, 
<(»j  »  a  vector  of  unknown  state  variables  at  nodal  points,  and  ■  a  vector 

g 

of  the  time  derivative  of  the  unknown  state  variables.  Matrix  P  (n)  is  given  by 


pe(n) 


(36u/3u)eAe 

3<n  +  2) 


"n  i  i" 

l  n  i 

l  i  n 
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where  e  *  a  particular  triangular  element  and  A  m  the  element  area.  When  ri  ■  2, 
the  usual  Galerkin  finite  element  formulation  is  obtained  for  a  linear  trial 
function  approximation.  When  ri  =■  22/7  (approximately  it)  ,  a  subdomain  integration 
formulation  is  obtained.  When  an  integrated  finite  difference  formulation 

is  obtained.  Hromadka  and  Guymon  (1982)  show  that  n  may  be  a  function  of  time 
and  that  the  best  choice  of  a  n  depends  upon  the  nature  of  Che  problem  studied. 
For  example,  where  sharp  wetting  fronts  may  occur  in  a  porous  media  seepage 
problem,  the  integrated  finite  difference  formulation  generally  results  in  less 
relative  error  than  the  Galerkin  finite  element  formulation. 

The  derivation  of  (10)  requires  that  parameters  be  held  constant  in  each 
subdomain  or  element;  however,  parameters  may  vary  from  subdomain  to  subdomain. 
Additionally,  each  nonlinear  partial  differential  equation  is  linearized  where 
parameters  are  held  constant  for  a  small  time  interval.  This  procedure  is  in 
lieu  of  an  iterative  scheme  to  account  for  nonlinear  parameters.  This  procedure 
is  often  valid  for  soil  problems  since  the  soil  water  phase  change  effects  result 
in  a  damped  system  of  partial  differential  equations. 

For  the  entire  solution  domain,  matrix  (10)  is  assembled  in  an  appropriate  . 
manner  (Zienkiewicz,  1977)  to  form  the  system  matrix  equation 
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k  <t>j  +  P(n) 


where  K  and  P(n)  are  square  banded  symmetric  positive  definite  matrices,  and 
are,  respectively,  unknown  nodal  state  variable  and  their  temporal  derivative, 
and  is  a  vector  of  known  boundary  conditions. 

Solution  of  (12)  is  by  a  fully  implicit  approach  which  is  required  to  solve 
problems  where  a  free  water  surface  exists  within  the  solution  domain  (Neuman, 
1973);  i.e.  (12)  becomes 


(K  +  P(n)/At)^+At  -  P  4»j/At  -  Fj+At 


where  At  ■  an  appropriate  timestep  interval. 

The  solution  procedure  for  both  uncoupled  equations  of  state  (given  in 
Table  1)  is  to  use  (13)  to  solve  for  the  state  variables  <J)  and  T.  At  specified 
intervals  At*,  where  At*2At,  all  nonlinear  parameters  are  recomputed,  using  the 
necessary  ancillary  relationships  discussed  previously,  and  the  system  matrices 
are  "updated."  Ice  contents  and  secondary  variables  are  computed  at  this  time. 
Latent  heat  effects  and  total  lumped  ice  segregation  quantities  are  evaluated  at 
each  At  timestep.  Boundary  condition  information  is  updated  at  each  At*  interval. 

The  numerical  model,  FR0ST2B,  is  coded  in  FORTRAN  IV  for  use  on  mini-class 
computers.  The  model  includes  a  front-end  humanized,  interactive  data  prepara¬ 
tion  program,  PROTO0,  and  a  color  graphics  output  program,  ROAD.  The  model  is 
coded  in  a  modular  form  allowing  easy  modifications  to  a  general  class  of 
problems.  This  version  is  for  an  arbitrary  cross-section  and  does  not  permit 
the  calculation  of  frost  heave.  A  second  version  (D)  is  for  a  roadway  embank¬ 
ment  and  permits  frost  heave  calculations.  FR0ST2D  includes  a  mesh  generator 
in  order  to  keep  track  of  differential  frost  heave  at  the  roadway  and  embankment 
surface.  All  versions  are  capable  of  dealing  with  a  layered  soil  profile. 


MODEL  VERIFICATION 


Verification  of  a  complex  model,  such  as  is  presented  above,  is  probably 
never  complete.  Each  different  application  suggests  some  form  of  fine  tuning 
of  concepts  or  procedures  imbedded  in  the  model.  In  the  case  of  the  model 
developed  here  there  are  a  number  of  submodels  that  require  verification  as 
well  as  the  overall  model  system. 

Guymon  et  al  (1981)  arbitrarily  group  frost  heave  modeling  errors  or 
uncertainty  into  four  general  categories : 

1.  Errors  due  to  the  choice  of  a  model  including  the  choice  of  a 
numberlcal  analog 

2.  Errors  due  to  spatial  and  temporal  discretization  and  parameter 
averaging 

3.  Errors  due  to  the  choice  of  initial  and  boundary  conditions 

4.  Errors  due  to  the  choice  of  parameters 

The  total  modeling  error  is  a  function  of  the  four  general  types  of  errors. 
Obviously,  analytical  solutions  for  comparison  of  model  results  are  unavailable. 
Because  of  the  nonlinear  nature  of  the  coupled  problem  and  the  model  selected 
to  represent  frost  heave,  the  only  available  method  of  verification  is  com¬ 
paring  model  results  to  prototype  data  which  may  be  a  physical  laboratory  model 
or  field  situation.  Even  this  approach  is  not  entirely  perfect  because  of 
uncertainty  associated  with  boundary  and  Initial  conditions  and  parameters  that 
arise  in  the  model.  While  most  of  the  parameters  Imbedded  in  the  model  have 
some  presumed  physical  meaning  and  can  be  evaluated  in  a  laboratory,  the 
E-parameter  can  only  be  determined  by  calibration  of  the  model.  Sufficient 
calibration  efforts  may  suggest  a  way  of  predetermining  E  in  the  future. 

Linearized  decoupled  problems  may  be  solved  analytically  to  determine 
the  accuracy  of  models.  Because  spatial  and  temporal  discretiation 
interact  with  model  errors,  these  problems  need  to  be  studied  at  the 
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same  time.  Most  analytical  solutions  of  freezing  soil  or  bulk  water  are  for 
one-dimensional  columns.  Thus,  accuracy  of  a  two-dimensional  model  may  be 
studied  by  solving  column  problems  oriented  in  the  x-direction  and  then  in 
the  y-dlrection.  This  procedure  was  followed  through  several  tests  for  both 
unsaturated  soil  moisture  transport  and  heat  transport,  with  and  without  phase 
change.  For  heat  tranport  alone,  errors  in  the  position  of  isotherms  and 
particularly  the  freezing  isotherm  were  less  than  8  percent  of  relatively 
fine  spatial  discretization  and  fairly  large  tlmesteps.  Errors  could  be 
reduced  to  less  than  3  percent  for  smaller  tlmesteps.  Unsaturated  soil 
moisture  transport  in  a  vertical  column  was  evaluated  by  comparing  to  Philip’s 
quasi-analytical  solution  as  discussed  in  Guymon  and  Luthin  (1974).  Close 
agreement  was  obtained  depending  primarily  on  how  frequent  nonlinear  hydraulic 
conductivity  is  updated  in  the  taodel. 

Additionally,  the  two-dimensional  model  was  compared  to  one-dimensional 
model  solutions  and  one-dimensional  laboratory  soil  column  tests.  The  one¬ 
dimensional  model  has  been  extensively  verified  against  soil  column  data  and 
field  data  (Guymon  et  al,  1981a;  Guymon  et  al  1981b;  and  Guymon  et  al,  1982). 
Figure  1  shows  an  example  comparison  for  a  coupled  heat  and  moisture  transport 
problem  involving  Fairbanks  silt.  In  this  example,  the  column  top  was  subjected 
to  a  -5®C  temperature  at  time  zero  and  the  column  bottom  was  maintained  at  the 
initial  condition  temperature  of  1®C.  A  water  table  was  maintained  at  the 
column  bottom. 

The  two-dimensional  model  was  tested  against  a  number  of  isothermal  unfrozen 
soil  dam  problems  involving  unsteady  seepage  with  a  free  water  surface.  Figure  2 
shows  an  example  comparison  of  a  model  solution  to  experimental  data  and  a  solu¬ 
tion  of  Vauclin  et  al  (1975)  for  the  phreatic  surface  for  an  unsteady  ditch 
drainage  problem.  Experimental  data  and  theoretical  solutions  compared  favorably. 
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Figure  3  shows  an  example  of  a  dam  seepage  problem  where  a  dynamic  model  solu¬ 
tion  is  compared  co  Unginchus'  (1966)  steady  state  theoretical  solution. 

Two-dimensional  verification  of  the  heat  transport  model  has  included 
comparison  with  field  data  for  a  freezing  and  thawing  roadway  embankment  and 
a  set  of  thawing  data  for  a  laboratory  sand  tank.  In  the  first  case  model 
solutions  were  compared  to  sparce  thermistor  data  for  the  summer  and  various 
winter  times  of  the  year  at  eight  locations  in  a  roadway.  Boundary  conditions 
were  only  approximately  known  and  thermal  properties  of  the  different  embank¬ 
ment  materials  were  approximated  from  textural  classification  information. 

In  all  cases,  estimated  temperatures  were  within  1®C  of  measured  temperatures. 
The  position  of  the  freezing  Isotherm  was  accurately  estimated,  errors  being 
only  a  fraction  of  a  foot  in  most  cases. 

The  sand  tank  model  consisted  of  a  3.92  m  wide  by  1.28  m  deep  tank  of 
sandy  silt  that  is  over  4  m  long  to  simulate  two-dimensional  thawing  around 
a  buried  small  diameter  hot  pipe.  The  embankment  is  initially  frozen  from  the 
surface  down  by  means  of  cold  plates.  Sides  and  bottoms  are  insulated  to 
minimize  heat  loss.  The  upper  boundary  condition  and  pipe  temperature  boundary 
conditions  are  known.  Side  and  bottom  boundary  conditions  are  assumed  to  be 
zero  heat  flux.  Soil  thermal  parameters  and  initial  soil  ice  contents  were 
assumed.  Because  of  symmetry  only  half  the  tank  was  analyzed,  where  at  the  pipe 
centerline,  zero  heat  flux  in  the  x-direction  was  assumed.  A  comparison  of 
modeled  and  measured  soil  temperatures  after  one-day  of  initiating  hot  fluid 
flow  in  the  buried  pipe  is  shown  in  Figure  4.  As  time  progresses,  the  solution 
at  the  bottom  of  the  tank  deviated  somewhat  from  measured  temperatures,  pri¬ 
marily  because  of  inaccurate  representation  of  the  bottom  temperature  and  heat 
flux  conditions. 
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Verification  of  the  two-dimensional  model  for  uncoupled  moisture  transport 
alone  or  uncoupled  heat  transport  alone  has  demonstrated  that  these  two  im¬ 
portant  components  of  the  overall  model  are  accurately  modeled.  In  particular, 
the  isothermal  freezing  approach  provides  a  relatively  accurate  and  economical 
prediction  of  freezing  and  thawing  phenomena.  Rather  large  spatial  discretization 
may  be  used.  Unfortunately,  we  do  not  have  a  good  data  set  for  a  two-dimensional 
frost  heave  prototype  situation  in  order  to  further  verify  the  model.  However, 
one-dimensional  data  is  available  as  described  by  Ingersoll  and  Berg,  (1981). 
One-dimensional  solutions  using  the  two-dimensional  model  are  identical  to 
results  achieved  by  Che  one-dimensional  model  which  can  accurately  simulate 
unrestrained  and  restrained  frost  heave. 

Evaluation  of  parameter  errors  and  numerical  analog  errors  have  been 
extensively  dealt  with  previously  for  the  one-dimensional  model  (Guymon  et  al, 

1981  and  Hromadka  et  al,  1982).  Similar  to  the  one-dimensional  model,  the 
two-dimensional  model  is  sensitive  primarily  to  hydraulic  conductivity  parameters. 
Some  success  has  been  obtained  in  calibrating  the  E-parameter  using  split  record 
tests.  That  is,  the  E-parameter  may  be  calibrated  using  a  one-year  sequence 
of  data,  and  without  modification  of  parameters,  a  following  one-year  sequence 
of  frost  heave  data  may  be  reliably  evaluated.  Thermal  parameters  may  be  approxi¬ 
mated  without  large  error  in  results.  This  is  primarily  due  to  the  fact  that 
latent  heat  effects  largely  dominate  the  thermal  regime  of  a  freezing  or  thawing 
soil.  It  is  emphasized  that  the  model  has  been  primarily  tested  against  frost 
susceptible  silts  and  dirty  gravels.  Additionally,  the  method  of  dealing  with 
surcharge  and  overburden  appears  to  only  apply  for  relatively  low  overburden 
pressures  (i.e.,  uq  <  60  kPa).  The  model  tends  to  erroneously  "cutoff"  frost 
heave  for  large  u  . 
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EXAMPLE  APPLICATIONS 


The  firsc  problem  considered  is  a  buried  chilled  pipeline,  1.2  m  in 
diameter.  The  problem  domain  is  4.3  m  by  3.1  m  in  the  horizontal  and  vertical 
dimensions,  respectively.  The  soil  is  assumed  to  be  a  homogeneous  Fairbanks 
silt  with  an  initial  homogeneous  temperature  of  0.5®C  and  pore  pressure  head 
of  -70cm.  Initial  ice  content  is  assumed  to  be  zero  throughout  the  soil  region. 
The  pipeline  is  assumed  to  be  buried  1.2  m  below  the  ground  surface.  The  ground- 
water  table  effects  are  modeled  by  assuming  a  constant  pore-pressure  head  of 
-70  cm  0.6  m  below  the  bottom  of  the  pipe.  The  solution  is  assumed  to  be 
symmetrical  about  the  vertical  centerline  of  the  pipe.  A  constant  thermal 
boundary  condition  of  -2°C  and  .  5#C  is  assumed  at  the  top  and  bottom  of  the 
study  region,  respectively.  The  pipe  surface  is  assumed  to  remain  at  a  constant 
temperature  of  -.5°C.  Overburden  effects  are  not  considered,  and  the  total 
simulation  is  for  6  months.  Estimated  ice  contents  at  the  end  of  a  6-month 
period  are  plotted  in  Figure  5.  Cross-hatched  areas  indicate  regions  in  which 
ice  contents  exceed  the  assumed  soil  porosity  and  ice-segregation  may  be 
occurring.  Dotted  areas  indicate  where  ice  contents  are  approaching  the 
assumed  porosity. 

Results  of  the  two  dimensional  model  are  somewhat  verified  by  assuming  a 
one-dimensional  problem  at  the  vertical  soil  region  furthest  from  the  pipe. 
Comparison  of  one-dimensional  model  results  to  the  pore  pressures  and  tempera¬ 
tures  computed  by  the  two-dimensional  version  of  the  model  were  found  to  be 
in  close  agreement. 

Frost  heave  is  not  estimated  in  this  example  because  of  the  unknown 
effects  of  overburden  and  pipe  interaction  with  the  freezing  soil.  Also,  the 
interaction  between  soil  regions  where  ice  segregation  may  be  taking  place  and 
other  soil  regions  is  not  known.  For  complicated  geometry  such  as  is  considered 
in  this  example,  only  the  heat  transport  and  moisture  transport  aspects  of  the 


model  are  valid.  However,  Che  tendency  for  ice  segregation  to  occur  can  be 
qualitatively  evaluated  with  the  model. 


A  second  example  considered  is  a  roadway  embankment  where  it  is  assumed 
that  soil  interaction  problems  are  minor  and  frost  heave  may  be  estimated. 

Figure  6  shows  the  soil  solution  domain  for  half  of  a  roadway  and  the  simulated 
frost  heave  at  two  different  overburden  values  and  for  various  days  after 
initiation  of  freezing.  Parameters  for  Fairbanks  silt  were  assumed.  A  horizontal 
water  table  exists  in  the  embankment  as  shown.  Soil  surface  temperatures  were 
assumed  to  be  a  constant  -20°C  and  soil  bottom  temperatures  were  assumed  to  be 
a  constant  1°C.  Horizontal  transport  of  moisture  or  heat  at  the  solution  domain 
sides  was  assumed  to  be  zero. 

As  an  approximate  check,  a  one-dimensional  solution,  using  the  one¬ 
dimensional  model,  was  compared  to  two-dimensional  solution  results  at  Che 
roadway  centerline  and  the  right  side  of  the  solution  domain.  Centerline 
solutions  compared  very  closely  while  right-side  solutions  using  the  one- 
dimensinal  model  were  about  0.5  cm  of  heave  greater  than  estimated  with  the 
two-dimensional  model.  However,  the  solutions  were  tending  to  converge  after 
30-days.  The  reason  for  this  discrepancy  may  be  that  relatively  large  elements 
were  used  in  the  two-dimensional  model. 

Although  this  example  is  somewhat  hypothetical,  the  results  appear  to  be 
conceptually  correct.  The  water  table  position  strongly  influences  simulated 
heave.  A  rather  small  surcharge  restrains  frost  heave  somewhat.  At  the 
roadway  edge,  frost  heave  is  reduced  due  to  more  rapid  freezing  caused  by  the 
surface  geometry.  At  the  embankment  toe,  frost  heave  is  larger  than  for  other 
areas  for  times  up  to  15-days  because  surface  geometry  results  in  less  heat 
extraction. 
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DISCUSSION 


A  two-dimensional  model  of  coupled  heat  and  moisture  transport  in  freezing 
or  thawing  soil  is  presented.  For  simple  but  useful  geometries,  frost  heave  or 
thaw  consolidation  may  be  estimated.  The  model  is  based  upon  well  known  trans¬ 
port  equations  to  estimate  heat  and  water  transport  for  a  soil  freezing  or 
chawing  problem.  Because  the  model  is  based  upon  incomplete  theory  for  freezing 
zones,  phenomenological  relationships  are  also  employed. 

This  results  in  a  major  limitation  of  the  model  since  one  phenomenological 
parameter  (E)  must  be  determined  from  laboratory  freezing  experiments  or  field 
data  on  a  freezing  soil.  Guymon  et  al  (1982)  found  that  the  E  parameter  may 
be  reasonably  evaluated  for  field  cases  provided  a  number  of  freeze-thaw  cycles 
are  included  in  the  data. 

Other  parameters  required  for  the  model  such  as  soil  porosity  and  density 

can  be  routinely  determined  in  the  laboratory.  However,  hydraulic  parameters 

such  as  unsaturated  hydraulic  conductivity  and  the  unfrozen  water  content 

factor,  6  ,  require  specialized  laboratories  to  determine  them.  Although  there 
n 

are  such  laboratories,  their  need  is  somewhat  of  a  limitation  to  the  routine 
employment  of  the  model  by  the  geotechnical  cadre.  In  an  effort  to  minimize 
this  problem  the  U.S.Army-CRREL  is  attempting  to  analyze  a  large  number  of 
soils  with  the  hope  that  this  data  may  be  of  value  in  estimating  sophisticated 
parameter  without  conducting  costly  tests.  Some  of  this  data  is  summarized  in 
Guymon  et  al  (1982). 

The  modeling  approach  used  here  is  useful  for  problems  involving  dynamic 
coupled  heat  and  moisture  transport  in  which  the  primary  variables  of  interest 
are  soil  temperature  or  water  content  (or  pore  water  pressures)  in  frozen  or 
unfrozen  soils.  We  know  of  no  other  such  two-diT.ensior.al  model,  reported  in 
the  open  literature.  The  model  is  adaptable  to  a  wide  variety  of  problems  and 
may  be  used  for  seepage  problems  alone  or  geothermal  problems  alone. 


For  simple  but  useful  geometries,  Che  proposed  model  may  be  used  to 
estimate  frost  heave  or  thaw  consolidation.  Such  estimates  are  only  reasonably 
valid  for  geometries  that  do  not  involve  appreciable  interaction  between  soil 
masses  where  differential  heave  or  thaw  may  be  appreciable. 

While  we  have  experimented  with  different  approaches  of  formulating 
numerical  algorithms  and  believe  we  have  assembled  a  good  combination  of  these 
algorithms,  we  are  by  no  means  certain  that  we  have  assembled  the  best 
combination.  We  believe  that  this  question  should  be  the  subject  of  continuing 
research. 

As  pointed  out  numerous  times,  the  model  we  have  investigated  is  incom¬ 
plete  from  the  standpoint  of  the  thermodynamics  of  moisture  in  freezing  zones. 

This  drawback  should  not  deter  investigators  in  developing  models  which  might 
be  quite  useful  in  a  number  of  analysis  problems.  However,  continued  research 
to  better  define  unknown  areas  should  continue  in  order  to  improve  analysis 
ability. 

Finally,  Guymon  et  al  (1981)  pointed  out  that  purely  deterministic  models 
by  themselves  may  never  be  adequate  for  modeling  frost  heave.  Even  if  we  had 
reasonably  precise  knowledge  on  all  thermodynamic  and  physical  processes 
involved,  parameter  uncertainty  and  perhaps  boundary  condition  uncertainty 
requires  some  form  of  probabilistic  approach.  Assuming  one  reasonably  formulates 
a  deterministic  model,  as  we  believe  we  have  done  here,  further  model  refinement 
may  not  yield  better  accuracy  because  parameter  and  boundary  condition  uncertainty 
may  not  permit  more  precise  results.  Most  porous  media  flow  models  require  some 
form  of  calibration  and  this  is  certainly  true  of  the  model  we  have  presented 
here.  Because  both  the  one-dimensional  model  and  two-dimensional  model  use 
identical  parameters  the  one-dimensional  model  can  be  used  to  calibrate 
parameters  (i.e.  the  E-factor)  for  each  type  of  soil  encountered  in  a  two- 
dimensional  problem. 

25 


I 


ACKNOWLEDGMENTS 


This  research  was  supported  by  the  U.S. Array  Research  Office  (Grant 
No.  DAAG29-79-C-0080) .  Mr.  Chung-Cheng  Yen  assisted  in  verification 
analysis.  Mr.  David  Esch  of  the  Alaska  Transportation  and  Public  Facilities 
Department  furnished  temperature  data  on  a  roadway  embankment,  and  the 
U.S. Army,  Cold  Regions  Research  and  Engineering  Laboratory,  Hanover, 

New  Hampshire  furnished  data  on  their  sand  tank  model.  We  wish  to  particularly 
acknowledge  the  support  and  assistance  of  Dr.  R.  L.  Berg,  U.S.Army-CRREL. 


» 


26 


SELECTED  NOTATION 


■  parameters  describing  unsacurated  hydraulic  conductivity 
of  unfrozen  soil 

”  parameters  describing  soil  moisture  characteristics  for 
unfrozen  soil 

■  volumetric  thermal  conductivity 

■  volumetric  heat  capacity  of  water 
“  calibration  parameter 

*  hydraulic  conductivity  for  unfrozen  soil 

■  saturated  hydraulic  conductivity  of  unfrozen  soil 

*  thermal  conductivity 

**  volumetric  latent  heat  of  fusion  of  soil  water 
(assumed  to  equal  bulk  water) 

*  normal  coordinate 

»  total  hydraulic  head 

■  density  of  ice 

■  density  of  water 
-  time 

*»  temperature 

■  freezing  point  depression  of  water 

*  volumetric  ice  content  of  soil 

■  unfrozen  water  content  factor  for  frozen  soil 

*  porosity  of  soil 

■  volumetric  unfrozen  water  content  of  soil 

■  pore  water  pressure  expressed  as  hydraulic  head 

■  overburden  pressure  expressed  a  equivalent  hydraulic  head 

■  velocity  flux  computed  from  Darcy's  Law 

■  Cartesian  coordinates 
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LIST  OF  FIGURES 


Title 

Comparison  of  one-  and  two-dimensional  model  solutions 
at  the  end  of  18-hours  of  freezing  an  initially  unfrozen 
vertical  column  of  moist  soil.  Solid  line  is  for  2-D  model 
solution  and  dashed  line  is  for  1-D  model  solution. 

Free  water  surface  positions  1-hour  after  lowering  ditch 
water  level  for  an  unfrozen  isothermal  sandy  soil.  Finite 
element  grid  is  shown  and  equlpotential  lines  are  dashed. 

The  water  surface  line  is  solid  for  experimental,  dot-dashed 
for  Vauclin  et  al  (1975)  solution,  and  dashed  for  2-D  model 
solution. 

Simulated  transient  positions  of  a  water  table  (solid  line) 
in  an  earth  dam.  Uginchus  (1966)  steady-state  solution  of 
water  table  position  is  shown  as  dashed  lines.  The  finite 
element  grid  is  shown  and  equipotential  lines  (dashed)  are 
shown. 

Comparison  of  experimental  (solid  lines)  and  simulated  (dashed 
lines)  soil  temperatures  for  soil  tank  model. 

Simulated  soil  ice  content  after  6-months  of  freezing  from 
a  buried  chilled  pipeline.  Ice  contents  are  shown  by  circled 
numbers.  The  finite  element  grid  is  shown. 

Simulated  frost  heave  in  a  roadway  embankment  for  indicated 
days  after  surface  freezing  started.  Coordinates  shown  are  cm. 
The  position  of  the  freezing  isotherm  is  shown  as  a  solid  line. 
The  computer  generated  finite  element  grid  is  also  shown. 

Dashed  lines  are  for  a  1.2  kPa  surcharge.  Solid  lines  are  for 
zero  surcharge. 
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